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Abstract  In this research-expository article an example of an invariant de-
composition of a tensor space, extending the natural projector decomposi-
tion method to mixed tensor spaces, is studied. Complete list of the natural 
projectors, decompositions of natural projectors, and partitions of the tensor 
space of (1,2) -tensors are given. All proofs, based on elementary tensor al-
gebra and projector theory in finite-dimensional real vector spaces, are in-
cluded.  
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1		Introduction	

 In this note we apply the natural projector method to the decomposition 
problem of tensors of type (1,2)  on the n-dimensional real vector space Rn  
(Krupka, [2], [3], [4]). Our aim is twofold: (1) to test the possibility of ex-
tending the theory of natural projectors for tensors of type (0,s)  to tensors 
of type (r,s)  with r > 0 , and (2) to study in detail natural projectors in the 
tensor space  T2

1Rn = Rn⊗Rn∗⊗Rn∗  of (1,2) -tensors (in differential geome-
try the torsion tensors).  
 In this paper the vector space Rn  is considered with the canonical left 
action of the general linear group GLn (R) , and the tensor space T2

1Rn  is 
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endowed with the induced tensor action. Since our discussions are GLn (R) -
invariant, the results apply, in the well-known sense, to any real, n-
dimensional vector space E, and to the tensor space T2

1E . In the canonical 
basis ei  of Rn , a tensor  U ∈T2

1Rn  is usually denoted in components as 
U =Ujk

i ; an endomorphism P :T2
1Rn → T2

1Rn  is denoted as P = Pjk
i
r
pq , with 

standard meaning of the superscripts and the subscripts.  
 In Section 2 basic composition law for natural linear operators in the 
vector space T2

1Rn  is recalled, serving later in Section 3 for derivation of the 
natural projector equations. Section 4 contains solutions of these equations, 
expressed as a complete list of all natural projectors. It should be pointed out 
that the list includes, beside the natural projectors with constant coefficients, 
also parameterized families of natural pojectors, depending on several real 
parameters. Section 5 is devoted to the decomposition theory of natural pro-
jectors; all invariant decompositions and the dimensions of the correspond-
ing image subspaces of the tensor space T2

1Rn  are found. Since the set of 
dimensions turns out to be finite, as the main investigation tool for the de-
composition problem we propose the decomposability indicatrix, a finite 
subset of integers, constructed from the dimensions of subspaces of the ten-
sor space T2

1Rn  and the sums of these dimensions. Finally, in Section 6 we 
prove a theorem on natural decompositions of the identity projector in the 
tensor space T2

1Rn ; we find the natural projectors, which define primitive 
natural partitions of the tensor space T2

1Rn .  
 Many sources dealing with decompositions of tensor spaces of type 
(0,s)  (or (r,0) ) as a part of the group representation theory can be found in 
the literature; exposition is usually given in a simplified setting for vector 
spaces over the field of complex numbers. It seems, however, that the case 
of mixed (r,s) -tensors with r,s ≠ 0 , or even examples of decompositions of 
mixed tensors for small r, and s, has not been discussed. Our results, esp. 
appearance of parameterized families of natural projectors, show that such 
extension of the representation theory to mixed real tensor spaces would not 
be straightforward.  

2		Natural	endomorphisms	

 Let P :T2
1Rn → T2

1Rn , P = Pjk
i
p
qr , be an endomorphisms. According to 

the Gurevich theorem on the structure of natural tensors (Gurevich [1], 
Krupka [5]) P is natural if and only if  

(1)  
Pjk
i
p
qr = a1δ j

iδ k
qδ p

r + a2δ j
iδ p

qδ k
r + a3δ k

iδ p
qδ j

r + a4δ k
iδ j

qδ p
r

+ a5δ p
iδ j

qδ k
r + a6δ p

iδ k
qδ j

r ,
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where a1,a2 ,a3,a4 ,a5 ,a6  are some real numbers. The vector space of natural 
endomorphisms of T2

1Rn  is denoted by  �(T2
1Rn ) . According to formula (1), 

 dim�(T2
1Rn ) = 6 .  

 We need the composition law for natural endomorphisms. Its derivation 
is straightforward. Consider a natural endomorphism (1), and another natural 
endomorphism Q =Qbc

a
p
qr , where 

  
Qbc

a
p
qr= b1δb

aδ c
qδ p

r + b2δb
aδ p

qδ c
r + b3δ c

aδ p
qδb

r + b4δ c
aδb

qδ p
r

+ b5δ p
aδb

qδ c
r + b6δ p

aδ c
qδb

r .
 

 Lemma 1  The composed endomorphism R = PQ = Rjk
i

p
qr  is a natural 

endomorphism expressed by 

  
Rjk
i

p
qr= c1δ j

iδ k
qδ p

r + c2δ j
iδ p

qδ k
r + c3δ k

iδ p
qδ j

r + c4δ k
iδ j

qδ p
r

+ c5δ p
iδ j

qδ k
r + c6δ p

iδ k
qδ j

r ,
 

where 

(2)  

c1 = a1b1 + na1b4 + a1b5 + na2b1 + a2b4 + a2b6 + a5b1 + a6b4 ,
c2 = a1b2 + na1b3 + a1b6 + na2b2 + a2b3 + a2b5 + a5b2 + a6b3,
c3 = na3b2 + a3b3 + a3b5 + a4b2 + na4b3 + a4b6 + a5b3 + a6b2 ,
c4 = na3b1 + a3b4 + a3b6 + a4b1 + na4b4 + a4b5 + a5b4 + a6b1,
c5 = a5b5 + a6b6 ,
c6 = a5b6 + a6b5 .

 

 Proof  Formula (2) is obtained by a direct substitution. Indeed, since for 
any  U ∈T2

1Rn , U =Uqr
p , RU =Ujk

i = Pjk
i
a
bcUbc

a = Pjk
i
a
bcQbc

a
p
qrUqr

p = Rjk
i

p
qrUqr

p , the 
coefficients Rjk

i
p
qr  are given by the formula  

(3)  Rjk
i

p
qr= Pjk

i
a
bcQbc

a
p
qr.  

