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Abstract This research-expository paper is devoted to application of the
natural projector theory to the problem of classification of invariant decom-
positions of projectors in tensor spaces of covariant valency 3. Using this
theory, complete lists of natural projectors, decompositions of natural pro-
jectors, and partitions of the tensor space of (0,3)-tensors are derived. In
order to explain the method of natural projections as clearly as possible, the
proofs, based on elementary tensor algebra and projector theory in finite-
dimensional real vector spaces, are included.
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1 Introduction

This paper is devoted to natural projectors on the space of (0,3)-tensors
on the real, n-dimensional vector space R”. The aim is to classify these pro-
jectors and to find the partitions of the tensor space TyR" induced by them.
The second aim is to illustrate the methods of tensor analysis based on natu-
ral projection theory in tensor spaces; to this purpose we provide all detailed
calculations. It is shown in particular that the natural projectors and the parti-
tions can completely be characterized by elementary means of the theory of
(real) quadratic forms and bilinear equations.
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The vector space R" is considered with the canonical left action of the
general linear group GL,(R), and the tensor space T, R" is endowed with
the induced tensor action. Since our discussions are GL, (R) -invariant, the
decomposition results apply to any real, n-dimensional vector space E, and
to the tensor space T, E over E. In the canonical basis €, of R", a tensor
U €T,R" is usually denoted in components as U = U, ; an endomorphism
P:T,;R" > T/R" is denoted as P = Pijkp . » with standard meaning of the
superscripts and the subscripts. For basic theory and notation we follow
Krupka [1], [2], where further relevant references can be found.

Sections 2 contain elementary properties of the permutation group S, ;
the group S, is first used in Section 3, where we derive an explicit formula
for the composition of two natural endomorphisms of the tensor space
T,R". Section 4 contains a criterion for a natural endomorphism to be a nat-
ural projector; to this purpose equations of natural projectors are derived by
means of the composition law for natural endomorphisms. The central topic
of this paper is to solve these equations. In Section 5 we introduce some
new, adapted coordinates to transform these equations to a suitable form.
Next in Section 6 we give a complete solution of this system. Namely, a
complete list of natural projectors in the tensor space T4y R" is obtained; an-
other key result is a theorem on the dimensions of image spaces of the natu-
ral projectors. Section 7 is devoted to the analysis of decomposition proper-
ties of the natural projectors. After recalling the definitions we construct the
decomposability indicatrix as a simple tool to decide whether a given natural
projector is decomposable (in a non-trivial way). The corresponding indica-
trix tables are obtained from the dimension theorem by a based on a straight-
forward way. The section concludes by determining the primitive (non-
decomposable) projectors, and the partitions of the tensor space T, R" .

2 The permutation group S,

For the reader’s convenience and references, we include in this section
complete (standard) calculations of basic characteristics of the permutation
group S, . Write elements of S, as

y=(123) y o(123) , _(123)
123 132) 27 213

yo=[123)  (123) , _(123)
321 312 231

The multiplication table

ey
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Vi Vo VY, s Ve

Vi Vo Vs VY, s Va

2| Vo VoV Vo5 VoV, VoV VoV

2) V3|V V3V, ViV, ViV, ViV ViV,

V|V, VLV, VIV VY, VL VS VLY
V| Vs ViV, ViV, ViV, ViV, VoV

v6 V6 V6v2 v6v3 v6v4 v6v5 Vévé
gives

ViV, VoV, VsV
v, 123 132 213 321 312 231
v,[132 123 312 231 213 321
3) v,|213 231 123 312 321 132
v,|321 312 231 123 132 213
vs|312 321 132 213 231 123
Vel 231 213 321 132 123 312

or, which is the same,

4) Vi|Vs Vg V) Vs Vo V,

VeV V3 V4 V, V, Vs

This table can also be expressed as
V, =V VL, VLV, VL VL,V V, VeV Vs,
5) V, = V\V, VLV VLV, Y VS VoV VY,
V, =V\V,V,Ve VoV Y,V VLV, VY,



4 Classification of natural projectors in tensor spaces: (0,3)-tensors

V, =VV,,V,V, ViV, V,V, ViV, Vs,
(5) Vs =V\V, VLVL, VLV, VY, V, VYLV,

Ve =VV, VoV, ViV, V, V. ViV ViV,
which, in particular, immediately determines the inverse elements and con-

Jjugacy classes of elements of the permutation group S, .
The inverse elements are

a_(123 a_(123 a_(123
Vi = :v’ vV, = :V, V. = :V,
! (123] v (132] S (213) ’

-1 123 -1 123 -1 123
v, = =v,, V. = =V, V. = =V..
! (321) o (231) o e (312] >

The table of conjugate elements can be obtained by immediate multiplication
of permutations (5) and (6). We have

(6)

v, v, v, v, Vs Vs

v vy vyt vy v vavvst vy
v, vy vovvyt vavvst v vt vavvs vyt

-1 -1 -1 -1 -1 -1
@) Vi VVV VLWLV, VoLV V VLY, VYV VAVLY

1 1 1 1 1 1

120 V20 2 2 0 V20 Vi V2R VR VO VR V0 VA Y0 VR VO VR VA /8

vilvvev vy vy vt vavvl vevovy!

-1 -1 -1 -1 -1 -1
Ve | VIVEV, VaVeVs VaVVs VYV, ViV Vs VYV,

that is,
v, Vv, v, v, Vs v,
Vl vl vl vl vl vl vl
vylv, v, vavvs v vl vy
-1 -1 -1 -1
(8) v3 v3 v2v3v2 v3 v4v3v4 V5V3v5 v6v3v6

v lv, vy vavvst v, vavs

L R N V0 V20 Vo VAR V0 V0 Vo

-1 -1 -1 -1
Ve Vs VaVeVy ViVeVi V, VeV, VsV VsV
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Computing conjugacy classes,

v3v2v3"(1,2,3) =v,v,v,(1,2,3)=v.v,(2,1,3)=v,(3,1,2)=(3,2,)=v,,
v6v2v6_l(17293) = V6V2V5 (172’3) = v6v2(37172) = v6(27173) = (37271) = v4 ’
vsvzv;‘(1,2,3) =v.v,v.(1,2,3)=v.v,(2,3,1) =v.(3,2,1)=(2,1,3)=v,,
v4v2v;I 1,2,3)=v,v,v,(1,2,3)=v,v,(3,2,1)=v,(2,3,1)=(2,1,3)=v,,

©)

(10)
v,V v, (1,2,3)=v,v,v,(1,2,3) = v,v,(1,3,2) = v, (2,3,1) = (3,2,1) = v,,
VvV (1,2,3) = v v, vi(1,2,3) = v, v, (3,1,2) = v, (3,2,1) = (1,3,2) = v,,
viv,vi'(1,2,3) = vy, (1,2,3) = viv,(2,3,1) = v,(1,3,2) = (3,2,1) = v,,
v,v.v. (1,2,3)=v,v,v,(1,2,3)=v,v,(3,2,)=v,(3,1,2) = (1,3,2) = v,,
(11)
v,V vy (1,2,3) =v,v,v,(1,2,3) = v,v(1,3,2)=v,(2,1,3) = (3,1,2) = v,,
VvV (1,2,3) = v,y vi(1,2,3) = vy (2,1,3) = v,(3,2,1) = (3,1,2) = v,
vivevs (1,2,3) = vy, v, (1,2,3) = v,V (2,3,1) = v,(3,1,2) = (2,3,1) = v,,
v,vevi (1,2,3)=v,vv,(1,2,3)=v,v(3,2,D)=v,(1,3,2) = (3,1,2) = v,
(12)
v,vev,'(1,2,3) = v,v.v, (1,2,3) = v,v,(1,3,2) = v,(3,2,1) = (2,3,1) = v,
v,vovi (1,2,3) = v,vovi(1,2,3) = vy (2,1,3) = v,(1,3,2) = (2,3,1) = v,
veVsvs (1,2,3) = v, vv (1,2,3) = v, v,(3,1,2) = v,(2,3,1) = (3,1,2) = v,
v,vv, (1,2,3)=v,v.v,(1,2,3)=v,v,(3,2,D)=v,(2,1,3) = (2,3, = v,,
(13)
v,v,v, (1,2,3) =v,v,v,(1,2,3) =v,v,(1,3,2)=v,(3,1,2) = (2,1,3) = v,,
v,v,vi (1,2,3) = vy, v,(1,2,3) = v,v,(2,1,3) = v,(2,3,) = (1,3,2) = v,,
vev,ve (1,2,3)=v,v,v.(1,2,3) = v,v,(3,1,2)=v((1,3,2) = (2,1,3) = v,,
vov,vs' (1,2,3)=v.v, v (1,2,3) = vv,(2,3,1) = v,(2,1,3) = (1,3,2) = v,.

