21th International Summer School on Global Analysis and its Applications
15-19 August 2016, Stara Lesnd, Slovakia

G. Sardanashvily

Noether Theorems and Applications

1. Graded Lagrangian formalism. 2. First Noether theorem. 3. Gauge sym-
metries. 4. Noether identities. 5. Second Noether theorems. 6. Lagrangian

BRST theory. 7. Applications. Topological BF theory.

Basic references!

G.Sardanashvily, Noether’s Theorems. Applications in Mechanics and Field The-
ory (Springer, 2016).

G.Sardanashvily, Higher-stage Noether identities and second Noether theorems, Adv. Math.
Phys. 2015 (2015) 127481.

G.Sardanashvily, Graded Lagrangian formalism, Int. J. Geom. Methods. Mod. Phys.
10 (2013) 1350016.

G.Giachetta, L.Mangiarotti, G.Sardanashvily, On the notion of gauge symmetries of generic
Lagrangian field theory, J. Math. Phys. 50 (2009) 012903.

D.Bashkirov, G.Giachetta, L.Mangiarotti, G.Sardanashvily, The KT-BRST complex of de-
generate Lagrangian systems, Lett. Math. Phys. 83 (2008) 237.

G.Giachetta, L.Mangiarotti, G.Sardanashvily, Lagrangian supersymmetries depending on

derivatives. Global analysis and cohomology, Commun. Math. Phys. 259 (2005) 103.

'http://www.g-sardanashvily.ru



History

Classical Noether’s theorems are well known to treat symmetries of Lagran-

gian systems.

e First Noether’s theorem associates to a Lagrangian symmetry the
conserved symmetry current whose total differential vanishes on-shell.

e Second Noether’s theorems provide the correspondence between the
gauge symmetries of a Lagrangian and the Noether identities which its Fuler—

Lagrange operator satisfies.

Let us refer for a rich history of Noether’s theorems to the brilliant book:

Y.Kosmann-Schwarzbach, The Noether Theorems. Invariance and the

Conservation Laws in the Twentieth Century (Springer, 2011).

However, one should go beyond classical Noether’s theorems be-
cause they do not provide a complete analysis of the degeneracy of a generic

Lagrangian system, namely, reductble degenerate Lagrangian systems.

A problem has come from Quantum Field Theory (QFT) where an
analysis of the degeneracy of a field system is a preliminary step towards its

quantization.

J.Fisch, M.Henneaux, Homological perturbation theory and algebraic struc-
ture of the antifield-antibracket formalism for gauge theories, Commun.
Math. Phys. 128 (1990) 627-640.

G.Barnich, F.Brandt, M.Henneaux, Local BRST cohomology in gauge theo-
ries. Phys. Rep. 338 (2000) 439-569.
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Basic Problem

A problem is that, for any Lagrangian, its Euler-Lagrange operator sat-
isfies Noether identities, which therefore must be separated into the trivial

and non-trivial ones.

Moreover, these Noether identities obey first-stage Noether identities,

which in turn are subject to the second-stage ones, and so on.
Thus, there is a hierarchy of higher-stage Noether identities and,

accordingly, gauge symmetries.

The corresponding higher-stage extension of Noether’s theorems

therefore should be formulated.



Main Theses

We aim to formulate the generalized Noether theorems in a very general
setting of reducible degenerate Lagrangian systems of graded (even and odd)

variables on graded bundles. This formulation is based on the following.

I.

Treating Noether identities in Lagrangian formalism, we follow the general

notion of Noether identities of differential operators on fibre bundles.

G.Sardanashvily, Noether identities of a differential operator. The Koszul-
Tate complex Int. J. Geom. Methods Mod. Phys. 2 (2005) 873-886;
arXiv: math/0506103.

e A key point is that any differential operator on a fibre bundle sat-
isfies certain differential identities, called the Noether identities, which thus

must be separated into the trivial and non-trivial ones.

e Furthermore, non-trivial Noether identities of a differential operator obey
first stage Noether identities, which in turn are subject to the second-
stage ones, and so on. Thus, there is a hierarchy of higher-stage Noether

identities of a differential operator.




e This hierarchy is described in terms of chain complexes whose bound-
aries are associated to trivial higher-stage Noether identities, but non-zero
elements of their homology characterize non-trivial Noether identities modulo

the trivial ones.

e As a result, if a certain homology condition holds, one constructs an
exact chain complex, called the Koszul-Tate (KT) complex, with a KT
boundary operator whose nilpotentness is equivalent to all complete non-

trivial Noether and higher-stage Noether identities of a differential operator.

e A differential operator is said to be degenerate if it admits non-
trivial Noether identities, and reducible if there exist non-trivial higher-stage

Noether identities.

e [t should be noted that, though a differential operator is defined on a fibre
bundle, the KT complex consists of graded (even and odd) elements, called
antifields in accordance with the QFT terminology, and it is considered on

graded manifolds and bundles.



I1.

Given a Lagrangian system, we apply a general analysis of Noether identi-
ties of differential operators to the corresponding Euler—Lagrange operator.
A result is the associated KT chain complex with the boundary operator
whose nilpotency condition reproduces all non-trivial Noether and higher-
stage Noether identities of an Euler-Lagrange operator. In the case of a

variational Euler-Lagrange operator, we obtain something more.

e The extended inverse and direct second Noether theorems state
the relations between higher-stage Noether identities and gauge symmetries
of a Lagrangian system. Namely, these theorems associate to the above-
mentioned KT complex a certain cochain sequence whose ascent op-
erator consists of gauge and higher-order gauge symmetries of a

Lagrangian system. Therefore, it is called the gauge operator.

e This cochain sequence, as like as the KT complex, consist of graded (even
and odd) elements, called the ghosts in accordance with the QFT terminol-
ogy. A problem is that the gauge operator, unlike the KT boundary
operator, is not nilpotent. Consequently, there is no self-consistent
definition of non-trivial gauge symmetries, and therefore one has start just

with Noether identities.

e Nevertheless, if gauge symmetries are algebraically closed, the gauge op-
erator is extended to the nilpotent BRST operator which brings a cochain
sequence into the BRST complex and provides a BRST extension of an

original Lagrangian system by means of graded antifields and ghosts.

6



I11.

Since the hierarchy of higher-stage Noether identities and gauge symmetries
is described in the framework of graded homology and cohomology complexes,
Lagrangian theory of graded even and odd variables is considered from the
beginning. In QFT, this is the case of fermion fields, ghosts in gauge theory
and SUSY extensions of Standard Model.

e Lagrangian theory of even variables on a smooth manifold X convention-
ally is formulated in terms of fibre bundles and jet manifolds. A key
point is the classical Serre—Swan theorem which states the categorial
equivalence between the projective modules of finite rank over a ring C*°(X)
of smooth real functions on X and the modules of global sections of vector

bundles over X.

G.Giachetta, L.Mangiarotti, G.Sardanashvily, Advanced Classical Field
Theory (World Scientific, 2009).
G.Sardanashvily, Advanced Differential Geometry for Theoreticians.

Fibre bundles, jet manifolds and Lagrangian theory (Lambert Aca-
demic Publishing, 2013); arXiv: 0908.1886.




e However, different geometric models of odd variables either on graded
manifolds or supermanifolds are discussed. It should be emphasized the dif-
ference between graded manifolds and supermanifolds. Both graded mani-
folds and supermanifolds are phrased in terms of sheaves of graded commuta-
tive algebras. Graded manifolds are characterized by sheaves on smooth
manifolds, while supermansifolds are constructed by gluing sheaves on su-

pervector spaces.

C.Bartocci, U.Bruzzo, D.Hernandez Ruipérez, The Geometry of Super-
manifolds (Kluwer, 1991).

e We follow the graded extension of the Serre—Swan theorem. It
states that, if a graded commutative C*°(X )-ring is generated by a projective
C*°(X)-module of finite rank, it is isomorphic to the structure ring of graded
functions on a graded manifold whose body is X. Therefore, we develop
graded Lagrangian theory of even and odd variables in terms of graded

manifolds and graded bundles.

e A problem is that no conventional variational principle may be formu-
lated for odd variables because there is no measure on graded manifolds.
Nevertheless, a Lagrangian theory on a fibre bundle Y can be developed
in algebraic terms of a variational bicomplex of differential forms on
an infinite order jet manifold J*Y of Y, without appealing to a varia-
tzonal principle. This technique has been extended to Lagrangian theory
on graded bundles in terms of a graded variational bicomplex of graded

differential forms on graded jet manifolds.




IV.

Given a graded Lagrangian L, the cohomology of a variational bicomplex

provides the global variational formula
dL =& —dg=r,

where &7, is the graded Euler—Lagrange operator and =y, is a Lepage equivalent

of a graded Lagrangian L.

e The extended first Noether theorem is a straightforward corollary of
the above global variational formula in a general case of graded Lagrangians

and their supersymmetries.

e It associates to a supersymmetry v of a graded Lagrangian L the

current 7, whose total differential dg.7, vanishes on the shell 6L = 0.

e If v is a gauge supersymmetry of a graded Lagrangian L, the correspond-
ing current 7, is a total differential on-shell. This statement sometimes is

called the third Noether theorem.



1 Graded Lagrangian formalism

1.1. Differential calculus over commutative rings

1.2. Lagrangian formalism on smooth fibre bundles

1.3. Differential calculus over graded commutative rings
1.4. Differential calculus on graded manifolds

1.5. Lagrangian theory of even and odd variables on graded bundles

e The differential calculus, including formalism of linear differen-
tial operators and the Chevalley—FEilenberg complex of differential
forms, can be formulated over any ring. A problem is that Euler-Lagrange

operators need not be linear.

e Theory of non-linear differential operators and, in particular, La-
grangian formalism conventionally are formulated on smooth fibre bun-

dles over a smooth manifold X in terms of their jet manifolds.

e In the framework of the differential calculus over graded commutative
rings, Lagrangian formalism has been extended to graded manifolds and

graded bundles over a smooth manifold X.

e In applications, this is the case both of classical field theory on
bundles over X, dim X > 1, and non-relativistic mechanics on fibre
bundles over X = R. Relativistic mechanics and classical string theory can

be formulated as Lagrangian theory of submanifolds.

G.Giachetta, L.Mangiarotti, G.Sardanashvily, Advanced Classical Field
Theory (World Scientific, 2009).
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1.1 Differential calculus over commutative rings

The differential calculus conventionally is defined over commutative rings.
It straightforwardly is generalized to the case of graded commutative rings.
However, this is not a particular case of the differential calculus
over non-commutative rings. A construction of the Chevalley—FEilenberg
complex is generalized to an arbitrary ring, but an extension of the notion
of differential operators to non-commutative rings meets difficulties. A key
point is that multiplication in a non-commutative ring is not a zero-order

differential operator.

[.Krasil’shchik, V.Lychagin, A.Vinogradov, Geometry of Jet Spaces and
Nonlinear Partial Differential Equations (Gordon and Breach, 1985).
G.Sardanashvily, Lectures on Differential Geometry of Modules and

Rings (Lambert Academic Publishing, 2012); arXiv: 0910.1515.

In a case of graded commutative rings, one overcomes this difficulty by
means of reformulating the notion of differential operators. In par-
ticular, derivations both of commutative and non-commutative rings A obey

the Leibniz rule
d(ab) = 9(a)b + ad(b), a,be A,
whereas the graded Leitbniz rule for a graded commutative ring reads
d(ab) = d(a)b + (—1)1aa(b), a,be A,
where [a] = 1, [0] = 1 for odd elements a € A and derivations 0.
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Therefore, supergeometry is not particular non-commutative ge-

ometry.