Then  

  

Rjk
i

p
qr= a1δ j

iδ k
bδ a

c (b1δb
aδ c

qδ p
r + b2δb

aδ p
qδ c

r + b3δ c
aδ p

qδb
r

+ b4δ c
aδb

qδ p
r + b5δ p

aδb
qδ c

r + b6δ p
aδ c

qδb
r )

+ a2δ j
iδ a

bδ k
c (b1δb

aδ c
qδ p

r + b2δb
aδ p

qδ c
r + b3δ c

aδ p
qδb

r
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+ b4δ c
aδb

qδ p
r + b5δ p

aδb
qδ c

r + b6δ p
aδ c

qδb
r )

+ a3δ k
iδ a

bδ j
c (b1δb

aδ c
qδ p

r + b2δb
aδ p

qδ c
r + b3δ c

aδ p
qδb

r

+ b4δ c
aδb

qδ p
r + b5δ p

aδb
qδ c

r + b6δ p
aδ c

qδb
r )

+ a4δ k
iδ j

bδ a
c (b1δb

aδ c
qδ p

r + b2δb
aδ p

qδ c
r + b3δ c

aδ p
qδb

r

+ b4δ c
aδb

qδ p
r + b5δ p

aδb
qδ c

r + b6δ p
aδ c

qδb
r )

+ a5δ a
iδ j

bδ k
c (b1δb

aδ c
qδ p

r + b2δb
aδ p

qδ c
r + b3δ c

aδ p
qδb

r

+ b4δ c
aδb

qδ p
r + b5δ p

aδb
qδ c

r + b6δ p
aδ c

qδb
r )

+ a6δ a
iδ k

bδ j
c (b1δb

aδ c
qδ p

r + b2δb
aδ p

qδ c
r + b3δ c

aδ p
qδb

r

+ b4δ c
aδb

qδ p
r + b5δ p

aδb
qδ c

r + b6δ p
aδ c

qδb
r ),

 

hence  

  

Rjk
i

p
qr= a1(b1δ j

iδ k
qδ p

r + b2δ j
iδ p

qδ k
r + nb3δ j

iδ p
qδ k

r

+ nb4δ j
iδ k

qδ p
r + b5δ j

iδ k
qδ p

r + b6δ j
iδ p

qδ k
r )

+ a2 (nb1δ j
iδ k

qδ p
r + nb2δ j

iδ p
qδ k

r + b3δ j
iδ p

qδ k
r

+ b4δ j
iδ k

qδ p
r + b5δ j

iδ p
qδ k

r + b6δ j
iδ k

qδ p
r )

+ a3(nb1δ k
iδ j

qδ p
r + nb2δ k

iδ p
qδ j

r + b3δ k
iδ p

qδ j
r

+ b4δ k
iδ j

qδ p
r + b5δ k

iδ p
qδ j

r + b6δ k
iδ j

qδ p
r )

+ a4 (b1δ k
iδ j

qδ p
r + b2δ k

iδ p
qδ j

r + nb3δ k
iδ p

qδ j
r

+ nb4δ k
iδ j

qδ p
r + b5δ k

iδ j
qδ p

r + b6δ k
iδ p

qδ j
r )

+ a5 (b1δ j
iδ k

qδ p
r + b2δ j

iδ p
qδ k

r + b3δ k
iδ p

qδ j
r

+ b4δ k
iδ j

qδ p
r + b5δ p

iδ j
qδ k

r + b6δ p
iδ k

qδ j
r )

+ a6 (b1δ k
iδ j

qδ p
r + b2δ k

iδ p
qδ j

r + b3δ j
iδ p

qδ k
r

+ b4δ j
iδ k

qδ p
r + b5δ p

iδ k
qδ j

r + b6δ p
iδ j

qδ k
r )

 

and  

  
Rjk
i

p
qr= a1b1δ j

iδ k
qδ p

r + a1b2δ j
iδ p

qδ k
r + na1b3δ j

iδ p
qδ k

r

+ na1b4δ j
iδ k

qδ p
r + a1b5δ j

iδ k
qδ p

r + a1b6δ j
iδ p

qδ k
r
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+ na2b1δ j
iδ k

qδ p
r + na2b2δ j

iδ p
qδ k

r + a2b3δ j
iδ p

qδ k
r

+ a2b4δ j
iδ k

qδ p
r + a2b5δ j

iδ p
qδ k

r + a2b6δ j
iδ k

qδ p
r

+ na3b1δ k
iδ j

qδ p
r + na3b2δ k

iδ p
qδ j

r + a3b3δ k
iδ p

qδ j
r

+ a3b4δ k
iδ j

qδ p
r + a3b5δ k

iδ p
qδ j

r + a3b6δ k
iδ j

qδ p
r

+ a4b1δ k
iδ j

qδ p
r + a4b2δ k

iδ p
qδ j

r + na4b3δ k
iδ p

qδ j
r

+ na4b4δ k
iδ j

qδ p
r + a4b5δ k

iδ j
qδ p

r + a4b6δ k
iδ p

qδ j
r

+ a5b1δ j
iδ k

qδ p
r + a5b2δ j

iδ p
qδ k

r + a5b3δ k
iδ p

qδ j
r

+ a5b4δ k
iδ j

qδ p
r + a5b5δ p

iδ j
qδ k

r + a5b6δ p
iδ k

qδ j
r

+ a6b1δ k
iδ j

qδ p
r + a6b2δ k

iδ p
qδ j

r + a6b3δ j
iδ p

qδ k
r

+ a6b4δ j
iδ k

qδ p
r + a6b5δ p

iδ k
qδ j

r + a6b6δ p
iδ j

qδ k
r

= (a1b1 + na1b4 + a1b5 + na2b1 + a2b4 + a2b6 + a5b1 + a6b4 )δ j
iδ k

qδ p
r

+ (a1b2 + na1b3 + a1b6 + na2b2 + a2b3 + a2b5 + a5b2 + a6b3)δ j
iδ p

qδ k
r

+ (na3b1 + a3b4 + a3b6 + a4b1 + na4b4 + a4b5 + a5b4 + a6b1)δ k
iδ j

qδ p
r

+ (na3b2 + a3b3 + a3b5 + a4b2 + na4b3 + a4b6 + a5b3 + a6b2 )δ k
iδ p

qδ j
r

+ (a5b5 + a6b6 )δ p
iδ j

qδ k
r + (a5b6 + a6b5 )δ p

iδ k
qδ j

r ,

 

proving (2). 