Summarizing these calculations, we obtain the following table of conjugate
elements
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V,V, Vi Ve VsV,
v v vy vy,
2 V2 V2 v4 V4 V3 V3
(14) VilVs V, VsV, Y, Y,

Ve Vs Vs Vs Vg Vg Vs
V| Vs Vg Ve Vs VsV,

V4 V4 v3 v2 v3 v2 v4
or, in explicit notation,

ViV, VoV, VsV
v, 123 123 123 123 123 123
v,|132 132 321 213 213 321
(15) v,|213 321 213 132 321 132
v,|321 213 132 321 132 213
vy|312 231 231 231 312 312
Ve|231 312 312 312 231 231

Thus, we have three classes of conjugate elements {v,}, {v,,v,,v,}
and {v4,v,} . Using explicit notation, the classes are {123}, {132,213,321},
and {312,231} . The corresponding cycle structure is (1,1,1), (2,1),and 3.

3 Composition of natural endomorphisms in 7;'R"

Recall that a natural endomorphism P of the tensor space T,y R" has an
expression

(1) l]l l; —_ a lz ;
JiaJs z K /K(l) fr((’)) ]Km

KES;

where the components a, are real numbers. If Q is another natural endo-
morphism, expressed as

(2) lll " I3 Z b 51] 12 I;

Jam /m) /M)
AESy
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then the composite R = QP has an expression

i)iyiy _ i) iz i3
(3) R Jihads z ¢ 5

V= dvay fv(2) Ivm
VES;

where the components satisfy

4) ¢, = Y, ab,

V=T0 T .0ES;

(Krupka [1]).
In different notation, if the natural projectors P and Q are expressed by

P =,818%80 +a,516:8" +a,51 55"
(5) 1J2 1 3
+a,818:5" +a,5"5°5" +a,0" 515",

10 250
and
Qb =b 515D +5,51508) +b,51 525"
+b, 5"5’25" + b 5"5’26’3 + b 5’16’25’3

Jia?

(6)

where al,a2,a3,a4,a5,a6€R b ,b,.by,b, ,bs by € R, then the natural projec-

hils — 2 3 1112’3
tor R is given by R™",, =0" MmP ki, » Where

i,izi3_ o
NJ2J3
=(a,6, 620, +a,6.8:6; +a,0.6;:6;
(7 +a,8, 8.8, +as0, 6.6, +a,0, 5:6,)
(b6 +b,618287 +b,551257
+b,6[67:87 +b61667 +b,0,57257).

One can easily check thatexpressions (3) and (7) for the composite R
agree. Consider for example, the term a;b, 5k15k25k35i 8.0, =ash,0! 5]’f5;‘ in
(7), referring to the product v.,v, of the permutatlons v and vg, since
v,V; =V,, the corresponding summand in equation (3) is labelled by
V=V,V, =V, ,etc..

Explicit expression for the composition R=QP of natural endomor-
phisms P and Q can now be obtained from formula (4), with the help of the
multiplication table of the permutation group S, (Sec.2, (5)); indeed, one
can equivalently use the composition formula (7). We have
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¢, =ba, +b,a,+ba,+b,a, +bsa,+bas,
¢, =ba,+b,a +ba,+b,a;,+ba,+ba,,
®) ¢, =ba,+b,a, +ba +ba,+bsa, +ba,,
¢, =ba,+b,a,+ba, +b,a +bsa, +bea,,
¢s =bas+b,a,+ba, +b,a,+ba +ba,
¢, =bas+ba, +ba,+ba,+ba; +ba,.

4 Natural projector equations

Formulas (8), Sec. 3 can be applied to natural projectors. Suppose that
we have a natural endomorphism

ity — W Sh §i i ShSis i S§hSh
(1) P iz T a16115.f26/3 + a25/1 6/3512 + a3612511 6/3
+a,0] 0207 +a0,06707 +a615:06;

J3 g2 e

Then the following two conditions are equivalent:
(1) P is aprojector, that is,

(2) P*=P.
(2) The coefficients a,,a,,a;,a,,as,a, satisfy the system

a, = a,a, +a,a, +a,a, +a,a, +asa, +aga;,
a, =a,a,+a,a,+aa,+a,a; +asa,+a.a,,
3 a,=a,a,+a,a; +a,a, +a,a, +asa, +aga,,
©) a, =a,a, +a,a, +aas +a,a, +asa, +a.a,,
as =a,as+a,a,+aa, +a,a, +asa, +aa,
ag = a,a, +a,a, +asa, +a,a,+asas +aa,.
If a 6-tuple (q,.q,,a;.q,,a5,a,) is a solution of these equations, repre-
senting a projector P, then the 6-tuple (1-a,,—a,,—a,,—a,,—a;,—a,) is also a
solution; this solution represents the complementary projector Id— P .

Lemma 1 A natural endomorphism (1) is a projector if and only if its
coefficients satisfy

4 a(l—a)=a’+a;+a, +2a.a,,
1 1 2 3 4 576
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a,(1-2a,)=(a,+a,)as+ay),
®)) a;(1-2a,)=(a,+a,)(as+ay),
a,(1-2a,)=(a, +a;)as+ag),

©) (as +a,)(1-2a,)=2(a,a, +a.a, +a,a,)+a: +a;,

(as—ag)1-2a,+as;+a;)=0.

Proof The system (3) can equivalently be expressed as
@) a,=al +a, +a; +a; +2aa,,

a, =2a,a, +a,a, +a,a5 +asa,+aga,,
(8) a, =2a,a,+a,a; +a,a, +asa, +aa,,

a, =2a,a, +a,a, +a,a; +asa, +a.a,,

©) a; =2a,a, +a,a, +aa, +a,a, +a,,
a, =2a,a, +a,a, +a,a, +a,a, +a:,
which is obviously equivalent to the system (4)—(6).

We call equations (4)—(6) the natural projector equations. Note that the
mapping  (a,,a,,4,,a,.4s,a,) = (1-a,,—a,,—a,,—a, ,—a;,—a,) transforms
solutions of the natural projector equations to solutions.

5 Natural projector equations: Adapted coordinates

Recall that the frace of a natural projector P,

(D) P =a1n3+(a2+a3+a4)n2+(a5+a6)n,

iy

is a non-negative integer, equal to the dimension of the image of P. In this
paragraph we transform the natural projector equations to new variables,
closely related to the trace formula (1).

Lemma 2 Equations
(2) o=a, B=a,+a,+a,, y=as+a,

3) A=as—a,
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“) ®=a,-a,, ¥Y=a,—-aq,

. . . 0 . .
define a linear transformation of the tensor space T, R" . The inverse linear
transformation is given by

(5) a,=a,
“lgilowiom
Q=3P T, ’
1 1
©  a=iBri(r-o),

1 1
a,= f-(@+2¥),

1 1
@) a5=§(y+A), a6=5(7—A).

Proof It is immediately seen that formulas (2), (3), (4) can be solved
with respect to q,,a,,a;,a,,ds,a, . We derive equations (6). Since

®-¥Y=a,-a,-a,+a,=a,+a,+a,—3a,

8
(8) —B-3a,,
hence

¥Y-o

©) a2=¢+a3=®+ﬁ+‘}’—<b=[3+‘}’+2d)

B

3 3
a4:a3_l},:ﬁ+‘}’—®_q}:ﬂ—2‘}’—®'
3 3

The functions o,B,y,®,W,A, defined by Lemma 2, are called the
adapted coordinates on the tensor space T, R" .
We apply linear transformation (2)—(4) to natural endomorphisms.

Lemma 3 The components P"*" i Of a natural endomorphism P can

be uniquely expressed as

ity — phbi; ity
(10) P Jihds T ]:)0 s + Q Juads?