Remark 1.1: All algebras throughout are associative, unless they are Lie
algebras and Lie superalgebras. By a ring is meant a unital algebra with
a unit element 1 # 0. Given a commutative ring A, an additive group P
is called the A-module if it is provided with a distributive multiplication
A x P — P by elements of A such that ap = pa for alla € A, p € P. A
module over a field is called the vector space. If a ring A is module over a
commutative ring /C, it is said to be the K-ring. A module P is called free
if it admits a basis. A module is said to be of finite rank if it is the quotient
of a free module with a finite basis. One says that a module P is projective

if there exists a module () such that P & () is a free module. []

Let L be a commutative ring, A a commutative K-ring, and let P and
@ be A-modules. A K-module Hom (P, Q) of K-module homomorphisms

® : P — (@ can be endowed with two different A-module structures
(@®)(p) = ad(p),  (Dea)p) = D(ap), a€A peP.
Let us put 6, =a® — Pea, a c A.

DEFINITION 1.1: An element A € Hom (P, Q) is called the linear s-
order ()-valued differential operator on P if (§,, 0 ---0d, )A = 0 for
any tuple of s + 1 elements ag, ..., as of A. [

12



In particular, linear zero-order differential operators obey conditions
I A(p) = aA(p) — A(ap) =0, a€ A, p € P,

and, consequently, they coincide with A-module morphisms P — ().

A linear first-order differential operator A satisfies a relation
(0p 0 54)A(p) = baA(p) — bA(ap) — aA(bp) + A(abp) =0, a,b€ A.
For instance, a first-order differential operator A on P = A obeys a condition

A(ab) = bA(a) + aA(b) — baA(1), a,be A

DEFINITION 1.2: It is called a @-valued derivation of A if A(1) = 0,

i.e., it satisfies the Leibniz rule

A(ab) = A(a)b + aA(b), a,be A

If 0 is a derivation of A, then a0 is well for any a € A. Hence, derivations

of A constitute an 4-module 0(.A, Q), called the derivation module of A.

If @ = A, the derivation module 0.4 = 0(A, A) of A also is a Lie algebra

over a ring C with respect to a Lie bracket

[u,u'] =uou —u ou, u,u’ € 0A.

13



A fact is that a linear s-order differential operator on an A-module P is

represented by a zero-order differential operator on a module of s-order jets

of P (Theorem 1.1 below).

DEFINITION 1.3: Given an A-module P, let A®x P be a tensor product
of IC-modules A and P. We put

(a®@p) = (ba) @ p —a® (bp), p € P, a,be A
Let us denote by p*! a submodule of A ®x P generated by elements
%o 08" (a®p) =ad™o---0d%(1®p).

A k-order jet module J*(P) of a module P is defined as the quotient of a
JC-module A @k P by pF*1. Its elements ¢ ®j, p are called the jets. O

There exists a module morphism
JVPsp—1@ppe JHP) (1.1)
such that J*(P), seen as an A-module, is generated by jets J*p, p € P.

THEOREM 1.1: Any linear k-order ()-valued differential operator A on an

A-module P uniquely factorizes as
A
AP ey g
through the morphism J* (1.1) and some A-module homomorphism §* :

JHP)— Q. O

In view of this fact, one says that jet modules J*(P) of a module P play

a role of the representative objects of linear differential operators on P.

14



Since the derivation module 3.4 of a commutative K-ring A is a Lie K-

algebra, one can associate to A the Chevalley—Filenberg complex O*[DA]

of differential forms over A.

D.Fuks, Cohomology of Infinite-Dimensional Lie Algebras (Consul-

tants Bureau, 1986)

It consists of A-modules O*[0.A] of A-multilinear skew-symmetric maps

OMoA] = Hom 4(x 0.4, 4) 3 ¢ : x 0.4 — A,

(1.2)

provided both with the Chevalley—FEilenberg coboundary operator

k
do(ug, ..., u Z O(Uugy - -y Uiy oy uk)) +
=
Z(—ni%([ul,%] Uy Ty e Uy e U,
i<j

and the exterior product

OGN Y (U oy ) =
Z Sgnlll ;j—]; Jggb(uiu e auir)¢l(uj17 ce 7ujs)7

i1 < <1 <<
€ O A ¢ € O A, up € VA,

where sgn denotes the sign of a permutation. They obey relations

oA = (1)l A g,
dpN)=d(@)Nd + (—1)lpnd(¢), ¢,¢ € O A,

and bring O*[0.A] into a differential graded ring (DGR).

15
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We also have the interior product u]¢ = ¢(u), u € 0A, ¢ € O A]. Tt

is extended as
(u]p)(ug, ... up—1) = kd(u,uy, ..., up—1), u€dA ¢ OPA, (1.6)
to a DGR O*[0.A], and obeys a relation
ul(pAo)=ulp Ao+ (—=1)%pAulo.
With the interior product (1.6), one defines a derivation (a Lie derivative)

L,(¢) = d(u]¢) + uldo, ¢ € O"pA

Lu(¢ A J) - Lu(QS) No+ ¢ A Lyo,
of a graded ring O*[0.A| for any u € 0.4. Then one can think of elements of
O*[0A] as being differential forms over A.

The minimal Chevalley—Eilenberg complex O* A over a ring A consists of
the monomials apday A - - - Aday, a; € A. It is called the de Rham complex

of a K-ring A.

16



1.2 Lagrangian formalism on smooth fibre bundles

In order to formulate Lagrangian formalism on smooth fibre bundles, let us

start with the differential calculus on smooth manifolds.

Let X be a smooth manifold and C*°(X') an R-ring of real smooth functions
on X. The differential calculus on a smooth manifold X is defined

as that over a real commutative ring C*(X).

Remark 1.2: A smooth manifold throughout is a finite-dimensional real
manifold. It customarily is assumed to be a Hausdorff and second-countable
topological space. Consequently, it is a locally compact countable at infin-
ity space and paracompact space, which admits the partition of unity by
smooth real functions. Let us emphasize that the paracompactness is very

essential for a number of theorems in the sequel. []

In a general setting, we follow the conventional definition of manifolds as
local-ringed spaces, i.e., sheaves in local rings. This is the case both of

smooth manifolds and graded manifolds in the sequel.

Let CY be a sheaf of germs of smooth real functions on a smooth ma-
nifold X, i.e., smooth functions are identified if they coincide on an open
neighborhood of a point x € X. Its stalk C2° of germs at x € X has a unique
maximal ideal of germs of functions vanishing at x. Therefore, (X,CY) is a
local-ringed space. Though a sheaf C§ exists on a topological space X, it

fixes a unique smooth manifold structure on X as follows.

17



THEOREM 1.2: Let X be a paracompact topological space and (X,2l)
a local-ringed space. Let X admit an open cover {U;} such that a sheaf 2
restricted to each U; is isomorphic to a local-ringed space (R", C%.). Then X

is an n-dimensional smooth manifold together with a natural isomorphism of

local-ringed spaces (X, ) and (X, C¥). O

One can think of this result as being an equivalent definition of smooth
real manifolds in terms of local-ringed spaces. A smooth manifold X also
is algebraically reproduced as a certain subspace of the spectrum of a real

ring C*°(X) of smooth real functions on X.

Furthermore, the classical Serre—Swan theorem states the categorial
equivalence between vector bundles over a smooth manifold X and projective

modules of finite rank over the ring C*°(X) of smooth real functions on X.

THEOREM 1.3: Let X be a smooth manifold. A C*°(X)-module P is a

projective module of finite rank iff it is isomorphic to the structure module

Y (X) of global sections of some vector bundle Y — X over X. [

The following are COROLLARIES of this theorem.

e The derivation module of a real ring C*(X) coincides with a C*°(X)-
module 7;(X) of vector fields on X.

o Its C°(X)-dual O'(X) = T;(X)* is the structure module O'(X) of the
cotangent bundle 7% X of X, i.e., a module of one-forms on X and, conversely,
Ti(X) = O'(X)"

e [t follows that the Chevalley-Eilenberg complex of a real ring C*°(X) is
exactly the de Rham complex (O*(X),d) of exterior forms on X.

18



e Let Y — X be a vector bundle and Y (X) its structure module. An
r-order jet module J"(Y (X)) of a C*(X)-module Y (X) is the structure
module J"Y (X) of sections of an r-order jet bundle J'Y — X.

e Then by virtue of Theorem 1.1, a liner k-order differential operator on a
projective C*°(X)-module P of finite rank with values in a projective C*°(X)-
module Q of finite rank is represented by a linear bundle morphism J*Y — E
of a jet bundle J*Y — X to a vector bundle £ — X where ¥ — X and
E — X are smooth vector bundles with structure modules Y (X) = P and

E(X) = @ in accordance with Serre-Swan Theorem 1.3.

Thus, the differential calculus on a smooth manifold X leads to a Lie
algebra of vector fields on X, a DGR of exterior forms on X, jet manifolds of a
vector bundle over X as representative objects of linear differential operators

on this vector bundle.

A key point is that the construction of jet manifolds as representative
objects of differential operators is generalized to a case of non-linear

differential operators on fibre bundles.
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Let Y — X be a smooth fibre bundle provided with bundle coordinates
(2}, 9"). An r-order jet manifold J"Y of sections of a fibre bundle Y — X is
defined as the disjoint union of equivalence classes j.s of sections s of Y — X

which are identified by r + 1 terms of their Taylor series at points of X.

D.Saunders, The Geometry of Jet Bundles (Cambridge Univ. Press,
1989).
G.Sardanashvily, Advanced Differential Geometry for Theoreticians.

Fibre bundles, jet manifolds and Lagrangian theory (Lambert Aca-
demic Publishing, 2013); arXiv: 0908.1886.

A set J"Y is endowed with an atlas of adapted coordinates

i i i i o' i
(@ yh), whos=0as'(z), o\a= Wd“y/“ O<lMlsr (L7)

where the symbol d) stands for the higher order total derivative

. Orh
i A
dy = O\ + Z Yasr0; dy = Wdu-
0<|A|<r—1
We use the compact notation dy = dy, o---ody,, A = (\....A1). The coordi-

nates (1.7) brings a set J'Y into a smooth manifold.

Given fibre bundles Y and Y’ over X, every bundle morphism ¢ : Y — Y’
over a diffeomorphism f of X admits the r-order jet prolongation to a
morphism of r-order jet manifolds

SO JY 3 jis — Jipy(Poso fHeJv.
Every section s of a fibre bundle Y — X has the r-order jet prolongation
to a section (J"s)(x) = jis of a jet bundle J'Y — X.
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There are natural surjections of jet manifolds
2 JY = J7Y,
which form the inverse sequence of finite order jet manifolds

Y S JY ey Ty (1.8)

Its tnverse limit JY is a minimal set so that there exist surjections
T J®Y — X, w1 JFY =Y, e J®Y — JYY,

k

obeying the relations m° = 7,

om®, r < k. It consists of those elements
(oo Zry e ey Zhy e e e)s 2z € J"Y, 2 € JYY,

of the Cartesian product []J*Y which satisfy the relations z, = 7%(2;),
k
r < k. One can think of elements of J*Y as being infinite order jets of

sections of Y — X identified by their Taylor series at points of X.