3		Natural	projector	equations			

 Consider a natural endomorphism P :T2
1Rn → T2

1Rn , expressed as  

(1)  
Pjk
i
p
qr = a1δ j

iδ k
qδ p

r + a2δ j
iδ p

qδ k
r + a3δ k

iδ p
qδ j

r + a4δ k
iδ j

qδ p
r

+ a5δ p
iδ j

qδ k
r + a6δ p

iδ k
qδ j

r .
 

 Lemma 2  P is a natural projector if and only if its components satisfy 
the system  

(2)  
(a1 − a3)(a1 + a3 + n(a2 + a4 )+ 2a5 −1) = 0,
(a2 − a4 )(a1 + a3 + n(a2 + a4 )+ 2a5 −1) = 0,
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(3)  

(a1 + a3)(a1 + a3 + n(a2 + a4 )+ 2a5 −1)
+ 2((a2 + a4 )a6 + a2a4 − a1a3) = 0,

(a2 + a4 )(a1 + a3 + n(a2 + a4 )+ 2a5 −1)
+ 2((a1 + a3)a6 + n(a1a3 − a2a4 )) = 0,

 

(4)  
a5
2 + a6

2 = a5 ,
2a5a6 = a6 .

 

 Proof  Endomorphism (1) is a projector if and only if it satisfies the pro-
jector equation Pjk

i
u
vwPvw

u
p
qr= Pjk

i
p
qr . Substituting Q = P  and R = P  into for-

mula (3), Sec. 2, or, which is the same, setting bi = ai  and ci = ai  in equation 
(2), Sec. 2, we obtain  

  

a1
2 + na1a2 + na1a4 + 2a1a5 + a2a4 + a2a6 + a4a6 = a1,
a1a2 + na1a3 + a1a6 + na2

2 + a2a3 + 2a2a5 + a3a6 = a2 ,
na2a3 + a2a4 + a2a6 + a3

2 + na3a4 + 2a3a5 + a4a6 = a3,
na1a3 + a1a4 + a1a6 + a3a4 + a3a6 + na4

2 + 2a4a5 = a4 ,
a5
2 + a6

2 = a5 ,
2a5a6 = a6 .

 

Equivalence of this system and the system (2), (3), and (4) is immediate:  

  

a1 − a3 = a1
2 + na1a2 + na1a4 + 2a1a5 + a2a4 + a2a6 + a4a6

− na2a3 − a2a4 − a2a6 − a3
2 − na3a4 − 2a3a5 − a4a6

= (a1 − a3)(a1 + a3)+ na2 (a1 − a3)+ na4 (a1 − a3)+ 2a5 (a1 − a3),
= (a1 − a3)(a1 + a3 + n(a2 + a4 )+ 2a5 ),

 

  

a1 + a3 = a1
2 + na1a2 + na1a4 + 2a1a5 + a2a4 + a2a6 + a4a6

+ na2a3 + a2a4 + a2a6 + a3
2 + na3a4 + 2a3a5 + a4a6

= a1
2 + a3

2 + na2 (a1 + a3)+ na4 (a1 + a3)+ 2a5 (a1 + a3)
+ 2a2a4 + 2a2a6 + 2a4a6
= a1

2 + a3
2 + (a1 + a3)(n(a2 + a4 )+ 2a5 )

+ 2a2a4 + 2a2a6 + 2a4a6
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= a1
2 + a3

2 + 2a1a3 + (a1 + a3)(n(a2 + a4 )+ 2a5 )
+ 2(a2a4 + a2a6 + a4a6 − a1a3)
= (a1 + a3)(a1 + a3 + n(a2 + a4 )+ 2a5 )
+ 2(a2a4 + a2a6 + a4a6 − a1a3),

 

and  

  

a2 − a4 = a1a2 + na1a3 + a1a6 + na2
2 + a2a3 + 2a2a5 + a3a6

− na1a3 − a1a4 − a1a6 − a3a4 − a3a6 − na4
2 − 2a4a5

= n(a2
2 − a4

2 )+ a1(a2 − a4 )+ a3(a2 − a4 )+ 2a5 (a2 − a4 )
= (a2 − a4 )(n(a2 + a4 )+ a1 + a3 + 2a5 ),

   

  

a2 + a4 = a1(a2 + a4 )+ 2na1a3 + 2a1a6 + na2
2 + a3(a2 + a4 )

+ 2a5 (a2 + a4 )+ 2a3a6 + na4
2

= na2
2 + na4

2 + (a2 + a4 )(a1 + a3 + 2a5 )
+ 2na1a3 + 2a1a6 + 2a3a6
= n((a2 + a4 )

2 − 2a2a4 )+ (a2 + a4 )(a1 + a3 + 2a5 )
+ 2na1a3 + 2a1a6 + 2a3a6
= (a2 + a4 )(n(a2 + a4 )+ a1 + a3 + 2a5 )
+ 2(na1a3 + (a1 + a3)a6 − na2a4 ).

 

 Remark 1  The identity endomorphism Id , and the zero endomorphism, 
represented by the 6-tuples (0,0,0,0,1,0)  and (0,0,0,0,0,0) , are both natu-
ral projectors. If (a1,a2 ,a3,a4 ,a5 ,a6 )  is a solution of equations (2), (3), (4), 
representing a natural projector P, then (−a1,−a2 ,−a3,−a4 ,1− a5 ,−a6 )  is also 
a solution; this solution represents the complementary projector Id− P .  

 Equations (2), (3), and (4) can be further simplified. Set 

  α = a1 + a3, β = a2 + a4 .  

 Lemma 3  P is a natural projector if and only if  

(5)  
(a1 − a3)(α + nβ + 2a5 −1) = 0,
(a2 − a4 )(α + nβ + 2a5 −1) = 0,
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(6)  
β(α + nβ + 2a5 −1)+ 2a6α = 0,
α (α + nβ + 2a5 −1)+ 2a6β = 0,

 

(7)  
a5
2 + a6

2 = a5 ,
2a5a6 = a6 .