JaJ3
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where
. P1 = 081845, + P(8}5:5) +55:6) +616:5))
+57(8,876] +8,86))
and
0", = P(2815:5) 55,5, ~5,5.5)
(12) 4 WEL58) +61875, ~281575))
+ ) M)8;5) ~815:5))

for some constants o,B,y,®,¥,A€R. The tensors P,=P"" and

— )ibi; .
Q - Q l 1jljzf3 sa[ls'ﬁ)
(13) Phiis — Poiﬂ'zis

iy

a3

iiigly
and

(14 Q"

iliZiS -

Proof Immediate: Substituting from formulas (5)—(7) into expression
(1), Sec. 4, for the components a,.qa,,a,,4a,,as,a, of P, we get

JijaJ3
i\ Siy Si3 1 i Siy Si3 iy S Sis i §h §is
=00;0,0) +- (6,00}, 06,676, +5,5.6})
1 i iy iy i iy Sis i Siy Si
(15) *3 ©(267636;, —6,6:6,-6]6,6))
1 N i Qi Siy i i i
+§\P(6j]6j35jz +0.6:67-26,6:67)

L ciisivis | si sy L A csiisihsi _ si sisis
+57(8,070; +6,67:67)+ 5 A6]6;5, — 67675,

Verification of the trace formulas (13), (14) is also straightforward, be-
cause all tensors, standing at the coefficients @ , ¥, and A in formula (13)
are traceless.
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The following lemma describes the natural projector equations in the
adapted coordinates.

Lemma 4 A natural endomorphism P = P"™" i, (10) is a natural pro-
jector if and only if ’

o(l-a)

(16) =%/32 +%((2c1>+‘1’)2 (Y- D)y +((I)+2‘I’)2)+%(y2 _AY),

B-2a-2y)=0,
(17) d(1-2a+7y)=0,
Y(1-20+7y)=0,

y(d-2x)
(18) = 2B - QO+ W)+ (P =) +(@+2¥) )+ 1 (7 + A,
A(l-2a+7y)=0.
Proof 1. Applying Lemma 2 to equation (4), Sec. 4, we have
a(l-a)=a, +a; +a;, +2a,a,
=$ﬁ2+§ﬂ(%+2@)+é(w+z®)z
(19) + o B L BOY @)+ (Y- )
+éﬁ2—§ﬁ(?n+%f)+é(q>+2ly)2
1 2_ 2

proving (16).

2. Consider equations (5), Sec. 4. Simple algebraic operations imply
(a,ta,+a,)1-2a,—2(as+ay))=0,
(a,—a;)1-2a,+a;+a,)=0,

(a;—a,)1-2a,+as+a,)=0,
(a,—a,)1-2a,+as+a;)=0.

(20)
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Note that the last equation in this system is dependent.

We have derived this system from equations (5), Sec. 4. However, it is
immediately verified that this system is equivalent to (5), Sec. 4. Indeed, if
(20) holds, then

(a,ta,+a,)1-2a,—2(as +ay))
—(a,—a;)(1-2a,)+as+ay)
+(ay—a,)1-2a,)+as+ay)

21
=(a,+ta,+ta,—a,+a,+a,—a,)1-2a,))
-2(a,+a,+a,)as+ay)—(a,—a,)as +ag)
+(ay;—a,)as+ag)=0,

thus

22) 3a,(1-2a,)- (2(a, +a,+a,)+a,—a,—a,+a,)as +ag)

=3ay(1-2a,)-3(a, +a,)(a; +a,)=0.

This is, however, the second one of equations (5), Sec. 4. The remaining two
equations can be verified in the same way.

Now equations (20) can immediately be expressed in the variables o,
B,y,®,¥, A;the arising system is (17).

3. It remains to transform subsystem (6), Sec. 4 to the variables o, 8,
Yy, ®,¥, A. Substitutions yield

7(1-20) =2 (B+¥+20)B+¥ - D)
F(B+Y - DY B—D—2F)+(f—D—2P) B+ +2D))
+%(y2+2yA+A2+y2—2yA+A2)
2 2
3B
+%[3(\P—®+\P+2qn—q>—2\1!+\1’—q>+ly+2q>—q>—2\11)

(23)

+§((l}'+ 2D) (Y — D) — (¥ — YD+ 2%) — (B +2%)(¥ +2D))
+%(y2 +A%)

hence
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y(1-2a)
24) - %,32 +%(((I)—‘P)(‘P—(I))—(<D+2‘P)(\I‘+2<I))+%(y2 +A%)
2 2

:5[32—§(T2+CI>2+CI)‘P)+%(3/2+A2).

Now, however, applying the identity
25) QO+ +(D-P) +(D+2¥)
=6(P° +¥’ + YD),
we get (18). The second equation (6), Sec. 4, is obviously of the form (18).
This completes the proof.

Remark 1 Every solution (,3,y,®,%W,A) of equations of natural pro-
jectors (16) - (18) such that o¢ =0 or ¢ =1, is the trivial solution

(26) a=0, B=0, y=0, ®=0, ¥Y=0, A=0

or

(27) a=1, B=0, y=0, ®=0, ¥Y=0, A=0.

Clearly, only formulas (26) need verification, because equations (27) charac-

terize the complementary projector. If o =0, then system (16)—(18) reduces
to the equations

(28) %[32 +é((2c1>+111)2 (P - DY +((I)+2‘P)2)+%(y2 —A*)=0,

29)  Bd-2y)=0, @1+y)=0, ¥(1+y)=0,

_ 2 1 2 ey o, 1o o 2
(30) y—sﬁ 9((2<I)+‘I’) +(P-D) +(D+2¥) )+2(y +A%),
A(l+y)=0.

If ®+#0,then y=-1 hence f=0,and

31) é((chml)2 +(P—DY +(¢+2‘P)2)+%(1—A2)=0,

(32) —1:—%((2@#}1)2 (P - DY +(<I)+2‘P)2)+%(1+A2).
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But this is a contradiction, showing that @ =0. The same procedure shows
that ¥ =0 . Consequently, equations (16)—(18) reduce to

(3) B+, -A=0,
GH  BU-27)=0,

_g 2 l 2 2
Y=3B 507+ A,
A(+7)=0.

(35)

If A#0,then ¥ =—1 hence B=0 and we have again a contradiction
(36)  —1=o(rF+AY),

showing that A =0 . The remaining equations

Lpp 1 5 _ _ _ 2, 1 5
(37) gﬂ +§y _0’ ﬁ(l 2/)/)_()’ 7—3ﬁ +2y

do not admit non-trivial solutions. Thus, if a=0, then, =0, y=0,
®=0,¥¥=0,and A=0 as required.

6 Classification of natural projectors

Our aim in this section is togive a complete list of natural projectors in
the tensor space T, R". According to Lemma 3, Sec. 5, a natural endomor-

phism P = P j.iny, Of the tensor space T,R" can be expressed as

iyigis _ piiis ijigis
(1) P Jihds T ]:)0 s + Q i3 ?
where

Pi]i2i3 o
0 J1J2J3 J3 )2

= 08,55} + (5,016, +515}5) +615:5))
(2)
1 NN INEN
+57(8,676; +6,6767)

is the principal part of P, and
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by 1 i S Sis _ Siy S Siy _ S S S
Q s 41)(26].]6],351.2 —6}06; 6]‘3 _5135125/'1)

3 J2 )

1 i Q> Sis i Siy Qi i Si, Qi
3) +3 V(518587 +81578) ~2815:87)

IVE )

1 il i2 i'i il i2 i}
+5A(6},6,6], = 6,6767)
is the traceless part of P. Our objective now will be to specify the compo-
nents o,f,7,D,%¥,A €R in such a way that P be a natural projector.

Lemma5 Let P=P"™" i, be a natural endomorphism. The following
two conditions are equivalent:

(a) P is a natural projector.

(b) The constants o,B,y,D,W,A satisfy one of the conditions (A11)—

(A14), (A21)—(A24),

(All) =0, B=0,y=0,

(A12) a=1, B=0,y=0,

(A13) a=2/3,8=0,y=-2/3,
(Al4) a=1/3,=0,y=2/3,
(A21) a=5/6, B=-1/2,y=-1/3,
(A22) a=5/6,=1/2,y=-1/3,
(A23) a=1/6,B=1/2,y=1/3,
(A24) a=1/6, B=-1/2,y=1/3,

and the conditions
4) d=0, ¥Y=0, A=0,

or one of the conditions (B1)—(B4),

B1) a=1/2,B=1/2,y=0,
(B2) a=1/2,B=-1/2,y=0,
(B3) a=2/3,8=0,y=1/3,
(B4) a=1/3, f=0,y=-1/3,

and the condition

(5) %((2<D+‘I’)2+(‘P—CD)2+(<I)+2‘I‘)2)=A2+%.