A set J®Y is provided with the inverse limit topology. This is the coarsest
topology such that the surjections 7° are continuous. Its base consists of
inverse images of open subsets of J"Y, r =0, ..., under the maps 7;°. With
the inverse limit topology, J*Y is a paracompact Fréchet manifold. A bundle
coordinate atlas {Uy, (2},4°)} of Y — X provides J*Y with a manifold

coordinate atlas

00\ — i i Oxt i
{(Wo ) 1(UY), (SC)\ayA)}OS\Ab y,)\+A = Wduyfy

One calls J*Y the infinite order jet manifold.

F.Takens, A global version of the inverse problem of the calculus of variations,

J. Diff. Geom. 14 (1979) 543.
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DEFINITION 1.4: Let Y — X and E — X be smooth fibre bundles.
A bundle morphism A : J*¥Y — E over X is called the E-valued k-order

differential operator on Y. This differential operator sends each section

s of Y — X to the section Ao Jfs of E — X. O

Jet manifolds J*Y of a fibre bundle Y — X constitute the inverse sequence
(1.8) whose inverse limit is an infinite order jet manifold J*Y. Then any k-
order E-valued differential operator A on a fibre bundle Y is defined by a

continuous bundle map

Aom?:J¥Y — L.
b

In particular, differential operators in Lagrangian theory on fibre bundles,
e.g., Euler-Lagrange and Helmholtz—Sonin operators are represented by cer-

tain exterior forms on finite order jet manifolds and, consequently, on J>*Y .

The inverse sequence (1.8) of jet manifolds yields the direct sequence of

DGRs Of = O*(J"Y) of exterior forms on finite order jet manifolds

O'(X) THO'(Y) T Of — - 0p RO (L)
where 7, _,* are the pull-back monomorphisms. Its direct limit O Y con-

sists of all exterior forms on finite order jet manifolds modulo the pull-back
identification. It is a DGR which inherits operations of the exterior differen-

tial d and the exterior product A of DGRs O;.
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A DGR OLY is split into a variational bicomplex O%*Y. Lagrangians L,
Euler-Lagrange operators £; = d L and the variational operator ¢ are defined
as elements L € O%" & € OL"Y, n = dim X, and the coboundary operator

of this bicomplex. Its cohomology provides the global variational formula
dL =&, — dg=r,

where &7 is an Euler—Lagrange operator and =, is a Lepage equivalent of L.

G.Sardanashvily, Cohomology of the variational complex in the class of ex-
terior forms of finite jet order, Int. J. Math. & Math. Sci. 30 (2002)
39.

We reproduce these results below in the framework of a graded Lagrangian

formalism

It should be emphasized that we deal with a variational bicomplex of the
DGR O.Y of differential forms of bounded jet order on an infinite order
jet manifold J*Y. They are exterior forms on finite order jet manifolds
J"Y modulo the pull-back identification. Omne also considers a variational
bicomplex of a DGR Q5 Y of differential forms of locally finite jet order
on J*Y | which are differential forms on finite order jet manifolds only locally

on an open neighborhood of each point of J*Y.

[.Anderson, Introduction to the variational bicomplex. Contemp. Math.

132, 51-73 (1992)
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A fact is that J>*Y is a paracompact topological space which admits the
partition of unity by elements of a ring Q% Y, but not OV Y. Therefore, one
can apply the abstract de Rham theorem in order to find the cohomology of
Qr Y. Then we proved that the cohomology of O Y equals that of Q% Y.

In a different way, variational sequences of finite jet order are considered.

D.Krupka, Introduction to Global Variational Geometry (Springer,
2015).

M.Palese, O.Rossi, E.Winterroth, J.Musilova, Variational Sequences, Repre-
sentation Sequences and Applications in Physics, SIGMA 12 (2016) 045.
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1.3 Differential calculus over graded commutative rings

If there is no danger of confusion, by the term graded throughout is meant

Zis-graded.

Let K be a commutative ring. A K-module @ is called graded (i.e., Zo-
graded) if it is decomposed into a direct sum @ = Q. = Qy® Q1 of modules Q)
and ()1, called the even and odd parts of ()., respectively. A Zs-graded /-

module is said to be free if it has a basis composed by homogeneous elements.

A morphism & : P, — @, of graded K-modules is said to be an even
(resp. odd) morphism if ® preserves (resp. changes) the Zs-parity of all
homogeneous elements. A morphism ® : P, — @, of graded K-modules is
called graded if it is represented by a sum of even and odd morphisms. A

set Hom (P, Q) of these graded morphisms is a graded C-module.

DEFINITION 1.5: A K-ring A is called graded (i.e., Zs-graded) if it is
a graded KC-module A,, and a product of its homogeneous elements aa’ is a
homogeneous element of degree ([a] + [a/])mod 2. In particular, [1] = 0. Its

even part Aj is a K-ring, and the odd one A; is an Ay-module. [J

DEFINITION 1.6: A graded ring A, is called graded commutative if

ad' = (—1)lly/q, a,a’ € A,.

A graded commutative ring can admit different graded commutative struc-

tures A, in general.
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By automorphisms of a graded commutative ring A, are meant au-
tomorphisms of a K-ring A which are graded K-module morphisms of A..
Obviously, they are even, and they preserve a graded structure of A. How-
ever, there exist automorphisms ¢ of a K-ring A which do not possess this
property in general. Then A, and ¢(A,) are isomorphic, but different graded
commutative structures of a ring A. Moreover, it may happen that a KC-ring

A admits non-isomorphic graded commutative structures.

Example 1.3: Given a graded commutative ring A, and its odd element

K, an automorphism
¢: A3 a— a, A;3a—a(l+ k),
of a KC-ring A does not preserve its original graded structure A,. [

Given a graded commutative ring A, a graded A,-module @, is defined

as an (A — A)-bimodule which is a graded K-module such that
lag) = ([a] + [g))mod2,  ga=(-1)ag, ac A, g¢e€Q.

The following are constructions of new graded modules from the old ones.

e A direct sum of graded modules and a graded factor module are

defined just as those of modules over a commutative ring.

e A tensor product P, ® (), of graded A,-modules P, and @), is their

tensor product as A-modules such that
p@q=(pl+g) mod2, peP, g,

ap@q=(-)"pawq=(-)Mpoag,  acA.
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e In particular, the tensor algebra
k
®P:A@P@~-@(§>P)@'“

of an A,-module P, is defined just as that of a module over a commutative

ring. Its quotient AP, with respect to the ideal generated by elements
pop + ()W wp,  ppeP,

is the exterior algebra of a graded module P, with respect to the graded

exterior product

pAp = (=1 Ap. (1.10)

e A graded morphism ® : P, — (@, of graded A,-modules is their

graded morphism as graded K-modules which obeys the relations
O(ap) = (-1)ed(p), peP., acA. (1.11)

These morphisms form a graded A,-module Hom 4(P., Q). A graded A,-
module P* = Hom 4(Ps, A,) is called the dual of a graded A,-module P..

In the sequel, we are concerned with graded manifolds. They are sheaves
in Grassmann algebras, whose derivations form a Lie superalgebra. They are

defined as follows.

A graded commutative K-ring A, is said to be the Grassmann algebra
if the following hold.
e [t is finitely generated in degree 1, i.e., it is a free K-module of finite
rank so that Ag = K @ A? and, consequently,
A=K®R, R=MAo(N),
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where R is the ideal of nilpotents of a ring A. A surjection o : A — K is
called the body map.

e It is isomorphic to the exterior algebra A(R/R?) of a K-module R/R?
where R is the ideal of nilpotents of A,.

An exterior algebra AQ) of a free -module @ of finite rank is a Grassmann
algebra. Conversely, a Grassmann algebra admits a structure of an exterior
algebra AQ) by a choice of its minimal generating K-module () C A;, and all

these structures are mutually isomorphic if I is a field.

Let A, be a graded commutative ring. A graded A,-algebra g, is called
the Lie A,-superalgebra if its product [.,.], called the Lie superbracket,

obeys the rules

[57 5/] - _(_1)[6][8,] [5/7 6]7
(=) e, [, €M + (D)W [ e + ()" [e, e = 0.
Clearly, an even part g of a Lie superalgebra g, is a Lie Agp-algebra. Given

an A,-superalgebra, a graded A,-module P, is called a g,-module if it is

provided with an A,-bilinear map

g« X P, > (e,p) — ep € P., lep] = ([e] + [p])mod 2,

e, lp=(e0& — (=1)FIFl 0 e)p.
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The differential calculus over graded commutative rings is defined similarly
to that over commutative rings, but it differs from the differential calculus

over non-commutative rings.

G.Sardanashvily, Advanced Differential Geometry for Theoreticians.
Fibre bundles, jet manifolds and Lagrangian theory (Lambert Aca-
demic Publishing, 2013); arXiv: 0908.1886.

Let K be a commutative ring and A a graded commutative K-ring. Let P
and @ be graded A-modules. A graded K-module Hom x(P, Q) of graded K-

module homomorphisms ® : P — () admits two graded A-module structures
(a®)(p) =a®(p),  (Pea)(p)=2P(ap), acA peP
Let us put

5,0 =a® — (—D)dea, ac A

DEFINITION 1.7: An element A € Hom (P, Q) is said to be the Q-valued

graded differential operator of order s on P if
0gy ©++- 00, A =0

for any tuple of s + 1 elements ay,...,as of A. A set Diff (P, Q) of these

operators is a graded A-module. [

In particular, zero-order graded differential operators coincide with

graded A-module morphisms P — Q).
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A first-order graded differential operator A satisfies a relation

800 8 A(p) = abA(p) — (—=1)PHFENBA (ap) — (—1)P¥ar (bp) +
DA (bap) =0,  a,be A, peP.

0
—_
~—
=
>
+
>
+
>

For instance, a first-order graded differential operator A on P = A fulfils a

condition

A(ab) = Ala)b+ (—DRgA (b)) — (=1)HaDRgpA (1), a,b e A
DEFINITION 1.8: It is called the Q)-valued graded derivation of A if
A(1) =0, i.e., if it obeys the graded Leibniz rule

A(ab) = Ala)b+ (=DBRaA®),  abe A

If 0 is a graded derivation of A, then a0 is so for any a € A. Hence, graded
derivations of A constitute a graded A-module d(A, Q), called the graded

dertvation module.

If @ = A, the graded derivation module 0.4 = 0(A4, A) also is a Lie K-

superalgebra with respect to the superbracket

[u,v'] = uou — (=DMl oy, u,u’ € A.
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Since the graded derivation module 0.4 of a graded commutative ring A
is a Lie K-superalgebra, one can consider the Chevalley—Eilenberg complex

O*[0.A] whose cochains are graded A-modules
k
C*dA; Al = Hom 4(ADA, A)

k
of A-linear graded morphisms of graded exterior products A 0.4 of a graded
A-module 0A4 to A, seen as a 0.A-module.

k
Let us bring homogeneous elements of A 0A4 into a form
LN N1 A Nep, g €0Ay, € EVAL

Then a Chevalley—Eilenberg coboundary operator d of a complex O*[0.A],

called the graded exterior differential reads

de(er Ao Nep NeL A Neg) =

.
D (=D ee(er A E A Ae A )

=1
s

Z(—l)rejc(el/\---/\é‘r/\el/\---/E\j---/\es)—F

j=1

S (=D)Me(lene Aert A Ee B Aer AL A Aeg) +
1<i<g<r

> eI Ner A Aer Aeg A GG M) +
1<i<j<s

o U (el Aer A B Aer Aer A G Ne),
1<i<r 1<j<s

where the caret ~ denotes omission.
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A graded module O*[0.A] is provided with the graded exterior product

o N ¢/(U1, ooy ur—i—s) -
Z Sgnzll-:::j—jslmjs¢(ui17 e 7uir)¢/<ujl7 e 7ujs)7
Z.1<"'<ir§j1<"'<js

¢ € O A, ¢ € O oA, u, € 0A,
where uq,...,u, s are graded-homogeneous elements of 9.4 and

U A AUy = Sgn’f‘::;}f;"']suil Ao N, Nwgy A AN,

A graded differential d and a graded exterior product A bring O*[0.4] into

a differential bigraded ring (DBGR) whose elements obey relations

SAG = (~D)IANHEIY A g dGAY) = dbA S + (=) A de.