 

 Proof  Subsystem (2) yields formula (5). Consider subsystem (3). Sub-
tracting and adding these equations we find  

  

n(a1 + a3)(a1 + a3 + n(a2 + a4 )+ 2a5 −1)
+ 2n(a2a4 + a2a6 + a4a6 − a1a3)
− (a2 + a4 )(a1 + a3 + n(a2 + a4 )+ 2a5 −1)
− 2(na1a3 + a1a6 + a3a6 − na2a4 ) = 0,

 

that is   

  
(n(a1 + a3)− a2 − a4 )(a1 + a3 + n(a2 + a4 )+ 2a5 −1)

+ 2a6 (n(a2 + a4 )− a1 − a3) = 0,
 

and  

  

n(a1 + a3)(a1 + a3 + n(a2 + a4 )+ 2a5 −1)
+ 2n(a2a4 + a2a6 + a4a6 − a1a3)
+ (a2 + a4 )(a1 + a3 + n(a2 + a4 )+ 2a5 −1)
+ 2(na1a3 + a1a6 + a3a6 − na2a4 )
= (n(a1 + a3)+ a2 + a4 )(a1 + a3 + n(a2 + a4 )+ 2a5 −1)
+ 2(na2a4 + na2a6 + na4a6 − na1a3 + na1a3
+ a1a6 + a3a6 − na2a4 )
= 0,

 

that is  

  
(n(a1 + a3)+ a2 + a4 )(a1 + a3 + n(a2 + a4 )+ 2a5 −1)

+ 2a6 (n(a2 + a4 )+ a1 + a3) = 0.
 

Consequently, in new variables α = a1 + a3  and β = a2 + a4  subsystem (3) is 
of the form  
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(nα − β )(α + nβ + 2a5 −1)+ 2a6 (nβ −α ) = 0,
(nα + β )(α + nβ + 2a5 −1)+ 2a6 (nβ +α ) = 0.

 

Subtracting and adding expressions on the left hand side,  

  

(nα − β )(α + nβ + 2a5 −1)+ 2a6 (nβ −α )
− (nα + β )(α + nβ + 2a5 −1)− 2a6 (nβ +α )
= −2β(α + nβ + 2a5 −1)− 4a6α ,

(nα − β )(α + nβ + 2a5 −1)+ 2a6 (nβ − α )
+ (nα + β )(α + nβ + 2a5 −1)+ 2a6 (nβ + α )
= 2nα (α + nβ + 2a5 −1)+ 4na6β = 0,

 

proving formula (6).  

4		Natural	projector	equations:	Solutions			

 Equations of natural projectors (Sec. 3, (5), (6), (7)) will be solved by 
elimination of variables. Recall for convenience that subsystems (5) and (6) 
are of the form  

(1)  
(a1 − a3)(α + nβ + 2a5 −1) = 0,
(a2 − a4 )(α + nβ + 2a5 −1) = 0,

 

(2)  
β(α + nβ + 2a5 −1)+ 2a6α = 0,
α (α + nβ + 2a5 −1)+ 2a6β = 0.

 

Subsystem (7) has four solutions  

  (a5 ,a6 ) = (0,0), (1,0),
1
2
, 1
2( ), 12 ,− 12( ).  

These solutions (a5 ,a6 )  split the system (1), (2) in four subsystems (A), (B), 
(C), and (D), which will be studied separately.  
 
 (A) (a5 ,a6 ) = (0,0) .  
 From equations (1) and (2) we get the system of bilinear equations  

(3)  (a1 − a3)(α + nβ −1) = 0, (a2 − a4 )(α + nβ −1) = 0,  
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(4)  β(α + nβ −1) = 0, α (α + nβ −1) = 0.  

 (A1) (a5 ,a6 ) = (0,0) , α + nβ −1= 0 .  
 Then since α = a1 + a3  and β = a2 + a4 , 

  a1 + a3 + n(a2 + a4 )−1= 0,  

and equations (3) and (4) do not give a new condition. Thus, case (A1) rep-
resents a 3-parameter family of solutions  

(I)  
 

(a1,a2 ,a3,a4 ,a5 ,a6 ) = (1− µ − n(ν +κ ),ν ,µ,κ ,0,0),
ν ,µ,κ ∈R.  

 (A2) (a5 ,a6 ) = (0,0) , α + nβ −1≠ 0 .  
 In this case  

(II)  (a1,a2 ,a3,a4 ,a5 ,a6 ) = (0,0,0,0,0,0).  

 (B) (a5 ,a6 ) = (1,0) .  
 In this case equations (1) and (2) yield  

  (a1 − a3)(α + nβ +1) = 0, (a2 − a4 )(α + nβ +1) = 0,  

  β(α + nβ +1) = 0, α (α + nβ +1) = 0.  

 (B1) (a5 ,a6 ) = (1,0) , α + nβ +1= 0 .  
 In this case equations do not provide a new condition. Consequently,  

  a1 + a3 + n(a2 + a4 )+1= 0,  

and we have a 3-parameter family of solutions  

(III)  
 

(a1,a2 ,a3,a4 ,a5 ,a6 ) = (−1− µ − n(ν +κ ),ν ,µ,κ ,1,0),
ν ,µ,κ ∈R.  

 (B2) (a5 ,a6 ) = (1,0) , α + nβ ≠ 0 .  
 In this case (a1,a2 ,a3,a4 ,a5 ,a6 ) = (0,0,0,0,1,0)  

(IV)  (a1,a2 ,a3,a4 ,a5 ,a6 ) = (0,0,0,0,1,0).  

 (C) (a5 ,a6 ) = (1 / 2,1 / 2) .  
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 In this case, equations (1), (2) transform to the system  

  (a1 − a3)(α + nβ ) = 0, (a2 − a4 )(α + nβ ) = 0,  

  β(α + nβ )+α = 0, α (α + nβ )+ β = 0.  

 (C1)  (a5 ,a6 ) = (1 / 2,1 / 2) , α + nβ = 0 .  
 This assumption leads to equations α = 0  and β = 0  hence a1 = −a3  
and a2 = −a4 . The corresponding solution is  

(V)  
 
(a1,a2 ,a3,a4 ,a5 ,a6 ) = −µ,−ν ,µ,ν , 1

2
, 1
2( ), µ,ν ∈R.  

 (C2)  (a5 ,a6 ) = (1 / 2,1 / 2) , α + nβ ≠ 0 .  
 In this case a1 = a3  and a2 = a4 , and β 2 =α 2  that is, a1

2 = a2
2  hence 

a1 = ±a2 .  
 (C21)  (a5 ,a6 ) = (1 / 2,1 / 2) , a1 = a3 , a2 = a4 , a1 = a2 . 
 In this case α = 2a1 = 2a2 = β  hence α ≠ 0  and α = −1/ (1+ n) . Thus,  

(VI)  (a1,a2 ,a3,a4 ,a5 ,a6 ) = − 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

, 1
2
, 1
2( ).  