Proof To prove Lemma5 we use equations (16)-(18), Sec.5. The
proof is divided in two parts; first we suppose that the coefficients satisfy
condition (A) 2®+¥)* +(¥ - @)’ +(®+2¥)’ =0, and then we study the
complementary possibility (B) (2@ +¥)’ + (¥ —®)’ +(®+2¥)* 0.
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(A) Suppose that

(6) QP+Y¥) + (¥ -P) +(P+2¥) =0.

Clearly, this condition is equivalent to

(7) Y=0=0.

Then equations (16)—(18), Sec. 5, reduce to

®  al-m=f (A,
©  B-20-2y)=0.

y(1—20¢)=%[32+%(7/2+A2),
A =20 +7)=0.

10)

Since equations (10) do not admit solutions such that A #0, we also have
(11) A=0,

and the system to be considered reduces to

12 al-o)= B +7",

(13)  Bd-2a-2y)=0,

14 ya-2e=1F+ 7"

Now two possibilities should be studied separately, (A1) B=0, and
(A2) B#0.

(A1) B=0.In this case system (12)—(14) leads to the following equa-
tions for ¢ and 7y :

1 1
(15) a(l—a):Eyz, y(1—2a)=5y2.

If y=0,then a=0,1 (trivial solutions). If ¥ #0, then the second equation
yields 2(1-2a)=y hence a(l—o)=2(1-4a+4a”) and we get

(16) 9a* — 90 +2=0.
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This quadratic equation has two solutions

an g2l
18 3’3"

The corresponding values of y are

22

(18) y=2(1—2a)=—§,§.

Summarizing, for =0 we have four solutions
(Al1l) B=0,y=0,a=0.
(A12) B=0,y=0,a=1.

(A13) B=0,y=-2/3,a=2/3.
(A14) B=0,y=2/3,0=1/3.

(A2) B+#0.In this case system (12)—(14) leads to the equations
Loy 1 5
1 — = — —
(19) a(l-o) 3[5’ +2y,

(20) 1-2a-2y =0,

ey y-2m=2p+ 7

Substituting from (20) to (21),

@2 y(-20-2y+2)=27 = F+ 07",

hence

@3 Sr=p.

Eliminating 8 from (19) we get two equations for o and ¥
(24) a(l—a):%yz, 1-2a-2y=0.

Substitution y =(1-2a)/2 yields

25 oa(l-a)= %(1—4(x+4(x2),
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which results in a quadratic equation
(26) 360 —3600+5=0.
Since the discriminant is 36 —4-36-5=24” , we have two solutions

36224 60 12 5 1
o= = ==

(27) - s - LI
72 72°72 66

The corrsponding coefficient y is

1-20
y: =

(28) >

)

W | =
W | —

Each value of y then determines f by formula (23). Now the following
results end part (A) of the proof:

(A21) a=5/6,y=-1/3,B=3y/2=-1/2,

(A22) a=5/6,y=-1/3,B=-3y/2=1/2,

(A23) a=1/6,y=1/3,B=3y/2=1/2,

(A24) a=1/6,y=1/3, B=-3y/2=-1/2.

(B) Now we solve equations (16)—(18), Sec. 5, under assumption
29) QO+Y) + (P -D) +(D+2¥)* #0.

This condition implies, in particular, that at least one of the constants ¥ , @
must be different from 0. Note that B(1-2a—-2y)=p(-2a+7y)-3By;
consequently, the system to be solved is of the form

o(l-a)

G0 =%/32 +%((2c1>+‘1’)2 (Y- D)y +((I)+2‘I’)2)+%(y2 _AY),

31) By =0, 1-2a+y=0,

y(1-20)

G2 =%[32 —%((2c1>+\11)2 +(¥ - DY +((I)+2‘I’)2)+%(y2 +A%),

If y=0,then o =1/2 and the system reduces to two equations

(33) 13[32+é((2<D+‘P)2+(‘P—CI))2+(CI)+2‘I‘)2)—%A2 =%,
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(34) %[32—é((chwf)z+(\P—¢)2+(¢+2\P)2)+%A2=0.

Thus

35  p=

and we have two solutions:

Bl) a=1/2,B=1/2,y=0.
(B2) a=1/2, B=-1/2,7=0.

In both cases the constants ®,V,A satisfy
1

(36) LD (@ (@429 AP =]

If y#0,then B=0 and the system (30)—(32) reduces to
37 al-a)= é((chm’)2 (Y- D) +(CI)+2‘I‘)2)+%()/2 ~AY),
(38) 1-2a+y =0,
(39)  y(-2a)= —é((zclwr‘y)2 (Y- D) +(CI)+2‘P)2)+%()/2 +A?).

Combining (30) and (32),

(40) a(l-a)+y(1-2a)=7".

Substitution from (31) yields 1—y* = 8y” hence
41) 9y° =1.

Therefore, we have two solutions:

(B3) a=2/3,8=0,y=1/3,
(B4) a=1/3, f=0,y=-1/3.

Again in both cases the constants ®,'¥,A should satisfy

(42) é((zcm\}')2 +(¥ - D) +(CI>+2‘P)2)—%A2 =%.

This completes part (B) of the proof.
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All possibilities for the principal parts of natural projectors, expressed in
an explicit form, are summarized in the following lemma.

Lemma 6 (Principal parts of natural projectors) The following list
includes explicit formulas for principal parts of natural projectors:

(A11) =0, B=07=0,
P()i]iZisjljzfs =

(A12) a=1, =0,7y=0,
:5;16’25’3

[

il
it

s
(A13) a=2/3, B=0,y=-2/3,

iyl _ S ShSih _ LSSk Sis i Qi) Si; i Si Sis
R, = 818167 — (815167 +815:6} +815767).

s h )2
(Al4) a=1/3,=0,y=2/3,

iji5i5 _ L (SiSh S i Qi Sy i Sh S
R = 307070, + 0,070}, +0,0707).

Jij2J3

(A21) a=5/6,B=-1/2,y=-1/3,

Ll — Su S S nSh S L ShSh nSh S
PO Jids T 6f|5j26j3 6 (5115j3612 + 5]26j1 513 + 6]35j26jl
W Sh §h i §h S i ShSis
+ 6]1 5/2 6]3 + 5/35j| 5]2 + 6]2 6.[36j1 )'

(A22) =5/6,=1/2,y=-1/3,

l]lz[3 — ll 12 l3 = Il 12 [3 ll lz 13 ll l2 [3
PO Jihds T 5115j2613 + 6 (5j|5j35j2 + 5]2511 5]3 + 6136j25j1 )
L cici, oiy i Sh i i i Siy
= (030,07, +0;876) +6,0657).

(A23) a=1/6,B=1/2,y=1/3,

[N 1 i S i i Qi, i i Si, Qi
Pith = (515280 +818518" +51 58"

j1j2j3_6 1 23 A

+8,67,8; +8,5,6) +8,5,57).

> h T3 J3 7

(A24) a=1/6,B=-1/2,y=1/3,
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iipis _ 1 i Sh Si i Siy §i i §h §is
PO Jids T €(5j1 6jz5j3 + 6j35j1 6]2 + 6j25j35jl
= 03070}, =6}0;0, =0,0,0).
Bl) a=1/2,B=1/2,y=0,

iyigis _lgiciai bhoisy y 1 oi i sis i Si
PO Jids T g 6]1 (6j2 5j3 + 6]35j2 ) + géjz (6j1 513 + 6]35j1 )

+L50(815% +8152).

6 J3 N 2N

(B2) a=1/2,=-1/2,y=0,

iyigis _lgiciqi i iy I ¢y o iy i Si
PO _66]1(65 _6j35j2)+65j2(6.54 _6j35j1)

s J2 U3 s

+ 1505150 — 5150,

6 J3 N 2N

B3) a=2/3,8=0,y=1/3,

iylyiy _ 2 i Sih, Qi3 1 i Qi Siy i Qi Siy
. 393076, +€(6_,.135j§5_,:2 +0},0,07)-

0 Jihds T 3 Ji T2 U3
(B4) a=1/3, B=0,y=-1/3,

iyiyis _]iiigliizg i\ Siy Qi3
. 39,0:9; - 6 (6,,0;:0,+0,0.07).