It is called the graded Chevalley—FEilenberg differential calculus over

a graded commutative -ring A.

In particular, O'[0.4] = Hom 4(0A, A) = 0.A* is the dual of the derivation
module 0.4*. One can extend this duality relation to the graded interior

product of u € 0.4 with any element ¢ € O*[0.A] by the rules
ul(bda) = (—=1)Plpy(a), a,be A,
ul (¢ A @) = (u]g) A ¢+ (=1) G A (u] ).
As a consequence, a graded derivation u € 0.4 of A yields a graded derivation
L,¢ =ul|dp + d(u|e), ¢ € O A, u € VA,
Ly(¢ A @) = Lu() A ¢’ + (=1)"I96 A Lu(¢),
termed the graded Lie derivative of a DBGR O*[0.A].
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The minimal graded Chevalley—FEilenberg differential calculus
O*A C O*pA] over a graded commutative ring A consists of monomials

apday N - - - N dag, a; € A. The corresponding complex
0K — A4 2 0otg .. .obgq 2. ..

is called the de Rham complex of a graded commutative K-ring A.

Let us note that, if 4 = A° is a commutative ring, graded differential op-
erators and the graded Chevalley—Eilenberg differential calculus are reduced

to the familiar commutative differential calculus.
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1.4 Differential calculus on graded manifolds

As was mentioned above, we follow the Serre — Swan theorem extended
to graded manifolds. It states that, if a graded commutative C'*°(X)-ring is
generated by a projective C'*°(X)-module of finite rank, it is isomorphic to a
ring of graded functions on a graded manifold whose body is X. Therefore,
we aim to develop Lagrangian formalism of graded (even and odd)

varitables in terms just of graded manifolds.

Accordingly to a general concept of a manifold as a local-ringed space, a
graded manifold has been defined as a sheaf on a smooth body manifold

in local graded commutative algebras which are real Grassmann algebras.

C. Bartocci, U.Bruzzo, D.Hernandez Ruipérez, The Geometry of Super-
manifolds (Kluwer Academic Publ., 1991).

We start with the conventional notion of a Z,-graded manifold. 1t is a
local-ringed space (Z,2) where Z is an n-dimensional smooth manifold, and
A =2Ay B 2y is a sheaf in real Grassmann algebras A such that:

e there is the exact sequence of sheaves
0-R—-ALCF -0, R=A+ )

where C7° is the sheaf of smooth real functions on Z;
e R/R? is a locally free sheaf of C-modules of finite rank (with respect
to pointwise operations), and the sheaf 2 is locally isomorphic to the exterior

product Acx(R/R?).
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A sheaf 2 is called the structure sheaf of a graded manifold (Z, %), its
stalk (a fibre) at a point z € Z is the tensor product C° ® A. A manifold
Z is said to be the body of (Z,21). Sections of the sheaf § are termed the
graded functions on a graded manifold (Z,2). They make up a graded
commutative C*°(Z)-ring A(Z) called the structure ring of (Z,2).

By virtue of the well-known Batchelor theorem, graded manifolds pos-

sess the following structure.

THEOREM 1.4: Let (Z,2) be a graded manifold. There exists a vector
bundle £ — Z with an m-dimensional typical fibre V' such that the structure
sheaf 2 of (Z,2) as a sheaf in real rings is isomorphic to the structure sheaf

Arp = AL’ of germs of sections of the exterior bundle
2
ANE*=(ZXR)GE*®ANE*DANE*--- |
zZ  Z Z
whose typical fibre is the Grassmann algebra A = AV*. [
Note that Batchelor’s isomorphism in Theorem 1.4 ¢s not canoni-

cal.

Combining Batchelor Theorem 1.4 and classical Serre-Swan Theorem, we

come to the above mentioned Serre—Swan theorem for graded mani-

folds.

THEOREM 1.5: Let Z be a smooth manifold. A graded commutative
C*(Z)-ring A is isomorphic to the structure ring of a graded manifold with
a body Z if and only if it is the exterior algebra of some projective C'*°(Z)-

module of finite rank. [
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In fact, the structure sheaf g of a Zy-graded manifold (Z,2) in Theorem
1.4 is a sheaf in N-graded commutative rings A* = AV whose N-graded

structure is fixed.

Remark 1.4: Let K be a commutative ring. A direct sum of K-modules

P=P'=¢@P (1.12)

1€eN
is called the N-graded K-module. A K-ring A is called N-graded if it is
an N-graded KC-module A* (1.12) so that a product of homogeneous elements

acd’ is a homogeneous element of degree [a] + [@/]. Any N-graded -module

P (1.12) admits the associated Z,-graded structure

P=P, o P, P,= @ P%, P = @ P¥,
ieN €N

Accordingly, an N-graded ring A* also is the Zs-graded one A,. The con-
verse is not true. An N-graded C-ring A" is said to be graded commu-

tative if
af = (—=1)llBlgq, a, e A

An N-graded commutative ring A* possesses an associated Zs-graded com-

mutative structure

Ao
af

I
=D

A Al = @ A ke N,
k
_1)[041[6]504’ o, € A,.

~

The converse need not be true. However, a Grassmann algebra A possess
an associated N-graded structure of an exterior algebra A = A* = AAL, which

s not unique. []
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Hereafter, we consider a Zs-graded manifold (Z,2) when its Batchelor’s
isomorphism (7,20 = Ag) holds. Why?
e Though Batchelor’s isomorphism is not canonical, in applications it zs

fixzed from the beginning as a rule.

e From the mathematical viewpoint, we restrict our considerations to mor-

phisms which preserve a fixed N-graded structure.

Example 1.5: Let A be a real Grassmann algebra. Its associated N-graded
structure is defined by a choice of a minimal generating vector space A' C Aj.
Given a basis {¢'} for Al, elements of a Grassmann algebra A take a form
a = Z Z gy CF -+ CF a;,..;,¢" € R.
k=0,1,...
We call {c¢'} the generating basis for a Grassmann algebra A. Then one can

show that any ring automorphism of A is a compositions of automorphisms
c— "= pic + 0, (1.13)

where p is an automorphism of a vector space A! and b’ are odd elements of

A>?2. and of morphisms
d—d' =1+ k), k€ Ay (1.14)

Automorphisms (1.13), where b’ = 0, preserve the N-graded structure A*. If
b’ # 0, they keep a Zsy-graded structure of A, but not the N-graded one A*.
Automorphisms (1.14) preserve an even sector Ay of A, but not the odd one
A;1. However, one can show that different N- and Zs-graded structures of a

real Grassmann algebra are mutually isomorphic. []
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Thus, we further deal with graded manifolds (Z,g) which are N-
graded.

A graded manifold (Z,Ug) is said to be modelled over a vector bundle
E — Z, and FE is called its characteristic vector bundle. Its structure
ring Ag is the structure module A = AE*(Z) of sections of the exterior

bundle AE*.

A key point is that automorphisms of an N-graded manifold (Z,g)
are restricted to those induced by automorphisms of its characteristic vector

bundle £ — Z.

Remark 1.6: One can treat a local-ringed space (Z,%y = C)°) as a trivial
graded manifold whose characteristic vector bundle is £ = Z x {0}. Its

structure module is a ring C*(Z) of smooth real functions on Z. [

Given a graded manifold (Z,2g), every trivialization chart (U; z4,y®) of
its characteristic vector bundle E — Z yields a splitting domain (U; 24, c?)

of (Z,g). Graded functions on such a chart are A-valued functions

T
X_;k_fal ap(2)c™ e (1.15)

where f,,..q,(2) are smooth functions on U and {¢*} is the fibre basis for E*.
One calls {z4, ¢} the local basis for a graded manifold (Z,Ag). Transition
functions y'® = p¢(24)y’ of bundle coordinates on E — Z induce the cor-
responding transformation ¢® = pf(z4)c® of the associated local basis for a
graded manifold (Z,2g) and the according coordinate transformation law of

graded functions (1.15).
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The following is an essential peculiarity of an N-graded manifold (Z, )

in comparison with the Zs-graded ones.

THEOREM 1.6: Derivations of the structure module Ag of a graded ma-

nifold (Z,g) are represented by sections of a vector bundle

Ve = AE*QTE — Z. (1.16)
E

Due to the canonical splitting V E = ExX E, the vertical tangent bundle V E
of B — Z can be provided with fibre bases {0,}, which are the duals of bases
{c*}. Then graded derivations of Ap on a splitting domain (U; 24, ¢%) of
(Z,2p) read

u = udy 4 u®d,, [04] =0, [0.] = 1, (1.17)
040 = 0p0a, 040, = 0,04, 0u0y = — 040y,

A

where u”, u® are local graded functions on U possessing a transformation law

't =t u = piud +utda(pt)e.

The graded derivations (1.17) are called graded vector fields on a graded
manifold (Z,2g). They act on graded functions f € Ag(U) by a rule

W(fanc ) =004 (fas)c - b fo b (- ).

In accordance with Theorem 1.6, the graded derivation module 0 Agp
is isomorphic to the structure module Vg(Z) of global sections of the vector

bundle Vg — Z (1.16). It is a real Lie superalgebra.
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Given the structure ring Ag of graded functions on a graded manifold
(Z,g) and the real Lie superalgebra 0.4g of its graded derivations, we con-

sider the graded Chevalley—Eilenberg differential calculus S*[E; Z] = O*[0.Ag]:
0-R— Ay 8B 2] L. SHE 2] 4t (1.18)

over S°[E; Z] = Ap. Since a graded derivation module 0.Ag is the structure
module of sections of a vector bundle Vy — Z, elements of S*[E;Z] are

represented by sections of the exterior bundle AVg of the Ag-dual
Ve=AE"QT'E — 7 (1.19)
E

of Vp. With respect to the dual fibre bases {dz4} for T*Z and {dc’} for E*,

sections of Vg (1.19) take a local form
¢ = padz" + gade®, G =p lads, O =da+p 200 dn.
The duality relation S'[E; Z] = 0.A% is given by a graded interior product
ulé =utda+ (1) Mg,
The graded exterior differential reads
dp = dz N Oud + dc A 9,0.

Elements of a DBGR S§*[E; Z] are called the graded differential forms
on a graded manifold (Z,2(g). Seen as an Ag-ring, S*[E; Z] on a splitting

domain (24, c?) is locally generated by even and odd one-forms dz* and dc'.
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Cohomology of the DBGR S*[F; Z] (1.18) is called the de Rham coho-
mology of a graded manifold (Z,g). It equals the de Rham cohomol-

ogy of its body Z. In particular, there exist both a cochain monomorphism

O*(Z) — S*[F; Z] and a cochain body epimorphism S*[F; Z] — O*(Z).