 (C22)  (a5 ,a6 ) = (1 / 2,1 / 2) , a1 = a3 , a2 = a4 , a1 = −a2 . 
 In this case α = 2a1 = −2a2 = −β  hence α ≠ 0  and equation 
−α (α + nα )+α = 0  yields α = 1/ (1+ n) . Thus,  

(VII) (a1,a2 ,a3,a4 ,a5 ,a6 ) =
1

2(1+n)
,− 1
2(1+n)

, 1
2(1+n)

,− 1
2(1+n)

, 1
2
, 1
2( ).  

 (D) (a5 ,a6 ) = (1 / 2,−1/ 2) .  
 In this case system (1), (2) transforms to  

(5)  (a1 − a3)(α + nβ ) = 0, (a2 − a4 )(α + nβ ) = 0,  

(6)  β(α + nβ )−α = 0, α (α + nβ )− β = 0.  

 (D1)  (a5 ,a6 ) = (1 / 2,−1/ 2) , α + nβ = 0 .  
 This assumption gives α = 0  and β = 0  hence a1 = −a3  and a2 = −a4 . 
The corresponding solution is  
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(VIII) 
 
(a1,a2 ,a3,a4 ,a5 ,a6 ) = −µ,−ν ,µ,ν , 1

2
,− 1
2( ), µ,ν ∈R.  

 (D2)  (a5 ,a6 ) = (1 / 2,−1/ 2) , α + nβ ≠ 0 .  
 In this case condition α + nβ ≠ 0  implies that at least one of the num-
bers α , β  must be different from 0. Since from (6), α 2 = β 2  hence  

  α = ±β ≠ 0.  

 (D21)  (a5 ,a6 ) = (1 / 2,−1/ 2) , α + nβ ≠ 0 , α = β ≠ 0 . 
 Equations (5), (6) imply a1 − a3 = 0 , a2 − a4 = 0  and α + nα −1= 0 . 
Thus, α = 1/ (1+ n)  and since  

  a1 + a3 = a2 + a4 = 2a1 = 2a2 =
1
1+n

,  

we have  

  a1 = a3 = a2 = a4 =
1

2(1+n)
.  

Summarizing,  

(IX)  (a1,a2 ,a3,a4 ,a5 ,a6 ) =
1

2(1+n)
, 1
2(1+n)

, 1
2(1+n)

, 1
2(1+n)

, 1
2
,− 1
2( ).  

 (D22)  (a5 ,a6 ) = (1 / 2,−1/ 2) , α + nβ ≠ 0 ≠ 0 , α = −β ≠ 0 . 
 Equations (5), (6) imply a1 − a3 = 0 , a2 − a4 = 0  and α − nα +1= 0 . 
Consequently, α = −1/ (1− n) . But  

  a1 + a3 = −a2 − a4 = 2a1 = −2a2 = − 1
1+n

,  

so we have  

  a1 = a3 = −a2 = −a4 = − 1
2(1+n)

.  

The corresponding solution is  

(X)  (a1,a2 ,a3,a4 ,a5 ,a6 ) = −
1

2(1−n)
, 1
2(1−n)

,− 1
2(1−n)

, 1
2(1−n)

, 1
2
,− 1
2( ).  
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 Remark 2  (Complementary natural projectors)  Formulas (I)–(X) 
show, that the pairs ( IP, IIIP) , ( IIP, IVP) , (VP, VIIIP) , (VIP, IXP) , and 
(VIIP, XP)  include complementary projectors. To express this fact explicitly 
it is sometimes convenient to use for the pairs ( IP, IIIP)  and (VP, VIIIP)  com-
plementary parameterizations, that is, to write the families IIIP  and VIIIP  as  

(III)  

 

IIIP
(a1,a2 ,a3,a4 ,a5 ,a6 ) = (−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0),
ν ,µ,κ ∈R,

 

and 

(VIII) 

 

VIIIP

(a1,a2 ,a3,a4 ,a5 ,a6 ) = µ,ν ,−µ,−ν , 1
2
,− 1
2( ), µ,ν ∈R.

 

 We can now summarize our results in a complete list of natural projec-
tors. In the following theorem Μ  is an index running through the index set 
{I,II, III, IV,V,VI,VII,VIII, IX,X}  (Greek numbers); in this notation, P = ΜP  
is an element of the family of natural projectors   � = {IP, IIP,…, XP} .  

 Theorem 1  Let P :T2
1Rn → T2

1Rn  be an endomorphism. The following 
two conditions are equivalent:  
 (a) P is a natural projector.  
 (b) P = ΜP  for some Μ , where in components ΜP = ΜPjk

i
p
qr ,  

  
ΜPjk

i
p
qr = a1δ j

iδ k
qδ p

r + a2δ j
iδ p

qδ k
r + a3δ k

iδ p
qδ j

r + a4δ k
iδ j

qδ p
r

+ a5δ p
iδ j

qδ k
r + a6δ p

iδ k
qδ j

r ,
 

and the numbers (a1,a2 ,a3,a4 ,a5 ,a6 )  are determined by the following formu-
las:  

(I)  

 

IP
(a1,a2 ,a3,a4 ,a5 ,a6 ) = (1− µ − n(ν +κ ),ν ,µ,κ ,0,0),
ν ,µ,κ ∈R,

 

(II)  
IIP
(a1,a2 ,a3,a4 ,a5 ,a6 ) = (0,0,0,0,0,0),
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(III)  

 

IIIP
(a1,a2 ,a3,a4 ,a5 ,a6 ) = (−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0),
ν ,µ,κ ∈R,

 

(IV)  
IVP
(a1,a2 ,a3,a4 ,a5 ,a6 ) = (0,0,0,0,1,0),

 

(V)  

 

VP

(a1,a2 ,a3,a4 ,a5 ,a6 ) = −µ,−ν ,µ,ν , 1
2
, 1
2( ), µ,ν ∈R,

 

(VI)  

VIP

(a1,a2 ,a3,a4 ,a5 ,a6 ) = − 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

, 1
2
, 1
2( ),  

(VII) 

VIIP

(a1,a2 ,a3,a4 ,a5 ,a6 ) =
1

2(1−n)
,− 1
2(1−n)

, 1
2(1−n)

,− 1
2(1−n)

, 1
2
, 1
2( ),  

(VIII) 

 

VIIIP

(a1,a2 ,a3,a4 ,a5 ,a6 ) = µ,ν ,−µ,−ν , 1
2
,− 1
2( ), µ,ν ∈R,

 

(IX)  

IXP

(a1,a2 ,a3,a4 ,a5 ,a6 ) =
1

2(1+n)
, 1
2(1+n)

, 1
2(1+n)

, 1
2(1+n)

, 1
2
,− 1
2( ),  

(X)  

XP

(a1,a2 ,a3,a4 ,a5 ,a6 ) = − 1
2(1−n)

, 1
2(1−n)

,− 1
2(1−n)

, 1
2(1−n)

, 1
2
,− 1
2( ).  