0 JiaJ3 - 3 N

Proof Explicit formulas follow from Lemma 5 and formula (2).

Natural projector (A11) is the trivial (zero) projector, (A12) is the iden-
tity projector, (A14) is the cycle projector. (A23) and (A24) are the symme-
trization and alternation projectors.

Now we wish to determine traceless parts of natural projectors. Note
that the identity

43) QO+Y) +(@—F) +(D+2¥) = 6(D> + DY + P?)

allows us to express condition (5) in an equivalent way as the indicatrix of
the bilinear form 4(®” +®Y +¥*)—-3A7,

(44) 4@ +DOY+Y*)-3A*=1.
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Lemma 7 Let AcR be given, and let ®,,'¥, €R be two real num-
bers. The following two conditions are equivalent:

(@) The pair (®,,'¥,) is a solution of equation (44).

(b) @, and ¥, satisfy inequalities

2 2
45) 3 /1+§A <®, W, < /1+§A ,

and one of the following four conditions:

2
W, = D, + 23<I>0+4’
—®,—/-3D; +4
\P0= 0 2 0 ,

(46) .
=¥, +-3¥Y;+4
D, = 7 ,
-W¥,—-3¥; +4
P, =—"2 2 0 .

Proof 1. First consider the bilinear equation in two unknowns
47) X +xy+y =1.

It is easily seen that a pair (x,,y,) is a solution of this equation if and only if

2 2
(48) —ﬁsxo»)’o Sﬁ’

and one of the following four conditions is satisfied:

_ —tyByp 4

X, 5 ,
X :_yo_V_3yg+4
0 5
2
(49) =y
_ Xo T =X, +
y()_ 2 ’
, _—xy =\ 3x+4
0 .

2
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Indeed, suppose (x,,y,) is a solution. Then x, is a solution of the quadratic
equation x°+xy, +y; = 1; in particular, the discriminant D =-3y; +4 must
be non-negative, thus, y, satisfies (48). Then the solutions x are

(50) _—in«/—3y§+4

X= ’

2

so x, must be equal to one of them. It remains to verify that the solution x,
satisfies inequality (48). From (50) we have 2x,+y, = i\/—3y§ +4 hence
X, +Xx,,+y, =1; but y, as a solution of this quadratic equation satisfies
the discriminant condition —3x§ +4 >0, proving (46).

The converse is obvious.

2. To apply these results to equation (44), we set

2 2
(51) y=—®, y=—F—oo-—Y,
V1+3A? Y V1+3A2

and use equation (47).

Lemma 7 completes the description of all possible traceless parts of
natural projectors.

We are now in a position to restate results of Lemma 5 and Lemma 7 in
a complete, closed classification form.

Theorem 1 (Classification) Let n>3. Then every natural projector
P:T/R" > T/R", P=P"™" is of the form

s’

(52) P=P+0Q,

where
iriyis _ i Siy Qi3 1 iy Sih Sis iy §ih Si3 i\ §ix §i3
PO Jidads a6j1 6jz6j3 + §'B(5jl5ja5jz + 5]2611 5]3 + 6135j2511)
(53) |
+V(818:80 +615:5),
iiiy 1 W S Sis _ i Sb S _ S S §is
Q Jidads E(D(zgjlajz(sjz _6126j1 6]3 _5j35j25j1)
1 N NA N NA i iy Si
54 +5¥(6;670}, +6,875; ~25,6767)

F LA 505 518150,

2 J3 J2 I3 N
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and the coefficients o, B, v, A, ®, Y are given by one row in the fol-
lowing tables (A) and (B):

(A)
P [n 0
o B yv|IADVY
(AID[0 0 0]0 0 0
(A12)[1 0 o0
(A13)% 0 %
(A14)% 0 %
21
s 1
i
e
(B)
PR 0
o B vIADVY
(B2) % -% 0
(133)% 0 %
(B4)% 0 —%

*) A arbitrary
**) @, arbitrary solutions of equation

4@° + ¥+ W) -3 =1
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Proof The tables (A) and (B) summarize assertions of Lemma 5 and
Lemma 7, and include all solutions of the natural projector equations (16)—
(18), Sec. 5.

Now we discuss several examples of natural projectors.

Example 1 (Self-adjoint natural projectors) Self-adjoint natural pro-
jectors P = P"" jjn, as considered in this example and further on, are de-
fined to be self—adjomt with respect to the canonical (Euclidean) scalar prod-
uct on the tensor space T, R". Equivalently, they can be defined by the con-
dition P s Pj'j’“m , stating that the matrix P sk is symmetric or,
which is the same, by ‘A=0. All natural projectors in table (A) are self-
adjoint. Self-adjoint projectors in table (B) correspond to the choice A=0
and are determined as solutions of equation (44), 4(®*+®¥ +¥*)=1. Ac-
cording to Lemma 7, we get one-parameter families of self-adjoint projec-

tors, with parameter (® of V) in the closed interval [—1/ J3,1//3].

Example 2 (Symmetrization in two indices) We introduce the sym-
metrization in a standard way and show the the corresponding natural pro-
jector is self-adjoint. Consider a natural endomorphism P = P s s €X-
pressed as

Pl = a§1875" +a,81628" +a8 525"

s N

+a45"6’26" +a; 6"5’26’3 +a,678%6%.

J3 2 J2 703N

Choose

Then

iyiyis L gi i iy Siy
P _55./11 (03,0, +0;0;).

NJ2J3
This natural endomorphism is obviously a projector:

Pj]jzjs Pillzls 7P/|Jz]3k k2k36;]1 (612 611 + 6’2 612 )

kykoks JijaJ3 b3 Ja 2

— (58880 + 6160+ 3 616167 +5:57)

= 2 81(6:8,+8750).
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Passing to the adapted coordinates, we have
1 _ 1
a=a=_, B=a,+a,+a, =5 Y=as+a,=0,
and

1
A=a,—a, =0, CI)=a2—a3=§, Y=a,—a,=0.

Consequently, P belongs to the family (B1) and is self-adjoint. Its explicit
expression in adapted coordinates is

P = 818080 + (5158, + 816787 + 815767

s A s 27N J3 )
1 i i

_ 1 S S i ShSis nSh 5B
+ 6 (26j|5j36 5/251 6 5726]26J| )

The dimension of the image space of P is

1
P =5 (D),

Lty

Example 3 (Alternation in two indices) We show the the natural pro-
jector, defined by alternation in two indices, is self-adjoint.
Consider a natural endomorphism P = P"*" expressed as

Jijads ?
Pt =a,616787 +a,070208} +a,6,6:5}
D273 3 T3
i Sih iz i Qi Siy i ShSi3
+0,51 528" +a,81 55" +a,5 55"

(cf. (1), Sec. 4). Choosing

1 1
a=, ==, a,=a,=as=as=0,
we have

NJ2J3

i3 — 1 b ShSh b Sih
P = 55./1 (0,0, =0;0;).
This natural endomorphism is obviously a projector:

P./]./z./s Pillzh 75’1 (6}‘(226;; _ 512512 )

kykoks as



28 Classification of natural projectors in tensor spaces: (0,3)-tensors

In the adapted coordinates,

Y=as+a, =0,

a—a—l B=a,+ta;+a,= !
-4 =5 — U 3 4T T 50
2 2

and

1
A=a,—a, =0, CI)=a2—a3=—§, Y=a,—a,=0.

Consequently, P belongs to the family (B2) and is self-adjoint. Its explicit
expression in adapted coordinates is

Pl = 5]] 528 — (5 5280 +518260 +518250)
-5 (26185, - 558} - 5)010)).

The dimension of the image space of P is

Iiini 1 2
P = 1.
o (n—1)

Lty

Example 4 (The Young symmetrizers) By the Young symmetrizer in
the tensor space TOR" we mean any of the projectors S, P, P, P,, P,, P,
P, ,and A, deflned as follows:

1
= Wyt Uy + Uy + U, + Uy +U ),

1

BU g (Uljk - Ukji -U jki)’
1

PU= WUy +Uy=U Uy,
l

=3 FWUy Uy =Uy =Uy,),

U, +U, ~Uy, =U,),

ikj

(Ul]k +U— Uikj - Ujki)’

kji

1
-3
1
-3
1

3 (Uyk + U Uk/t + Ukl])
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1
AU = 6 Uy +U+Uy =Upy =Uy =Upy)

These formulas define the well-known natural projectors, used in the Young
decomposition theory.