G.Sardanashvily, Graded infinite order jet manifolds, Int. J. Geom. Meth-
ods Mod. Phys. 4 (2007) 1335-1362.

A morphism of graded manifolds (Z,2) — (Z',2) is defined as that
of local-ringed spaces ¢ : Z — 7/, oA — 0.2, where ¢ is a manifold
morphism and d is a sheaf morphism of 2’ to the direct image ¢.2( of 2 onto

Z'. This morphism of graded manifolds is said to be:

e a monomorphism if ¢ is an injection and d is an epimorphism, and

e an epimorphism if ¢ is a surjection and disa monomorphism.

An epimorphism of graded manifolds (Z,) — (Z',") where Z — 7’ is
a fibre bundle is called the graded bundle.

D.Hernandez Ruipérez, J.Munoz Masqué, Global variational calculus on graded
manifolds. J. Math. Pures Appl. 63 (1984) 283-309.
T.Stavracou, Theory of connections on graded principal bundles, Rev. Math.

Phys. 10 (1998) 47-79.
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In particular, let (Y,2() be a graded manifold whose body is a fibre bundle

Y — X. Let us consider a trivial graded manifold (X,2y = C¥). Then we
have a graded bundle

YV, 20) — (X, C%). (1.20)

Let us denote it by (X,Y,2). Given a graded bundle (X,Y,2), the local
basis for a graded manifold (Y,2) can take a form (z*,y’, ¢*) where (2%, y")
are bundle coordinates of Y — X. Therefore, we agree to call the graded
bundle (1.20) over a trivial graded manifold (X,C%¥) the graded bundle

over a smooth manifold.

Note that a graded manifold (X,®l) itself can be treated as the graded
bundle (X, X, ) (1.20) associated to the identity smooth bundle X — X.

Let F — Z and E' — Z' be vector bundles and ® : ' — E’ their bundle
morphism over a morphism ¢ : Z — Z’. A bundle morphism (P, ¢) induces

a morphism of graded manifolds
(Z, Q(E) - (Z/, Q[E/) (1.21)

It is a monomorphism (resp. epimorphism) if ® is a bundle injection (resp.
surjection). In particular, the graded manifold morphism (1.21) is a graded
bundle if ® is a fibre bundle. Let Agp — Apg be the corresponding pull-
back monomorphism of the structure rings. It yields a monomorphism of the

DBGRs

S*|E; 7| — S*|F; Z].
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In order to formulate Lagrangian theory both of even and odd variables,

let us consider graded manifolds whose body is a fibre bundle ¥ — X.

Let (Y,2p) be a graded manifold modelled over a vector bundle F — Y.
This is a graded bundle (X, Y, Ar):

(V,2r) — (X, C5). (1.22)
modelled over a composite bundle
F—Y —X. (1.23)

The structure ring of graded functions on a graded manifold (Y, 2z) is the
graded commutative C*°(X)-ring Ap = AF*(Y). Let the composite bundle
(1.23) be provided with adapted bundle coordinates (z*,4’,¢%) possessing

transition functions

M), YY), d" = it )

Then the corresponding basis for a graded manifold (Y,2r) is (2,y’,c?)
together with transition functions @ = pf(z*, j7)c’. We call it the local

basis for a graded bundle (X,Y,Ar) (1.22).

As was shown above, the differential calculus on a fibre bundle Y — X is
formulated in terms of jet manifolds J*Y of Y. Being fibre bundles over X,
they can be regarded as trivial graded bundles (X, J*Y,C5%,,). We describe
their partners in a case of graded bundles as follows.
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Let us note that, given a graded manifold (X,2(g) and its structure ring
Ag, one can define the jet module J'Ag of a C®(X)-ring Ag. It is a module
of global sections of the jet bundle J'(AE*). A problem is that J'Ag fails
to be a structure ring of some graded manifold. By this reason, we have
suggested a different construction of jets of graded manifolds (Definition 1.9),

though it is applied only to N-graded manifolds.

Let (X, Ag) be a graded manifold modelled over a vector bundle £ — X.
Let us consider a k-order jet manifold J*E of E. It is a vector bundle over

X. Then let (X, Arg) be a graded manifold modelled over J*E — X.

DEFINITION 1.9: We call (X, Ay ) the graded jet manifold of a
graded manifold (X, Ag). O

Given a splitting domain (U;z?*,c%) of a graded manifold (Z, Ag), the
adapted splitting domain of a graded jet manifold (X, A g) reads

LA a4 oa o a a /a o« a a a
(U;a*,c uc)\ac/\l/\gw--c/\l...)\k)a Co, — Pb(x)CMl...AT +8Aﬂb(95)CA1...AT-

As was mentioned above, a graded manifold is a particular graded bundle
over its body. Then Definition 1.9 of graded jet manifolds is generalized to

graded bundles over smooth manifolds as follows.

Let (X,Y,%Fr) be the graded bundle (1.22) modelled over the composite
bundle FF — Y — X (1.23). It is readily observed that the jet manifold
J'F of F — X is a vector bundle J"F — J"Y coordinated by (2,4, q%),
0 <|A| <r. Let (J7Y, 2, ) be a graded manifold modelled over this vector

bundle. Its local generating basis is (2%, 3}, %), 0 < |A| < 7.
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DEFINITION 1.10: We call (J"Y,2(;-r) the graded jet manifold of a
graded bundle (X,Y,Up). O

In particular, let Y — X be a smooth bundle seen as a trivial graded
bundle (X,Y,C{°) modelled over a composite bundle ¥ x {0} — YV — X.
Then its graded jet manifold is a trivial graded bundle (X, J"Y,C%y ), i.e.,
the jet manifold J"Y of Y. Thus, Definition 1.10 of graded jet manifolds of
graded bundles is compatible with the definition of jets of fibre bundles.

The affine bundles J""'Y — J"Y and the corresponding fibre bundles
J'HE — J'F also yield the graded bundles

(JT+1Y, Q[JrJrlF) — (JTY, QlJrF).
As a consequence, we have the inverse sequence of graded manifolds
Y, Ap) «—(JY, Upp) — - (J Y, Uporp) «—(JY, App) -+ . (1.24)

One can think of its inverse limit (J>*Y, U ~p) as being the graded infi-
nite order jet manifold whose body is an infinite order jet manifold J*Y
and whose structure sheaf 2 j~p is a sheaf of germs of graded functions on
graded manifolds (J*Y,2;.r). However (J*Y, A ~p) is not a graded mani-

fold in a strict sense because J*Y is not a smooth manifold.

The inverse system of graded jet manifolds (1.24) yields a direct system

SF:Y] T SHF Y] — -8 [FY] T5 SR Y] — -, (1.25)
T SHE Y] = SELIFY], SiF; Y] = SHJRF; JMY,

r .

r+1x
r

where 7 are the pull-back monomorphisms of DBGRs.
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The DBGR SZ [F; Y] associated to a graded bundle (X, Y,2(r) is defined
as the direct limit of the direct system (1.25). It include all graded dif-
ferential forms ¢ € S'[F;Y] on graded manifolds (J"Y,2(;r) modulo the

monomorphisms 7/ 1%,

THEOREM 1.7: There is an isomorphism H*(SX [F;Y]) = Hig(Y) of the
cohomology H*(S% [F;Y]) of the de Rham complex

0-R —SUFY] -LSLFY] - SSE[FY] — -

of a DBGR S [F; Y] to the de Rham cohomology H{jx(Y) of Y. O

In particular, monomorphisms O*(J"Y) — S[F'; Y] yield a cochain monomor-
phism of complexes O Y — S*[F;Y], and body epimorphisms S*[F;Y]| —
OY define a cochain epimorphism S* [F;Y] — OLY.

One can think of elements of S [F;Y] as being graded differential
forms on an infinite order jet manifold J°Y in the sense that S [F; Y]
is a submodule of the structure module of sections of some sheaf on J*Y. In
particular, one can restrict S [F;Y] to a coordinate chart of J*Y so that

S* [F;Y] as an OY Y-algebra is locally generated by the elements
(. do? 0 = ey — &\ 0 = dyh — i pde®), 0 <AL

where %, 0% are odd and dx?, ) are even. We agree to call (y',c%) the
local generating basis for S [F;Y]. Let the collective symbol s stand for

its elements. We further denote [A] = [s4].
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1.5 Lagrangian theory of even and odd variables on graded bun-

dles

Similarly to DGR OL Y of differential forms on jet manifolds J"Y in La-
grangian formalism on a fibre bundle Y — X, a DBGR S [F; Y] of graded
differential forms is split into a graded variational bicomplex which provides

Lagrangian theory of graded (even and odd) variables.

Let (X,Y,r) be a graded bundle modelled over a composite bundle
F —Y — X over an n-dimensional smooth manifold X, and let S [F;Y]
be the associated DBGA of graded exterior forms on graded jet manifolds
of (X,Y,r). A DBGA 8% [F;Y] is decomposed into S [F;Y]-modules
SET[F; Y] of k-contact and r-horizontal graded forms together with the cor-

responding projections
hi : SEIF; Y] — S, Y, " SLIF Y| — SO Y.

Accordingly, the graded exterior differential d on S [F;Y] falls into a sum
d = dy + dy of the vertical and total graded differentials

dyoh™=h"odoh™,  dy(¢)=03N0e,  ¢eSLIFY],
di o hy, = hyodo hy, dir o hg = hg od, du(¢) = dz* Ady(¢),

dy =0y + ) sh,204,

where d) are graded total derivatives. These differentials obey the nilpo-

tent relations

dgodyg =0, dy ody = 0, dgody +dy ody = 0.
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A DBGA S [F;Y] also is provided with the graded projection morphism

0= Y Faohno " SR Y] - SRV
k>0
o(¢) = > _(=DMO A [d(93]0)], ¢ € SIM[F;Y,
such that pody = 0, and with the nilpotent graded variational operator

§=opo0d:SF;Y] — S F; Y.

With these operators a DBGA S [F;Y] is decomposed into the graded

variational bicomplex

dy dy dy —ot
0— S % ogy T s %4 E -0
vt vt vt ~ot
0-R— &L % s o g = sin
f T T
0-R— O'X)%L o(x) % o"(x) % 0
t t t
0 0 0

where S*, = S%[F;Y] and Ej, = o(SE"[F;Y]).
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We restrict our consideration to a short variational subcomplex
0—R— S FY] 8% E Y] 480 Y] SE,  (1.26)
of this bicomplex and its subcomplex of one-contact graded forms
0— SR Y] Y SLUR: Y] ZL 8P Y] 45 E) — 0. (1.27)
They possess the following cohomology.

THEOREM 1.8: Cohomology of the complex (1.26) equals the de Rham
cohomology of Y. The complex (1.27) is exact. [J

Decomposed into a variational bicomplex, the DBGA S* [F'; Y] describes
graded Lagrangian theory on a graded bundle (X,Y,%4r). Its graded

Lagrangian is defined as an element
L= Lwe S [F;Y], w=dz' A ANda", (1.28)
of the graded variational complex (1.26). Accordingly, a graded exterior form
0L =0"NEqw =) (—1)No* N dp(04L)w € o(SY[F;Y)) (1.29)

is said to be its graded Fuler—Lagrange operator. Its kernel yields an

FEuler—Lagrange equation

0L=0, Ex=) (-1)Mo* Ady(24L) = 0. (1.30)
We call a pair (S%"[F; Y], L) the graded Lagrangian system and S* [F;Y]
its structure algebra.