 Proof  See formulas (I), (II), (III), …, (X).  

 Theorem 1 can be expressed in terms of equations of natural projectors 

  Vjk
i = ΜPjk

i
p
qrUqr

p ,  
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where  U ∈T2
1Rn , U =Uqr

p , and ΜP = ΜPjk
i
p
qr .  

 Theorem 2 (Equations of natural projectors)  Natural projectors ΜP , 
 Μ = I,II,…,X , are expressed by the following equations:  

(I)  
IP
Vjk

i = (1− µ − n(ν +κ ))δ j
iUks

s +νδ j
iUsk

s + µδ k
iUsj

s +κδ k
iU js

s ,
 

(II)  
IIP
Vjk

i = 0,
 

(III)  
IIIP
Vjk

i = (−1+ µ + n(ν +κ ))δ j
iUks

s −νδ j
iUsk

s − µδ k
iUsj

s −κδ k
iU js

s +Ujk
i ,

 

(IV)  
IVP
Vjk

i =Ujk
i ,

 

(V)  
VP

Vjk
i = µ(δ k

iUsj
s −δ j

iUks
s )+ν (δ k

iU js
s −δ j

iUsk
s )+ 1

2
(Ujk

i +Ukj
i ),

 

(VI)  

VIP

Vjk
i = − 1

2(1+n)
(δ j

i (Uks
s +Usk

s )+δ k
i (Usj

s +Ujs
s ))+ 1

2
(Ujk

i +Ukj
i ),

 

(VII) 

VIIP

Vjk
i = 1

2(1−n)
(δ j

i (Uks
s −Usk

s )+δ k
i (Usj

s −δ k
iU js

s ))+ 1
2
(Ujk

i +Ukj
i ),

 

(VIII) 
VIIIP

Vjk
i = µ(δ j

iUks
s −δ k

iUsj
s )+ν (δ j

iUsk
s −δ k

iU js
s )+ 1

2
(Ujk

i −Ukj
i ),

 

(IX)  

IXP

Vjk
i = 1

2(1+n)
(δ j

i (Uks
s +Usk

s )+δ k
i (Usj

s +Ujs
s ))+ 1

2
(Ujk

i −Ukj
i ),
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(X)  

XP

Vjk
i = 1

2(1−n)
(δ j

i (Usk
s −Uks

s )+δ k
i (Ujs

s −Usj
s ))+ 1

2
(Ujk

i −Ukj
i ).

 

 Proof  These formulas result from Theorem 1 by straightforward substi-
tution for U =Uqr

p  into expressions Vjk
i = ΜPjk

i
p
qrUqr

p .  

 Remark 3 (Families of natural projectors)  Natural projectors IP , 
IIIP , VP , VIIIP  depend on real parameters. If for instance µ = 1 , ν =κ = 0 , 
then Theorem 2, formula (I), yields  

  Vjk
i = δ k

iUsj
s .  

and if µ = 0 , ν =κ = 0 , then  

  Vjk
i = δ j

iUks
s .  

If µ = 0 , ν = 0  in Theorem 2, (V) and (VIII) then  

  Vjk
i = 1

2
(Ujk

i +Ukj
i ),  

and  

  Vjk
i = 1

2
(Ujk

i −Ukj
i ).  

Theorem 2 also shows that every nontrivial natural projector can be obtained 
as a linear combination of these elementary natural projectors. In terms of 
components, these four elementary projectors are characterized by   

  (a1,a2 ,a3,a4 ,a5 ,a6 ) = (0,0,1,0,0,0),  

  (a1,a2 ,a3,a4 ,a5 ,a6 ) = (1,0,0,0,0,0),  

  (a1,a2 ,a3,a4 ,a5 ,a6 ) = 0,0,0,0, 1
2
, 1
2( ),  

and 

  (a1,a2 ,a3,a4 ,a5 ,a6 ) = 0,0,0,0, 1
2
,− 1
2( ).  
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Similarly, the choice µ = 1/ 2 , ν =κ = 0  in the family (I) yields  

  Vjk
i = 1

2
(δ j

iUks
s +δ k

iUsj
s ).  

5		Decomposability	of	(1,2)-tensors		

 In this section we study the problem of decomposing of a natural projec-
tor  P :T2

1Rn → T2
1Rn  into the sum of two natural projectors. We shall say 

that a natural projector P is decomposable, if there exist two natural projec-
tors Q and R such that  

(1)   P =Q+ R.  

Equation (1) for the unknowns Q and R is the decomposability equation for 
the natural projector P. The problem of solving this equation includes the 
decomposability conditions, to be satisfied by P, and then, provided the de-
composability conditions are satisfied, determining Q and R.  
 A natural projector, which is not decomposable, is called primitive.  
 Clearly, a necessary condition of existence of a solution is the existence 
of a partition of the number dimImP  in two positive integers, satisfying the 
dimension condition  

(2)   dimImP = dimImQ+dimImR  

for some Q and R from the set of natural projectors, given by Theorem 1.  
 To apply this condition, we first determine the dimensions of the image 
spaces  Im

ΜP⊂T2
1Rn , where ΜP  runs through the family of natural projec-

tors   � = {IP, IIP,…, XP} . If in components ΜP = ΜPjk
i
p
qr , where  

  
ΜPjk

i
p
qr = a1δ j

iδ k
qδ p

r + a2δ j
iδ p

qδ k
r + a3δ k

iδ p
qδ j

r + a4δ k
iδ j

qδ p
r

+ a5δ p
iδ j

qδ k
r + a6δ p

iδ k
qδ j

r
 

(Theorem 1), then the dimension formula is  

(3)  
dimIm ΜP = ΜPjk

i
i
jk = a1n + a2n

2 + a3n + a4n
2 + a5n

3 + a6n
2

= a5n
3 + (a2 + a4 + a6 )n

2 + (a1 + a3)n.
 