Clearly, the Young symmetrizers can be expressed in the form of natu-
ral endomorphisms; S is the symmetrization, and A is the alternation projec-
tor. We shall discuss in more detail, from the point of view of the naturaal
projector theory, the Young symmetrizers P, (symmetrization in #,j fol-
lowed by alternation in i,k), and P, (symmetrization in j,k followed by
alternation in i, ).

P, has an expression

iigiy 1 cici o i iy iy i iy iy i iy i
B _5(5/5'5' +0;0:07-0]070;—06,6707).

s N T3 227 J3

In the canonical coordinates a, =a,=1/3, a,=a,=-1/3, a,=a,=0,and
in the adapted coordinates,
1 1
a=a=, B=a,+a,+a,=0, y=a,+aqa ==3

1 1 2
A=a5—a6=§, <D=a2—a3=—§, ‘P=a3—a4:§.

Parameters A, @, and ¥ satisfy equation 4(P*+PY+VP*)-3A° =1,
consequently, P, belongs to the family (B4). The principal and traceless
parts of P, are

iyial3 _1 i S Si3 1 i §h i UBNCPNE
Pt ~616%68" —5(5_,-35-5- +6;6:67)

Jihds T 3 R K N2

and
Liipl3 —_ _ HLSL2SB _ S S82S8B _ S S5
Q s - 9 (25j1 6]36j2 6jz5j1 6]3 5/35j25j1 )

+2(51576) +6)5:5) ~2616:5)

I VE ) J2 N 3N

1 il i2 i% il i2 i3
(01070 =06,676}).
Note that the Young symmetrizer P, is defined by the condition ¥ +2® =0
in formula (5) of Lemma 5. P, is not self-adjoint. The dimension of its im-
age vector space is equal to its trace, dimIm P, = P'*% . =(n/3)(n*-1).

iy
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The Young symmetrizer P, is given by

iyiyis _1iii; i Siy Si3 iy Qiy Qi3 i\ Siy Sis

P = 3 (00,0, +0;0;0}, 0,80 ~06,0,07).

Its canonical and adapted coordinates are a,=a,=1/3, a;=a,=-1/3,
a,=as;=0,and

1 1
a=a=, B=a,+a,+a, =0, y=astag=—2,

1 2 1
A=a5_a6:§’ <D=a2—a3=§, VY=a,-q, =3
Consequently, the Young symmetrizer P, also belongs to the family (B4).
Similarly as for P, , the choice of coefficients yields ®+2%¥ =0 and again
simplifies formula (5) of Lemma 5. P, is not self-adjoint, and the dimension
of its image vector space Im P, is dimIm P, =(n/3)(n’ —1).

Now we can determine the dimensions of the image spaces Im P .

Theorem 2 (Dimensions) The dimensions of the image spaces of the
natural projectors P (A11)-(A14), A(21)-(A24), and (B1)-(B4) in the ten-
sor space TyR" are given by the following tables:

(A)
P dimIm P
(A1D)| 0
(A12)| n’

(A13) %n(nz -1

(Al4) %n(nz +2)

(A21) %n(Snz —3p-2)

(A22) %n(Snz +3n—-2)

(A23) %n(nz +3n+2)

(A24) én(nz ~3142)
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B)

dimIm P
B1) %nz(n+1)

(B2) %nz(n—l)

B3) %n(an +1)

(B4) %n(nz -1

Proof According to the rank formula, dimIm P = P"*" iii, - But by (52),
a natural projector P has a decomposition P=F,+Q , where F, is the prin-
cipal, and Q is the traceless part of P. Thus, dimIm P =dimIm#F, , and the
dimensions can be completely determined by explicit expressions for the
principal parts of natural projectors (Lemma 6).

7 Decomposability

In this paragraph we study the decomposability problem for natural pro-
jectors P:TyR" — T R". The family of natural projectors is denoted by
% ={P},where P. runs through the set of eight natural projectors (All) —
(A14), (A21) — (A24), and four families (B1) — (B4) . For further use, we
write explicitly

P =(All), P,=(Al12), P,=(Al3), P,=(Al4),
(1) P,=(A21), P,=(A22), P,=(A23), P,=(A24),
P,=(Bl1), P,=(B2), P,=(B3), P,=(B4).

Recall that a natural projector P is decomposable, if there exist two nat-
ural projectors Q, and Q, , different from P, such that

2) ImP=ImQ, ®ImQ,.

The natural projector Q, is said to decompose P, if there exists (, such that
ImP=ImQ, ®ImQ, . A natural projector, which is not decomposable, is
called primitive.

The zero projector is primitive. The identity projector Id is decomposa-
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ble: each natural projector together with its complementary projector defines
a decomposition (1) of the identity Id .

Given a natural projector P, a necessary condition for P to be decom-
posable, the dimension decomposability condition, is the existence of natural
projectors O, and Q, , different from P, such that

3) dimImP =dimImQ, +dimImQ,.

Since we already have a complete classification of natural projectors and
their dimensions (Sec. 6, Theorem 1 and Theorem 2), we can immediately
apply these dimension arguments to the decomposability problem. To this
purpose we determine the decomposability indicatrix $={I_} for the fami-
ly ?={P} (Sec.6.1). By definition, I  are positive integers

“) I =dimImP +dimImP,,

such that s >r for r=1,2,...,8 and s>r for r=9,10,11,12.
For convenience, the decomposability indicatrix can be expressed as a
collection of tables with entries [ :

r=1, dimImP,=n’

P,

dimImP |dimIm A +dimIm P,
‘ dimIm P, ‘ dimIm P, ‘

r=2, dimlmP,=n’

P,|dimIm P, |dimIm P, +dimIm P
‘dimImPs

n’ +dimIm P, ‘—
. 2 2
r=3, dimImP, = En(n -1

P| dimImP,  |dimImP,+dimImP,|

P

1
7 gn(n2 +2) n’ P,

P én(5n2—3n—2) %n(3n2—n—2) —
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én(Sn2 +3n-2)
%n(n2 +3n+2)
ln(n2 —-3n+2)
6
%nz(n+1)
%nz(n—l)
1 2
gn(2n +1)

%n(l’f -1

%n(3n2 +n-2) |-

én(Sn2 +3n-2)| P,

1
6

%n(7n2 +3n—4)| -

6

%;1(4112 |-

n(n®—1) -

r=4, dimImP, = %n(n2 +2)

dimIm P,

dimIm P, +dimIm P,

~n(5n* -3n-2) P,

L n? —3n—a)| -

én(Sn2 —-3n-2)
én(Sn2 +3n-2)
L5

gn(n +3n+2)
%n(n2—3n+2)
L2+

2
l112(11—1)
2

1 2
gn(Zn +1)

%n(nz—l)

%n(7n2 —-3n+2)
én(7n2 +3n+2)
ln(n2 +n+2)

2
ln(n2 —-n+2)
2
én(Sn2 +3n+4)
én(5n2 -3n+4)

n(n® +1)

1 2
—n2n” +1
3( )

33
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r=5, dimlmP; =én(5n2 —-3n-2)

P dimImP, dimIm P, + dimIm P,
B|in(sni+3n-2)  nGni-2) |-
P, én(n2 +3n+2) n’ P,
P én(n2—3n+2) (-1 -
Bl Llntme+n Lnanr-ny |-
’ 2 3
1 1
P, En(nz—l) gn(8n2—3n—5) -
P, laee+) Yean-ny |-
3 2
P, %n(nz 1) én(7n2 3n—4) |-

r=6, dimlmP, = én(Sn2 +3n-2)

r=6, dimImP, = én(Snz +3n-2)

P dimImP  |dimImPF, +dimImP,

P én(n2+3n+2) R (n+1) -
P, én(n2 -3n+2) n’ P,
P %nz(n+1) %;1(4;12 +3n-1) |-

1 1

P, Enz(n— D 5n(4n2 -1 -
P, én(an +1) %n2(3n+1) -
P, %n(nz 1) %n(7n2 +3n—4) |-
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r=7, dimImP, = %n(n2 +3n+2)

P

s

dimImP, |dimImP, +dimImP,

(A24)
(B1)
(B2)
(B3)

(B4)

Lo =3n+2)|  La?+2)
6 3
%n2(n+ 0 %n(2n2 +3n+1)
L2 -1) La@n? +1)
2 3
%n(2n2 +1) én(SnQ +3n+4)
Lot <1y L2+ 1)
3 2

r=8, dimlmP, =én(n2 —-3n+2)