The following are corollaries of Theorem 1.8.
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COROLLARY 1.9: Any d-closed (i.e., variationally trivial) graded La-

grangian L € SY"[F;Y] is a sum
L=hoo+du, €€ SUR;Y],

where o is a closed form on Y. [

COROLLARY 1.10: Given a graded Lagrangian L, there is the global

variational formula

dL = 0L —dg=;, E€SVF;Y], (1.31)
=L+ ) 05, ANFY Ty, (1.32)
s=0

P = 0L — dy ™" ol k=12,

where local graded functions o obey relations o'y = 0, aﬁfky’“*l)"'yl =0. 0

The form =, (1.32) provides a global Lepage equivalent of a graded
Lagrangian L. In particular, one can locally choose =y (1.32) where all graded

functions o vanish.
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2 First Noether theorem

Given a graded Lagrangian system (SX[F'; Y], L), by its infinitesimal trans-
formations are meant contact graded derivations of a real graded commu-
tative ring S [F;Y]. They constitute a S [F;Y]-module d08% [F'; Y] which

is a real Lie superalgebra relative to a Lie superbracket. The following holds.

THEOREM 2.1: The derivation module 0SY [F;Y] is isomorphic to the
SY[F;Y]-dual (SL[F;Y])* of the module of graded one-forms SL [F;Y]. O

COROLLARY 2.2: A DBGA S§%[F; Y] is the Chevalley-Eilenberg minimal

differential calculus over a real graded commutative ring SO [F;Y]. O

Let 9]¢, 9 € 0SL[F;Y], ¢ € SL[F;Y], denote the corresponding interior
product in accordance with Theorem 2.1. Extended to a DBGR S% [F; Y],
it obeys the rule

I(@Na)=(0]¢) Ao+ (=D)TIIg A (9]0), 6,0 € SLIF;Y].

Restricted to a coordinate chart of J*Y, a DBGR S%[F;Y] is a free
SY [F;Y]-module generated by graded one-forms dz* and 64, [04] = [A].
Due to the isomorphism stated in Theorem 2.1, any graded derivation v €
08V [F; Y] reads

9 =00\ + 0104+ > 0804, (2.1)
0<|A|

where the graded derivations 974, [04] = [A], obey the relations
04(s3) = 04 ]dsg] = 6305,
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Every graded derivation 9 (2.1) of a graded commutative ring SO [F;Y]
yields a graded derivation (called the graded Lie derivative) Ly of a DBGA
S [F; Y] given by the relations

Lyp =0]dg+d(d]¢), ¢ € SL[F:Y],
Ly(¢ A o) = Ly(e) Ao+ (=1)g A Ly(o).

The graded derivation ¥ (2.1) is called contact if the graded Lie deriva-
tive Ly preserves the ideal of contact graded forms of the DBGA SZ [F;Y]

generated by contact graded one-forms 64.

THEOREM 2.3:  With respect to the local generating basis (s) for a
DBGA S% [F;Y], any its contact graded derivation takes a form

¥ = Oy + Dy = vy + 0104 + Z dp(v? — sﬁv”)aﬁ], (2.2)
|A|>0

where ¥ and vy denotes the horizontal and vertical parts of ¥¥. [J

A glance at the expression (2.2) shows that a contact graded derivation v

is the infinite order jet prolongation v = J*v of its restriction
v =00\ +v294 = vy + vy = V) + (U — 519)) (2.3)

to a graded commutative ring SU[F;Y]. We call v (2.3) the generalized
graded vector field on a graded manifold (Y, 2(y). This fails to be a graded
vector field on (Y, 24r) because its component depends on jets of elements of
the local generating basis for (Y,2r) in general. At the same time, any
graded vector field u on (Y,2r) is the generalized graded vector field (2.3)

generating the contact graded derivation J>u.
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In particular, the vertical contact graded derivation (2.3) reads

9 =010+ ) dywol. (2.4)
|A|>0

THEOREM 2.4: Any vertical contact graded derivation (2.4) obeys the

relations

Vdu¢ = —du(9]9),  Ly(dg¢) =du(Lyp), ¢ € SL[F;Y].

The vertical contact graded derivation ¢ (2.4) is said to be nilpotent if
LoLog) = > (ef05()oh + (-1)F 1 efuiazod)e = 0
0<|Z[,0<[A|

for any horizontal graded form ¢ € S%*[F,Y].

THEOREM 2.5: The vertical contact graded derivation (2.4) is nilpotent
only if it is odd. [

Remark 2.1:  If there is no danger of confusion, the common symbol v
further stands for a generalized graded vector field v (2.3), the contact graded
derivation ¥ = J*v determined by v, and the Lie derivative Ly. We call all
these operators, in brief, a graded derivation of the structure algebra of a

graded Lagrangian system. []
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Remark 2.2: For the sake of convenience, right graded derivations
v = 940t also are considered. They act on graded differential forms ¢ on

the right by the rules

(¢) = dolv +d(d|v),  0ra]0™F =030},
(BAd) = (-1 V(@) A + oA v(e).

e

e

L]

DEFINITION 2.1: Let (SL[F;Y], L) be a graded Lagrangian system. A
generalized graded vector field v is called the supersymmetry (or, simply,
symmetry) of a graded Lagrangian L if a graded Lie derivative LyL of L

along the contact graded derivation ¥ = J*v is dy-exact, i.e., LyL = dyo.

]

A corollary of the graded variational formula (1.31) is the graded first

variational formula for a graded Lagrangian.

THEOREM 2.6: The graded Lie derivative of a graded Lagrangian along

any contact graded derivation ¢ fulfils the graded first variational formula
LyL = vy |6L + du(ho(9]=L)) + dv (v ]w)L, (2.5)
where Zj, is a Lepage equivalent of a graded Lagrangian L. [

A glance at the expression (2.5) shows the following.

o4



THEOREM 2.7: (i) A generalized graded vector field v is a symmetry
only if it is projected onto X.

(ii) Any projectable generalized graded vector field is a symmetry of a
variationally trivial graded Lagrangian.

(iii) A generalized graded vector field v is a symmetry if and only if its
vertical part vy is well.

(iv) It is a symmetry if and only if the graded density vy |0 L is dy-exact.
O

Symmetries of a graded Lagrangian L constitute a real vector subspace
SG 1, of the graded derivation module 0S8 [F;Y]. By virtue of item (ii)
of Theorem 2.7, the Lie superbracket

Liy,g) = [Ly, Ly

of symmetries is a symmetry, and their vector space is a real Lie superalgebra.
An immediate corollary of the graded first variational formula (2.5) is the

first Noether theorem.

THEOREM 2.8: If the generalized graded vector field v is a symmetry of
a graded Lagrangian L, the first variational formula (2.5) leads to a weak

conservation law

0~ —dH(—ho(ﬁJ EL) + O’) (26)
of the symmetry current
Jo = T)w, = —ho(V|=2L) + 0 (2.7)

on-shell. [J
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3 Gauge symmetries

Treating gauge symmetries of Lagrangian theory, one traditionally is based

on gauge theory of principal connections on principal bundles.

This notion of gauge symmetries has been generalized to Lagrangian the-
ory on an arbitrary fibre bundle Y — X. Gauge symmetry is defined as a
differential operator on sections of some vector bundle £ — X as gauge

parameters with values in a space of symmetries of a Lagrangian L.

Let us generalize this construction of gauge symmetries to Lagrangian

theory on graded bundles.

o Let (SL[F;Y],L) be a graded Lagrangian system on a graded bundle
(X,Y,Ar) modelled over a composite bundle F — Y — X, and let (s4)
be its local generating basis. To define gauge symmetries of this Lagrangian
system, one extends a graded manifold (X, Y, %) as follows. Let us consider

a composite bundle
E:El@EOHEOHX
X

and a graded bundle (X, E° ) modelled over it, and let (¢”) be its local
generating basis. Then we define the product (X, E' x Y,%g r) of graded
X X
bundles (X,Y,2r) and (X, E°,2g) which is modelled over the product
FxFE—-YxE—X
X

X

of composite bundles E and F, and which possesses a generating basis (54, ¢").
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e Let us consider the corresponding DBGR S*[E x F'; Ey X Y] together
b'e b'e
with the monomorphisms of DBGRs

SEIFY] = SEIEXF;E'xY],  SL[E;E°] — SL[Ex F;E"xY].
X X X X

Given a graded Lagrangian L € S%"[F;Y], let us define its pull-back
LeSYF, Y] CS:L[ExF;E"xY], (3.1)
X X
and consider an extended Lagrangian system
S*ExF;E'xY], L 3.2
(SE x Fi B x Y], L) (3.2)
provided with the local generating basis (s4,¢").

DEFINITION 3.1: A gauge transformation of the Lagrangian L (3.1)
is defined to be a contact graded derivation 9 of the ring S [E x F; EY x Y]
X

X
such that a derivation 19 equals zero on a subring

SUIE;EY ) c SL[Ex F; E°xY].
X X

A gauge transformation ¢ is called the gauge symmetry if it is a symmetry

of the Lagrangian L (3.1). O

e In view of the condition in Definition 3.1, the variables ¢" of the ex-
tended Lagrangian system (3.2) are treated as graded gauge parameters
of a gauge symmetry ©. Furthermore, we additionally assume that a gauge
symmetry is linear in gauge parameters ¢ and their jets ¢/,. Then its gener-

alized graded vector field v reads

v = Z oM (2 | oy + Z vzt sBYel | 04 (3.3)

0<|A|<m 0<[A|<m

o7



Remark 3.1: In a general setting, one can define gauge symmetries which
are non-linear in gauge parameters. However, the direct second Noether
theorem is not relevant for them because Euler-Lagrange operator in this

case satisfies the identities depending on gauge parameters. []

e If a gauge transformation v (3.3) is a symmetry, it defines a weak con-
servation law in accordance with the first Noether theorem. The peculiarity
of this conservation law is that the symmetry current 7, (3.4) is the total

differential on-shell, i.e., it is reduced to a superpotential.

THEOREM 3.1: If u (3.3) is a gauge symmetry of a graded Lagrangian
L, the corresponding symmetry current 7, (up to a dgy-closed term) takes a

form

Jo =W +dgU = (W" + d,U"")w,, (3.4)

where a term W vanishes on-shell and U"* = —U" is a superpotential

which reads

- E ( i Uk N T Apr _
ju - ( Uy Cuk...uN + Uy C )gA
1<k<N

( Z dVJ(Vu)ukmuMCLkmuM + dyjﬁl’“)c’") _
1<k<M
d,( Z J[Vﬂ]ﬂkn#MC;km’uM_|_J7[VM]CT).
1<k<M
]

G.Sardanashvily, Gauge conservation laws in a general setting. Superpoten-

tial, Int. J. Geom. Methods Mod. Phys. 6(2009) 1047-1056

One sometimes treats Theorem 3.1 as the third Noether theorem.
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4 Noether identities

We follow the general analysis of Noether identities (NI) and higher-stage NI
of differential operators on fibre bundles when trivial and non-trivial NI

are represented by boundaries and cycles of a chain complex.

It should be noted that the notion of higher-stage Noether identities came
from that of reducible constraints. The Koszul-Tate complex of Noether
identities has been invented similarly to that of constraints under the reg-
ularity condition that Noether identities are locally separated into the

independent and dependent ones.