Second, we determine the decomposability indicatrix  � = {IΦΨ}  for the fam-
ily  � . Recall that by definition, elements IΦΨ  of the indicatrix  �  are posi-
tive integers of the form  IΦΨ = dimIm ΦP+dimIm ΨP  such that Ψ ≥ Φ  for 
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 Φ = I, II, III,…,X . Third, using the structure of ΜP  and comparing the di-
mension dimIm ΜP  to the elements IΦΨ  of the indicatrix  � , we get dimen-
sion conditions (2) and decomposability equations (1) for MP .  

 Remark 4  The decomposition method for natural projectors in the ten-
sor space T2

1Rn , described above, follows basic steps of the method for de-
composition of (0,s) -tensors (see Krupka [2]), and is obviously applicable 
to general mixed (r,s) -tensors.  

 Theorem 3 (Dimensions)  The dimensions of the image vector spaces 
Im ΜP , where  Μ = I, II, III,…,X , are given by the following list:  

(I)  dimIm IP = n,  

(II)  dimIm IIP = 0,  

(III)  dimIm IIIP = n(n2 −1),  

(IV)  dimIm IVP = n3,  

(V)  dimIm VP = 1
2
n2 (n +1),  

(VI)  dimIm VIP = n2+n−2
2

n,  

(VII) dimIm VIIP = n2+n+2
2

n,  

(VIII) dimIm VIIIP = 1
2
n2 (n −1),   

(IX)  dimIm IXP = n2−n+2
2

n,  

(X)  dimIm XP = n2−n−2
2

n.  

 Proof  We use Theorem 1 and substitute for a1,a2 ,a3,a4 ,a5 ,a6  into di-
mension formula (3):  

(I)  dimIm IP = (ν +κ )n2 + (1− µ − n(ν +κ )+ µ)n = n,  
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(II)  dimIm IIP = 0,  

(III)  
dimIm IIIP = n3 + (κ +ν )n2 + (−1− µ − n(ν +κ )+ µ)n

= n3 + (κ +ν )n2 + (−1− n(ν +κ ))n = n(n2 −1),
 

(IV)  dimIm IVP = n3,  

(V)  dimIm VP = 1
2
n3 + ν −ν + 1

2( )n2 + (−µ + µ)n = 1
2
n2 (n +1),  

(VI)  

dimIm VIP = 1
2
n3 + − 1

2(1+n)
− 1
2(1+n)

+ 1
2( )n2 + − 1

2(1+n)
− 1
2(1+n)( )n

= n3+n4

2(1+n)
+ − 1

2(1+n)
− 1
2(1+n)

+ 1+n
2(1+n)( )n2 − 2

2(1+n)
n

= n3+n4

2(1+n)
+ n3−n2

2(1+n)
− 2n
2(1+n)

= n3+2n2−n−2
2(1+n)

n = (1+n)(−2+n+n
2 )

2(1+n)
n

= n2+n−2
2

n = (n−1)(n+2)
2

n,

 

(VII) 

dimIm VIIP

= 1
2
n3 + − 1

2(1−n)
− 1
2(1−n)

+ 1
2( )n2 + 1

2(1−n)
+ 1
2(1−n)( )n

= n3−n4

2(1−n)
+ 1−n−2
2(1−n)

n2 + 2
2(1−n)

n

= n3−n4−n3−n2+2n
2(1−n)

= −n3−n+2
2(1−n)

n = (1−n)(n
2+n+2)

2(1−n)
n

= n2+n+2
2

n,

 

(VIII) dimIm VIIIP = 1
2
n3 + ν −ν − 1

2( )n2 + (−µ + µ)n = 1
2
n2 (n −1),  

(IX)  
dimIm IXP

= 1
2
n3 + 1

2(1+n)
+ 1
2(1+n)

− 1
2( )n2 + 1

2(1+n)
+ 1
2(1+n)( )n  
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= 1+n
2(1+n)

n3 + 2−1−n
2(1+n)

n2 + 2
2(1+n)

n

= n3+n4+n2−n3+2n
2(1+n)

= n3+n+2
2(1+n)

n = (n+1)(n
2−n+2)

2(1+n)
n

= n2−n+2
2

n,

 

 (X)  

dimIm XP

= 1
2
n3 + 1

2(1−n)
+ 1
2(1−n)

− 1
2( )n2 + −

1
2(1−n)

−
1

2(1−n)( )n
= n3−n4

2(1−n)
+ 2−1+n
2(1−n)

n2 − 2
2(1−n)

n

= n3−n4+n2+n3−2n
2(1−n)

= −n3+2n2+n−2
2(1−n)

n = (1−n)(n
2−n−2)

2(1−n)
n

= n2−n−2
2(1−n)

n.

 

 Remark 5 Theorem 3 shows that the dimensions of the image vector 
spaces of natural projectors P :T2

1Rn → T2
1Rn  must be equal to one of the 

positive integers   

  
n, 0, n(n2 −1), n3, 1

2
n2 (n +1), n2+n−2

2
n,

n2+n+2
2

n, 1
2
n2 (n −1), n2−n+2

2
n, n2−n−2

2
n.

 

 Remark 6  The sum of any two projectors R, S, belonging to the family 
of natural projectors IP , is not a natural projector. Indeed, the image space 
Im(R + S)  of the sum would be the direct sum  ImR⊕ ImS , whose dimen-
sion would be 2n ; but according to Theorem 3, there does not exist any nat-
ural projector whose image space is of dimension 2n . Similar assertion 
holds for any two projectors, belonging to any family ΜP , Μ = I,III,V,VIII .  

 Now we determine the decomposability indicatrix, restricting possible 
decompositions of natural projectors by a priori dimension arguments. Since 
the set of natural projectors is finite (and contains ten elements), complete 
results for the indicatrix can be easily obtained from Theorem 3. Below we 
get seven indicatrix tables; the fourth column characterizing the coincidence 
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of the sums of dimensions of the image spaces of the natural projectors 
 
IP, IIP, IIIP,…, XP  with the dimensions of these image spaces, includes the 
corresponding decomposability equation. Indeed, next step in solving the 
decomposability problem consists in investigating of these decomposability 
equations. Clearly, calculations dimensions for the zero projector IIP  and 
the identity projector IVP  are not needed, so the corresponding (trivial) ta-
bles are omitted.  
 