P | dimImP, |dimImF, +dimImP,

P %nz(n+1) %n(2n2+1) P,

P, %nz(n—l) %n(2n2—3n+1) -

P, %n(2n2+1) én(5n2—3n+4) -
1 5 1 ,

P, gn(n -1 SN (n—-1) B,

r=9, dimImP, = %nz(n+1)

P.| dimIm P, |dimIm P, +dimIm P,

|1
2

9

1
PIOE

n*(n+1) n*(n+1) -

n’(n—1) n’ P,

35
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plL

| 5n@nt D) én(7n2+3n+2) -

P, %n(nz—l) %n(5n2+3n—2) P,

r=10, dimImP, =%n2(n—1)

P | dmImP |dimImP,+dimImP

P, %nz(n—l) (n-1) -

B, %n(2n2+1) én(7n2—3n+2) -

P, %n(nz—l) %n(Snz—Sn—Z) P

r=11, dimImP“=l3n(2n2+1)

P.| dimImP, |dimImPp, +dimImP,

P, %n(an +1) %n(an +1)

By Snr*=1) n’ P,

r=12, dimImP, =%n(n2 1)

P.| dimImP, |dimIm P, +dimImP,|

B Py

L 2 -
3n(n 1)‘ 3'n(n 1)

We are now in a position to prove main results of this paper — classifica-
tion of decomposable natural projectors and primitive natural projectors, and
classification of natural partitions of the tensor space T, R". The proofs are
immediate consequences of the decomposability indicatrix $={7_} for the
family of natural projectors % ={P.}, and of explicit expressions derived in
Theorem 1, Sec. 6.
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Theorem 3 (Decomposability) Let P be a natural projector. The fol-
lowing two conditions are equivalent:

(a) P is decomposable.

(b) P is equal to one of the natural projectors P,,P,,P, P ,P; or to one
element of the families P, P, P, .

Proof 1. Suppose that P is decomposable. Then P must belong to the
fourth column of the decomposability indicatrix tables, proving (b).

2. To prove that (b) implies (a), we study decomposability of the pro-
jectors P,,P, PP, and P,,P, P, separately.

P, is the identity projector, hence it is decomposable.

We show that there exist two natural projectors R,, and S, in the fami-
ly P, suchthat P,=R,+S,,.Since P, =(B4), we have

R, =3 8)8:8) (61815, +5,6767)

1 273 ) J2 I3 N

1 i Siy Qi3 i Qiy Qi3 [NA
+§q)1(25115./;5f2 = 0,876} -6;08:5;)

J3 2N

1 i Sh S i §h §i i §h §is
+ §T1(5j16136j2 + 5fz6j1 613 —26;0; 5]1 )

3702
1 i iy i i Qi) Sis
+5A(86705, = 6].6757),
and

S =3818787 — (815267 +61575%)

_3 N3 J2 I3 N

J3 ")

1 i S Sis i Qi Sy i Sy Siy
+5P,(26]676}, - 6,876} ~6,6;67)

1 i\ Siy Qi3 iy Si, Siy i S Si3
+ §T2(6j15j;612 + 5]2611 513 - 25 5 6]1 )

3702
1 i\ Qiy Siy i\ Siy Qi3
+50,(870;0}, = 8,8707).
The sum of principal parts is

1 0 §h i 1 i Sh St iy Sy Siy
181618 — (81525, +5,6:51)

3 s J2 U3 N

Laichein 1 cicisi i iy i
+30;0,05 = (6,,8;0; +06,,6;6})

= 51615~ (2616751, +51 6757 +5,676

R K J3 N J2 03N
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_sishsi | i Qi Sy i iy Sy i i i
= 0,070}, = (28,076 +06,0,6,, +6;06;0;
+0;,0;0), +06,070})

T e i iy Si i Sy Sis
=0;0 25 - 5(5./"[612613 +0;,0;0}, +0,0:07).

N2

But this expression defines the natural projector P, =(A13). To prove for-
mula P, =R, +S,,, note that the traceless parts of R12 and S, can be cho-
sen in such a way that

O, =-0, ¥,=-¥,, A,=-A

1°

This choice proves existence of the desired decomposition.
We show that P, = P, + P, . Since P, =(A23) and P, =(A24),then

P = (8)5,6)+6]678) +5,8;6

+070707 +6670) +6]6:5)),

Bo= (815260 +8.65) +5,5:6
—0]0707 - 5,6:0; —6]6:5)),

hence

P +P,
=%%%%+%%%+%%%+&%%+%W%+%%@
+53‘.5}i552+525}25"+5}25}2557 81078}, — 8,878, ~8,8:67)

— (S8 Sh i §h Sl i Sk §is

But this expression is exactly P, =(Al4).
We show that P, = P, + F; . Since P;=(A13) and P, =(A24), then

P, =815:5) ~(0]5:5) +58;6} + 616757,

N

= (816751, +55:60 +6.5:5)

23 J2 773N

61,51,613 511 612513 61,612613)

NIz 27N T3 J3 2N
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hence

P4 P =81875) — (515767 +515:57 + 615750,

N N3 J2 73T

L cici, oy i Sh Sis i Siy iy
t(0,0,0), 10,070, +6,0;9;
- 5111 5./§ 5/2 - 5./'2 5/? 6J§ - 5/2 5./2 5/? )

S ciiciois 250 i S i Qi Siy L ci oi oiy iy Siy Sis
= 76 6 5 i g(6j35j1 6]2 + 6/251'35«/1 )+ g(5j3611 5/2 + 6]26.f36/1

6 N2

_SiSh Sk _ S ShSh _ Sh Sk S
5.f| 5]36/2 6/25./] 6]3 6.f35j26.f| )

N

i iy iy i iy iy i iy Sis
+61676,+6,6:6,+616:6}),

ishoin 1 gigi g i iy Qi i iy i
=0;070), = (8,6, +6,675, +6]6;]

which is equal to P, =(A21).
We show that P, = P, + P, . Since P;=(A13) and P, =(A23), then

P, =868~ 1 (815:6) + 51618 + 515760,

223 J2 3 J3 )2 J2 U3 N

Py = (8,0},0;,+6,5,5}, +6,6;9;

J2 73
i Sh S i ShSis i §h S
+ 6jl5j36jz + 5jz6j1 5j3 + 6 6 j 6 )’

J3 2N

hence

P+ P, =5)515) - 15010, +616}5), +618}5))
+ (018757, +618:57, +61656]
+8,876),+6,6,67 +878:57)
=5815:5) ~ (0155} +510;5, +5,55))
+5(615:5) +51575) +615:5)).
but this is equal to P, =(A22).
Now consider a natural projector, belonging to the family F,. We show

that there is a natural projector belonging to the family F,, such that
P,=P,+P,.Since P,=(B4) and P, =(A23), we have
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P, =1515u5" —é(s;; 525% +5528%)

3]1 23 273
1

+-®(2616767 - 8,6:6; —616:57)

3 J3 )2 J3 )2

FLW(51818T + 515050 ~2615:57)

3 VL)) J3 72

1 i\ Qi) Qiy i Qi) Qi3
+ NG} 8L5, —818:5)),

Ja 3
and
_1 i\ Siy Sy i\ Sih Siy i ShSi
P = 8(6j15125j; +5j36j| 5j2 +5j26136j;
N ENA NN i Siy Si3
+ 6/] 5/36jz + 5/2 6/1 6.f3 + 6j35j2 5j1 )
hence

3 R J2 703N

Lociigi si i §ih i3 i §h i
+g(5./ 676}, +61076; +6,676;

1 J2 U3 J2 I3
+8)676), +6,6,6, +6,6:6))
+D(28]576] - 515767 - 615767
+ L W(8]8767 +55767 ~2515767)
+ (5767 ~515767)
= 251615 + (515260 + 61515, +515767)
+ 1 D(28]5767 - 515767 - 815767

1 i Siy Si3 i Qi Siy i S Sis
+§lP(5j]6j36jz +5j26j] 6]43 _25]'361'25]'1)

1 i Sh Sy i Siy Siy
+5A(0}630}, —6}6757).