J.Fisch, M.Henneaux, Homological perturbation theory and algebraic struc-
ture of the antifield-antibracket formalism for gauge theories, Commun.
Math. Phys. 128 (1990) 627-640.

G.Barnich, F.Brandt, M.Henneaux, Local BRST cohomology in gauge theo-
ries. Phys. Rep. 338 (2000) 439-569.

This condition is relevant for constraints, defined by a finite set of func-
tzons which the inverse mapping theorem is applied to. However, Noether
identities of differential operators, unlike constraints, are differential
equations. They are given by an infinite set of functions on a Fréchet ma-
nifold of infinite order jets where the inverse mapping theorem fails to be
valid. Therefore, the regularity condition for the Koszul-Tate complex of

constraints is replaced with a certain homology regularity condition.
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Let (SL[F;Y],L) be a graded Lagrangian system on a graded bundle
(X, Y, r), modelled over a composite bundle ' — Y — X.

e One can associate to a graded Lagrangian system (SX[F;Y], L) the
chain complex (4.1) whose one-boundaries vanish on the shell L = 0. Let

us consider the density-dual
VE=V'FQAT'X - F
F

of the vertical tangent bundle V F' — F', and let us enlarge an original DBGR
S* [F;Y] with the generating basis (s*) to P%[VF;Y] with the generat-
ing basis (s*,35,), [54] = [A]+1. Following the terminology of BRST theory,
we call its elements 54 the antifields of antifield number Ant[s,] = 1.
A DBGR P:[VF,;Y] is endowed with the nilpotent right graded derivation
0 :5 A4, where £4 = 64 L are the variational derivatives. Then we have a

chain complex
0—Imd < POV, Y], < PUVE, Y], (4.1)

of graded densities of antifield number < 2. Its one-boundaries d®, & €
PURVE; Y]y, by very definition, vanish on-shell. Any one-cycle ® of the
complex (4.1) is a differential operator on a bundle VF such that its kernel
contains the graded Euler-Lagrange operator 6L, i.e.,
50 =0, > otdyEaw =0, (4.2)
0<IA
Refereing to a notion of NI of a differential operator, we say that one-cycles

® define the Noether identities (4.2) of an Euler-Lagrange operator 0 L.
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e One-chains ® are necessarily NI if they are boundaries. Therefore, these

NI are called trivial. They are of the form

o= 3 TUNENGues, s, TUNED)  _(Cp)IEpER)An),
0<[ALI%)

Accordingly, non-trivial NI modulo trivial ones are associated to elements

of the first homology H,(d) of the complex (4.1).
A Lagrangian L is called degenerate if there exist non-trivial NI.

e Non-trivial NI can obey first-stage NI. To describe them, let us assume

that a module H;(d) is finitely generated. Namely, there exists a graded

projective C*°(X)-module Cyyy C H; (6) of finite rank possessing a local basis

{A,w} such that any element ® € H,(6) factorizes as

=) PFdzAw, e SY[FY], (4.3)

0<[E]
through elements A,w of C(p). Thus, all non-trivial NI (4.2) result from the
NI

SA =) AMAEL =0, (4.4)
0<[A|

called the complete NI. Then the complex (4.1) can be extended to the
chain complex (4.5) with a boundary operator whose nilpotency is

equivalent to the complete NI (4.4) as follows.
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By virtue of the Serre-Swan theorem, a graded module C(g) is isomorphic to
that of sections of the density-dual E} of some graded vector bundle Ey — X.
Let us enlarge P [VF;Y] to a DBGR

Po{0} = PVF x B Y]

with the generating basis (s*

[A;] + 1 and Ant[¢,] = 2. This DBGR admits a derivation

, 54, Cr) where ¢, are antifields such that [¢,] =

Jo =0+ 9 "A,

which is nilpotent if and only if the complete NI (4.4) hold. Then J; is a

boundary operator of a chain complex
< 0 NOnETS 0o 7=0,n 0o 7=0,n
O—Imd—PLVE; Y] —P, {0} =P, {0}3 (4.5)

of graded densities of antifield number < 3. One can show that its homology

Hi(6p) vanishes, i.e., the complex (4.5) is one-exact.

e Let us consider the second homology H(dy) of the complex (4.5). Its
two-cycles define the first-stage NI
5® =0, > GMdpAw = —5H. (4.6)
0<[A]
Conversely, let the equality (4.6) hold. Then it is a cycle condition. The first-
stage NI (4.6) are trivial either if the two-cycle ® is a dp-boundary or its
summand G vanishes on-shell. Therefore, non-trivial first-stage NI fails
to erhaust the second homology H, () of the complex (4.5) in general.
One can show that non-trivial first-stage NI modulo trivial ones are identified

with elements of Hy(dy) iff any d-cycle ¢ € fﬂ;”{O}g is a dp-boundary.
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A degenerate Lagrangian is called reducible if it admits non-trivial first-

stage NI.

e Non-trivial first-stage NI can obey second-stage NI, and so on. It-
erating the arguments, we say that a degenerate graded Lagrangian system
(SEL[F;Y], L) is N-stage reducible if it admits non-trivial N-stage NI, but
no non-trivial (N + 1)-stage ones. It is characterized as follows.

(i) There are graded vector bundles Ey, ..., Ex over X, and P [V F;Y] is
enlarged to a DBGR

AN} = PLIVE x By -+ x By V] (4.7)

with a local generating basis (s*,54,¢,,¢.,, ..., ) Where ¢,, are k-stage

antifields of antifield number Ant[c,, ] =k + 2.

(ii) The DBGR (4.7) is provided with a nilpotent right graded derivation

5KT = 5]\7 = g —|— Z 5 rAf’AgAA ‘I‘ Z 5 TkArk, (48)
0<|A| 1<k<N
Amw - Z A;:ﬂ?AEA?“k—lw + (4'9)
0<|A|
Tk—2 =)= - _O7n
Z (hgnkk )4, )CZrk,QSEA + )u) € Poo {k — 1}k+1;
0<[Z],|=]

of antifield number —1. The index £ = —1 here stands for 54. The nilpotent
derivation gt (4.8) is called the Koszul-Tate (KT) operator.
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(iii) With this KT operator, a module 7_727071{]\7 }<ni3 of densities of anti-
field number < (N + 3) is split into the exact Koszul-Tate (KT) chain

complex

0—tm§ < PUVE Y] L-PU{0} L-PU {1} (410)
ON—1 KT KT
<—7? {N— 1} 2 P {N}N+2 ¢ 73 {N}N+3

which satisfies the following homology regularity condition.

CONDITION 4.1: Any 8pcy-cycle ¢ € P {k}tips C Po{k + 1}hpps is

a dp.1-boundary.

(iv) The nilpotentness of the KT operator (4.8) is equivalent to complete
non-trivial NI (4.4) and complete non-trivial (k < N)-stage NI

S OATRAN(Y CAETEs, ) =<0 Y RS, Say). (410)

0<|A| 0<|3| 0<[X],|E|

It may happen that a graded Lagrangian system possesses non-trivial NI of
any stage. However, we restrict our consideration to N-reducible Lagrangians
for a finite integer N. In this case, the KT operator (4.8) and the gauge

operator (5.4) below contain a finite number of terms.

It also should be emphasized that, in order to describe a hierarchy of
NI, we suppose that NI and higher-stage NI are finitely generated (i.e., they
form projective modules of finite rank) and that homology Condition 3.1 is

satisfied. These are not true for any Lagrangian.
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5 Second Noether theorems

Different variants of the second Noether theorem have been suggested in order

to relate reducible NI and gauge symmetries.

G.Barnich, F.Brandt, M.Henneaux, Local BRST cohomology in gauge theo-
ries, Phys. Rep. 338 (2000) 439.

R.Fulp, T.Lada, J. Stasheff, Noether variational Theorem II and the BV
formalism, Rend. Circ. Mat. Palermo (2) Suppl. No. 71 (2003) 115.

The extended inverse second Noether theorem, that we formulate in
homology terms, associates to the KT complex (4.10) of non-trivial NI the
cochain sequence (5.3) with the ascent operator u (5.4) whose components

are gauge and higher-stage gauge symmetries of a Lagrangian system.

Given a DBGR P. {N} (4.7), let us consider the DBGRs

P;{N}:P;[F§E0;<(---§EN;Y], (5.1)
possessing the generating bases (s4,c",c",...,c¢™), [¢*] = [¢,] + 1, and
the DBGRs

PiANY = PLVE x By x -+ X Ex X Eo X+ X En3 Y] (5.2)
with the generating bases (s*,54,¢",c",...,¢™ €, .., Cry). Their el-

ements ¢+ are called the k-stage ghosts of ghost number gh[c¢™*] = k+1 and
antifield number Ant[c¢"*] = —(k + 1). The KT operator dxr (4.8) naturally
is extended to a graded derivation of a DBGR P {N}.
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THEOREM 5.1: Given the KT complex (4.10), a module of graded densi-

ties P2"{N} is decomposed into a cochain sequence
0— SY'F;Y] = PYY{N} =5 PUY{N} ... (5.3)

graded in ghost number. Its ascent operator

0 0 0
N = — ' =+ N —— (5.4)

_ 1) ... (
U=ud Ut 0sA oc" Oc'n-1’

is an odd graded derivation of ghost number 1 where

A r AVA
u=1u A’ u = E An(Ay)%, (5.5)
0<[A|
5(6_ )EAw = & w = dyoy, (5.6)
054

is a symmetry of a graded Lagrangian L and the derivations

u®) —

0
= NG =1,...,N .
acrk 1 Z C acrk717 k Y Y Y (5 7)
0<|A|

obey the relations

Z e\ ASE,  d=Eaw 4w ZAT’“ >z, ,w = dgoy.  (5.8)

A glance at the symmetry u (5.5) shows that it is a derivation of a ring
PY [0] which satisfies Definition 3.1 of gauge transformations. Consequently,
u (5.5) is a gauge symmetry of a graded Lagrangian L associated to the
complete non-trivial NI (4.4). Therefore, it is a non-trivial gauge sym-

metry.
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Turn now to the relation (5.8). The variational derivative of both its sides

with respect to ¢,,_, leads to the equality

> du' Cm 5( i), (5.9)
et = = Y S ().

For k =1, it takes a form

Zd u"0Fut = 5(a?)

of a first-stage gauge symmetry condition on-shell which the non-trivial
gauge symmetry u (5.5) satisfies. Therefore, one can treat the odd graded

derivation

U,(l) = urﬁr, u = Z CET](AZ)A,

as a first-stage gauge symmetry associated to a complete first-stage NI

ZArAd ZA ’ SZA Zth SZBSHA)

[terating the arguments, one comes to the relation (5.9) providing a k-
stage gauge symmetlry condition which is associated to the complete
non-trivial k-stage NI (4.11). The odd graded derivation wy (5.7) is called
the k-stage gauge symmetry.

Thus, components of the ascent operator u (5.4) in Theorem 5.1 are non-
trivial gauge and higher-stage gauge symmetries. Therefore, we agree to call

it the gauge operator.
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The correspondence of gauge and higher-stage gauge symmetries to NI
and higher-stage NI in Theorem 5.1 is unique due to the following direct

second Noether theorem.

THEOREM 5.2:
o If u (5.5) is a gauge symmetry, the variational derivative of the dy-exact

density u4€4w (5.6) with respect to ghosts ¢ leads to the equality

Sr(utEaw) =Y (—1)Mdp[utes] = (5.10)
D (=D)Mdy (A Es) =D (=D)Inn(Ah) daEa =0,
which reproduces the complete NI (4.4).
e Given the k-stage gauge symmetry condition (5.9), the variational deriva-

tive of the equality (5.8) with respect to ghosts ¢* leads to the equality,
reproducing the k-stage NI (4.11). O
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6 Lagrangian BRST theory

In contrast with the KT operator (4.8), the gauge operator u (5.3) need not

be nilpotent.

Let us study its extension to a nilpotent graded derivation

0

b=u+ Yy=u + Z 'Y(k) =u-+ Z ,YTk—l Sen (61)
1<k<N+1 1<k<N+1
0 0 0 0
e A r Tk Tk+1
(u 85A + v acr> + Z (u Oc’k +'Y 867’k+1>
0<k<N-1

of ghost number 1 by means of antifield-free terms v*) of higher polynomial

degree in ghosts ¢ and their jets ¢}, 0 <i < k.

One calls b (6.1) the BRST operator, where k-stage gauge symmetries
are extended to k-stage BRST transformations acting both on (k — 1)-
stage and k-stage ghosts.

If a BRST operator exists, the cochain sequence (5.3) is brought into a
BRST complex

0 — SU[F;Y] 25 POn{N} 2 pongny2 by (6.2)

One can show the following.

e The gauge operator (5.3) admits the BRST extension (6.1) only if the
gauge symmetry conditions (5.8) and the higher-stage NI (4.11) are satisfied
off-shell.

e Gauge symmetries need not form an algebra. Therefore, we replace the

notion of the algebra of gauge symmetries with some conditions on the gauge
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operator. Gauge symmetries are said to be algebraically closed if the

gauge operator admits the nilpotent BRST extension (6.1).

J.Gomis, J.Paris, S.Samuel, Antibracket, antifields and gauge theory quanti-
zation, Phys. Rep. 295 (1995) 1.

e A nilpotent BRST operator provides a BRST extension of an original

Lagrangian system by means of graded antifields and ghosts as follows.

The DBGR PL{N} (5.2) is a particular field-antifield theory of the fol-

lowing type. Let us consider a pull-back composite bundle
W=ix7Z'—-7—X
X

where Z/ — X is a vector bundle. Let us regard it as an odd graded vector
bundle over Z. The density-dual VW of the vertical tangent bundle VW of
W — X is a graded vector bundle

VW =(Z aV2)aATX)a Z'
Z Z Y

over Z. Let us consider the DBGR P%[VW; Z] with the local generating
basis (2%,Z,), [Zo) = [2%] + 1. Its elements z* and Z, are called fields and
antifields, respectively. Graded densities of this DBGR are endowed with the
antibracket

{fw Swp = 1550+ 5%, 520

w. (6.3)
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Then one associates to any even Lagrangian £w the odd vertical graded

derivations
O K - o o
— a — - DVa = a = — 4
Ve == PO = e (6.4)
0L 0 0L 0
_ =l (_1\la]+1
Ve = vg +Te = (—1) <5E“ o- + 5o (%a) : (6.5)
such that Je(Lw) = {Lw, Lw}.
THEOREM 6.1: The following conditions are equivalent.
(i) The antibracket of a Lagrangian £w is dy-exact, i.e.,
5808
{2«(.4}, 2&1} = 52a @w = dHO'. (66)

(ii) The graded derivation ¢ (6.5) is nilpotent. [

The equality (6.6) is called the classical master equation. A solution
of the master equation (6.6) is called non-trivial if both the derivations

(6.4) do not vanish.

Being an element of the DBGA P% {N} (5.2), an original Lagrangian L
obeys the master equation (6.6) and yields the graded derivations v, = 0,
U = 0 (6.4), i.e., it is a trivial solution of the master equation. Therefore,

let us consider its extension
Lp=L+Li+Ly+-

by means of even densities L;, i > 2, of zero antifield number and polynomial

degree ¢ in ghosts. Then the following is a corollary of Theorem 6.1.
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COROLLARY 6.2: A Lagrangian L is extended to a non-trivial solution
L of the master equation only if the gauge operator u (5.3) admits the

nilpotent extension Jp (6.5). O
However, one can say something more.

THEOREM 6.3: If the gauge operator u (5.3) can be extended to the BRST

operator b (6.1), then the master equation has a non-trivial proper solution

Lg=L+Db ( Z cr’“a.lH) w+ dyo, (6.7)

0<k<N
such that b = wvp is the graded derivation defined by the Lagrangian Lp
(6.7). O

The Lagrangian Ly (6.7) is said to be the BRST extension of an original
Lagrangian L.

This extension is a preliminary step towards quantization of reducible

degenerate Lagrangian theories.
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7 Applications. Topological BF the-

ory

The most of basic Lagrangian models in field theory and mechanics are 2r-

reducible degenerate.

G.Sardanashvily, Noether’s Theorems. Applications in Mechanics
and Field Theory (Springer, 2016).

G.Giachetta, L.Mangiarotti, G.Sardanashvily, Advanced Classical Field
Theory (World Scientific, 2009).

G.Giachetta, L.Mangiarotti, G.Sardanashvily, Geometric Formulation of
Classical and Quantum Mechanics (World Scientific, 2010).
G.Sardanashvily, Classical field theory. Advanced mathematical formulation,
Int. J. Geom. Methods Mod. Phys. 5 (2008) 1163-1189; arXiv:
0811.0331

e Gauge theory of principal connections on principal bundles (irreducible
degenerate Lagrangian system)

e Gauge gravitation theory on natural bundles (irreducible degenerate
Lagrangian system whose gauge symmetries are general covariant trans-

formations)

G.Sardanashvily, Gauge gravitation theory. Gravity as a Higgs field, Int. J.
Geom. Methods Mod. Phys. 13 (2016) 1650086
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e Topological Chern—Simons gauge theory (irreducible degenerate Lagran-

gian system, whose gauge symmetries are variational, but not exact)

e Topological BF theory (reducible degenerate Lagrangian system)

G.Sardanashvily, Higher-stage Noether identities and second Noether theo-
rems, Adv. Math. Phys. 2015 (2015) 127481

e SUSY gauge theory on principal graded bundles (irreducible degenerate
graded Lagrangian system)

e Covariant (polysymplectic) Hamiltonian field theory, formulated as par-

ticular Lagrangian theory on a phase space

G.Sardanashvily, Polysymplectic Hamiltonian field theory, arXiv: 1505.01444

e Lagrangian and Hamiltonian non-autonomous mechanics on fibre bun-

dles over R

G.Sardanashvily, Noether’s first theorem in Hamiltonian mechanics, arXiv:

1510.03760

e Relativistic mechanics as a Lagrangian theory of one-dimensional sub-

manifolds

G.Sardanashvily, Lagrangian dynamics of submanifolds. Relativistic mechan-

ics, J. Geom. Mech. 4 (2012) 99-110

74



We address topological BF theory of two exterior forms A and B of
form degree |A| + |B| = dim X — 1 on a smooth manifold X because it
exemplifies reducible degenerate Lagrangian theory which satisfies homology

regularity Condition 4.1.

D.Birmingham, M.Blau, Topological field theory, Phys. Rep. 209 (1991)
129.

Its dynamic variables A and B are sections of a fibre bundle
p * q *
Y=NT"XBANT"X, p+g=n—1>1,
coordinated by (SU/\,AMI...M,,,Bul...uq)- Without a loss of generality, let ¢ be
even and ¢ > p. The corresponding DGR is O% Y.
There are the canonical p- and g-forms

A=A dxtv A - N dxtr, B =B, ., dx" N\ Ndx™

H1---p

on Y. A Lagrangian of topological BF theory reads

LBF = AN dHB = EulmunAﬂl...,upd BNp—&-Q...unw? (71)

Hp+1

where € is the Levi-Civita symbol. It is a reduced first order Lagrangian. Its

first order Euler-Lagrange operator

SL =&Y "dA, o Nw+ ERFTTTAB, L, 1 AW,
1. b g, M R o
5,41 P= el dup+1Bup+2...um ng+2 = —ett d/¢p+1AH1---Hp’
satisfies the Noether identities
dulé’fll”“p =0, dylggl"'yq = 0. (7.2)

1)




Given a family of vector bundles

p—k—1 q—k—1
E.= A T"Xx A T'X, 0<k<p-—1,
X

NTX,  k=p-—1,

= X

q—k—1
E,= N T'X, p—1<k<qg-—1,

E,1 =X xR,
let us enlarge an original DGR O, to the DBGR PX{q — 1} (5.2) which is
P{lg—1}=PLVYDE® - ®E, 1®0E - ®E,1;Y]. (7.3)
Y Y Y Y Y
It possesses a local generating basis

{Aul...,upa Bul...an 5u2...up; st 78,up7 87 fyg...yq; tt e 7§l/q7 57

MLy VLV o _ — =l2...Vy —Vq <
A ?B 781LL2 up?"'781up787§ '75 75}
of Grassmann parity

i) = [Gvpvy] = (k+1)mod2,  [e] =pmod2,  [{] =0,
g t] = [€757] = kmod 2, €] = (p + 1)mod 2, €] =1,

of ghost number

gh[guk...up] - gh[ng...l/q] = ka gh[g] =D+ 17 gh[f] =q+ 17
and of antifield number
Am[Z““"P] = Ant[FVp“"'yq] =1,
Ant[gHe ] = Ant[€") = k + 1,
Ant[g] = p, Ant[g] = q.
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One can show that homology regularity Condition 4.1 holds, and the
DBGR P {q — 1} (7.3) is endowed with the KT operator

I R 0 e
5KT = — Zl Hp + —— ((:Bl ¢4 Z Zk Hop +
Shk 1
gAY o5 iy 05
5 _ 5 Vk...V, 5 pald
_—dﬂ 5"“1’ —+ Z TM]ABIC ! + _—dl/q§ q?
og ' ool 0& 0§
AZQ.../,LP _ dulzﬂl..-up’ Aik+1.-~ﬂp — dukgukﬂkﬂ..ﬂp, 2< k< D,

Vy...V, V1.V 1% N7 “VEVg41...V
AZ=d, B AR =g, T 2 <k < q.

[ts nilpotentness provides the complete Noether identities (7.2) and the (k —

1)-stage ones

deAilemup — 07 k= 27 Rz

dy A" =0, k=24

It follows that topological BF theory is (¢ — 1)-reducible.
Applying inverse second Noether Theorem 5.1, one obtains the gauge op-
erator (5.4) which reads

0 0

Y dv Vo..lg > 7.4
- Hp aAmmmﬂp + 15 any11/2,_,yq + ( )

u=d,e,,

-d € 0 +---4d, € 0 ] +
i 2 Mgmupagugug...up Hp agup
[ 0 0
dl/ V3..Vg e o dll ac |-
| 2£ B qagllng...l/q + + qgaqu]
In particular, a gauge symmetry of the Lagrangian Lpp (7.1) is
0 0
u = dlulg,ug.. + dy1€1/2...uqm.

Mp A
8Au1u2~--up

7



It also is readily observed that the gauge operator u (7.4) is nilpotent.
Thus, it is the BRST operator b = u. As a result, the Lagrangian Lgp is
extended to the non-trivial solution of the master equation Lg (6.7)

which reads

. AH1--Hp —flfgeerfd =
Lg = Lpr + €y, Ay A + E , E g1ty Ay BT+ Edy, B+
1<k<p

oy B D by &+ €, €

1<k<q
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