However, this expression is equal to £, = (B1).
Analogously, consider a natural projector, belonging to the family F,,.
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We show that there is a natural projector belonging to the family F,,, such
that B, =P, +F,.Since P, =(B4) and F, =(A24), we have

Py =1815:6] —(515:6) +6.5750)

12 3 S )3 Wb b i
+ 1 0(28]5}5) ~616}6) - 5/3}5))
+W(3)8:5, +61575) ~25155))
+ 5 NG} 5}8) 818580,
and
P= 4 (8]5:8,+610:6) +85:5)
~8,6,5, - 6,876} ~8,876)).
Thus

1 i Qi 1 iy Sih Sis i ShSis
Py+ P =28)578), - (8,8,5 +5,5,5))

3 B2 T3 12 J2 13N
+ (81675 +516757 +5,675
= 070707 -66707 —6,6;5)
+ 20155, 5,575 ~515:5))
1

+¥(8)667 +6,675}, ~26,6:57)

+3 A58, ~818:67)

= 251675, — (515260 + 61515, +515:67)
+D(28]576) - 515767 - 815767
+W(81515) + 61678, ~25)5:5))

+ LA 5E5 51550,

2 J3 N J2 03N
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But this expression is equal to P, = (B2).

Finally, we show that P, = P, + F, . Since P, =(A24) and F, =(B1), we
have

_ 1 i i i i i QI i i QI
By =£(8;0,0;+6,0,0, +6;6;0;
i Sh Sy S Sh Sy _ S S Sis
- 5/']] 5/§ 512 5112 6/'] 5./1 5/'13 512 5/? )

and
P= (8158, + 81800+  5,(8167 +815))
+ 0030} +515))
+D025)55) - 5168 - 515767
+ V(3875 +61575) 25153}
+ A} 676) 81667,
then

I i ci oiy i Qi Sis i Qi iy
B+ F = 6 (8,070 +616:6; +6,6:6;
~ 818567 — 5T5%0T, — 87587
Ui iqingis o shairy, L oi sii o, o X Sis
+ 50,050+ 858)+ £9,(0,0, + 548;)

1 i Sh Sk i S
+ 6513 (6j1 5]2 + %)

1 i Qb Qi i §hSi U PN
* 5 @(2611 5]36/'2 - 6fz6j1 5j3 - 6j36j25j1 )
1 i S Siy | Si S Siy i §h§h
1 iy Si, Siy i ShSis
+ ) A(8}676 —6,676})
2

W Sh i 1 i S S i Sh i
= 818280 + (51505, +815:5))

3 s J2 7030
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1

+1 008,515 ~6,676, - 5,5:5))
1 iy Siy Qi3 NN i Sih Sis
+§\P(6j]5j36j2+5j26j16j3_25j36j26jl)

1 il iZ i'i il iZ i3
+ NG 8787 ~6,6757).

But this expression is equal to B, =(B3).

Theorem 4 (Decomposition formulas) Decomposable natural projec-
tors P,,P,,P,,P. P, F,,P,,,P,, admit the following decompositions:
P;=R,+S,, P,=P+F,
Pi=P,+F=PF,+h,,
Fo=P+P =F+PF,,
F,=P,+P, Py=P,+F, P, =FK+F,.
Proof Some of these formulas have already been proved (cf. the proof

of Theorem 3). It remains to show that P, =P, +F,, and F,=F, +PF, . Con-
sider the natural projectors P, =(B2) and B, =(B4), with principal parts

1 iy ¢ Siy Qi3 i Qi3 1 b Si Sis iy Siy 1 heShSh i Sh
601(0,0,, =00+ (0,(6;0,=0;0;)+ 0;(8;0; ~06;,67),
Lsisigi L isigigh 4§ g8
391970}, = (0,036}, +8,6767),

and traceless parts
1 ENENA i\ iy iy i iy Qi3
3 ®,(25;676}, - 6,636} —6;6;57)

%Lpl(aasézaff +501 5281 — 28 528")

VIVE ) J2 N J3 N

1 i Sh i i Qi Si
+ O A(815787 - 516457,

2 |

1 iy Qi Siy iy Si, Siy iy Siy Siy
§¢2(26.f.5j§5./‘2 =0},070/=06,0;0})

J37 2N
1 i Qi S i Qi Qi NP
+3¥,(6,0;,0}, +6,,0;0}, —25,6;0})

1 o o
o AL(81578) ~516:50).

J3 N J2 703N
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The sum of the principal parts is
I ci/cir iy i Qi3 I ¢y o ci sy i Qi3 I ¢ ci siy i Qi
g 6]1 (6jz5j3 o 6]36j2 ) + 661'2 (6j1 61'3 - 6]36j1 ) + 661'3 (6f15jz - 6j25jl )

Voicien 1o cicisin | sishsh
+ 101508, ~ L(616060 +515:5))

3 h I3 B2 3N

5 i §h i3_l i Sh fs_l i Si "3_1 i Sh Sis
—65,66. 66,65, 66.6.6 65,5.5.

hh I3 I RVE ) J3 "2 2" 3

_15116125’3 _15116’25’3
6 6 -

J37h )2 Ja =03 )
=858, = ( (80187 + 51835, +515:8, +61575
+6,6,0,+68,5,6).
and coincides with P, = (A21). Consequently, the choice
O =-D,, ¥ =-Y,, A=-A,
gives =P, +P,.

Similarly, consider the natural projectors F,=(Bl) and P,=(B4),
with principal parts

I ¢/ ciy iy i Qi I ¢y o ci sy A
CO1B5) + 875+ 558187 +5187)

23 J3 )2 J3 N

Ui siisin s sis
+150(815, +6167),

N 270

1 i S Sis 1 iy §h Sl U PN
55 0707 — 8(6‘]361} 6j2 +5/25.i36jl )’

N B3

and traceless parts expressed as above. The sum of the principal parts is

1 i [ Siy Qiy i Qi 1 i ¢ Qi) Qiy i Qi
(513287 +8350)+ 518187 +5187)

273 J3 2 N3 J3 N

I ci cii gy i Sy
+ 515180 +5187)

N2 2N

1 iy Siy Si 1 i Siy S i\ Sih Qi3
+381555) — (81857 +515:57)

3 hn J2 U3
— N1 2 B _ L5255 h § 5 b § B
- 5j1 6jz5j3 + 6 (5j1 6]36j2 + 6]36j25j1 + 6]25f| 5]3
_SiSkSh _ SiSkSh S Sk S

611 5/2 6/3 5/35./1 5j2 612 5/35./1 )
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and is equal to P, = (A22) . Thus, the choice
O =-D,, ¥ =-Y,, A=-A,
gives P, =F +P,.

Theorem 5 (Primitive natural projectors) (a) The natural projectors
P, P, P, and every natural projector belonging to the f%mily B,, are
primitive. There are no other primitive natural projectors in T;R" .

(b) The decomposible natural projectors can be uniquely expressed by
the formulas

P;=R,+S,, P,=P+F,
Pi=R,+S,+FK, F=R,+P+S,,
k=P,+P, B,=Hh,+FK, B =FK+h,+P,.

Proof The natural projectors F,, P,, F, and P, do not appear in the
fourth column of the decomposability indicatrix tables, thus, dimension ar-
gument show that none of them is decomposable.

Now we can describe all partitions of the tensor space T, R", formed by
natural projectors. Canonical partitions arise from the pairs of complemen-
tary natural projectors; we have the trivial partition {F,,P,} , and the parti-
tions {P,,P,}, {F.P}, {F.,B}, {F.P,}, {R,,P,} . Of specific interest
are partitions formed by primitive natural projectors, the primitive natural
partitions.

Theorem 6 (Partitions) The tensor space TyR" admits partitions,
whose elements are primitive natural projectors. Every partition with these
properties is of the form {P,,P;,R,,S,,}, where R, and S,, are different
natural projectors, belonging to the family P,, .

Proof Starting with the canonical partitions, we get with the help of
Theorem 5 five decompositions of the identity by means of complementary
natural projectors,

Id=P,+P,=R,+S,+P, +P,,
Id=P,+P,=R,+S,+P,+P,
Id=P,+P,=R,+S,+P, +P,,

Ild=FR+F,=R,+P+S5,+F,
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Id=P,+P,=R,+S,+P,+P,

Since this list includes al/l nontrivial natural partitions, and all of them are
identical, Theorem 6 is proved.

Remark 2 If we search for partitions of the tensor space 7y R", which
do not contain elements of the family P, , then

Id=P,+P,+P,.

Thus, the identity of the tensor space T, R" can be decomposed by the com-
plementary to the cycle projector, symmetrization and alternation.
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