 The indicatrix tables 

  

IP
dimIm IP = n
MP dimIm MP dimIm IP + dimIm MP
IP n 2n −
IIIP n(n2 −1) n3 IVP = IP + IIIP

VP 1
2
n2 (n +1) n2+n+2

2
n VIIP = IP + VP

VIP n2+n−2
2

n 1
2
n2 (n +1) VP = IP + VIP

VIIP n2+n+2
2

n n2+n+4
2

n −

VIIIP 1
2
n2 (n −1) n2−n+2

2
n IXP = IP + VIIIP

IXP n2−n+2
2

n n2−n+4
2

n −

XP n2−n−2
2

n 1
2
n2 (n −1) VIIIP = IP + XP

 

 
  Calculations of the sum dimIm IP + dimIm MP :  

  
n + n = 2n,
n + n(n2 −1) = n3,

n + 1
2
n2 (n +1) = n + 1

2
n3 + 1

2
n2 = 1

2
n(n2 + n + 2),

 



		 Classification	of	natural	projectors	in	tensor	spaces:	(1,2)-tensors	
 
22	

  

n + 1
2
n(n −1)(n + 2) = 2n

2
+
n3+n2−2n

2
= 1
2
n2 (n +1),

n + n2+n+2
2

n =
2n+n3+n2+2n

2
=
n2+n+4
2

n,

n + 1
2
n2 (n −1) = 2n+n

3−n2

2
=
n2−n+2
2

n,

n + n2−n+2
2

n =
2n+n3−n2+2n

2
=
n2−n+4
2

n,

n + n
2−n−2
2

n = 1
2
n2 (n −1).

 

 

  

IIIP
dimIm IIIP = n(n2 −1)
MP dimIm MP dimIm IIIP + dimIm MP
IIIP n(n2 −1) 2n(n2 −1) −

VP 1
2
n2 (n +1) 3n2+n−2

2
n −

VIP n2+n−2
2

n 3n2+n−4
2

n −

VIIP n2+n+2
2

n 3n+1
2

n2 −

VIIIP 1
2
n2 (n −1) 3n2−n−2

2
n −

IXP n2−n+2
2

n 3n−1
2

n2 −

XP n2−n−2
2

n 3n2−n−4
2

n −

 

 
  Calculations of dimIm IIIP + dimIm MP :  

  
n(n2 −1)+ n(n2 −1) = 2n(n2 −1),

n(n2 −1)+ 1
2
n2 (n +1) = 2n

3−2n+n3+n2

2
= 3n

2+n−2
2

n,
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n(n2 −1)+ n2+n−2
2

n = 2n
2−2+n2+n−2

2
n = 3n

3+n2−4n
2

= 3n
2+n−4
2

n,

n(n2 −1)+ n2+n+2
2

n = 2n
2−2+n2+n+2

2
n = 3n+1

2
n2 ,

n(n2 −1)+ 1
2
n2 (n −1) = 2n

2−2+n2−n
2

n

= 3n
2−n−2
2

n = (n−1)(3n+2)
2

n,

n(n2 −1)+ n2−n+2
2

n = 2n
2−2+n2−n+2

2
n = 3n−1

2
n2 ,

n(n2 −1)+ n2−n−2
2

n = 2n
2−2+n2−n−2

2
n = 3n

2−n−4
2

n.

 

 

  

VP

dimIm VP = 1
2
n2 (n +1)

MP dimIm MP dimIm VP + dimIm MP
VP 1

2
n2 (n +1) n2 (n +1) −

VIP n2+n−2
2

n n(n2 + n −1) −

VIIP n2+n+2
2

n n(n2 + n +1) −

VIIIP 1
2
n2 (n −1) n3 IVP = VP + VIIIP

IXP n2−n+2
2

n n(n2 +1) −

XP n2−n−2
2

n n(n2 −1) IIIP = VP + XP
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  Calculations of dimIm VP + dimIm MP :  

  

1
2
n2 (n +1)+ 1

2
n2 (n +1) = n2 (n +1),

1
2
n2 (n +1)+ n2+n−2

2
n = 1

2
n(n2 + n + n2 + n − 2)

= 1
2
n(2n2 + 2n − 2) = n(n2 + n −1),

1
2
n2 (n +1)+ n2+n+2

2
n = 1

2
n(n2 + n + n2 + n + 2)

= 1
2
n(2n2 + 2n + 2) = 1

2
n(2n2 + 2n + 2) = n(n2 + n +1),

1
2
n2 (n +1)+ 1

2
n2 (n −1) = n3,

1
2
n2 (n +1)+ n2−n+2

2
n = 1

2
n(n2 + n + n2 − n + 2)

= n(n2 +1),
1
2
n2 (n +1)+ n2−n−2

2
n = 1

2
n(n2 + n + n2 − n − 2)

= n(n2 −1).

 

 

  

VIP

dimIm VIP = 1
2
n(n −1)(n + 2) = n2+n−2

2
n

MP dimIm MP dimIm VIP + dimIm MP
VIIP n2+n+2

2
n n2 (n +1) −

VIIIP 1
2
n2 (n −1) n(n2 −1) IIIP = VIP + VIIIP

IXP n2−n+2
2

n n3 IVP = VIP + IXP

XP n2−n−2
2

n n(n2 − 2) −
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  Calculations of dimIm VIP + dimIm MP :  

  

1
2
n(n −1)(n + 2)+ n2+n+2

2
n =

1
2
n(n2 + n − 2 + n2 + n + 2)

= n2 (n +1),
1
2
n(n −1)(n + 2)+ 1

2
n2 (n −1) = 1

2
n(n2 + n − 2 + n2 − n)

= n(n2 −1),
1
2
n(n −1)(n + 2)+ n2−n+2

2
n = 1

2
n(n2 + n − 2 + n2 − n + 2) = n3,

1
2
n(n −1)(n + 2)+ n2−n−2

2
n = 1

2
n(n2 + n − 2 + n2 − n − 2)

= n(n2 − 2).

 

 

  

VIIP

dimIm VIIP = n2+n+2
2

n

MP dimIm MP dimIm VIIP + dimIm MP
VIIIP 1

2
n2 (n −1) n(n2 +1) −

IXP n2−n+2
2

n n(n2 + 2) −

XP n2−n−2
2

n n3 IVP = VIIP + XP

 

  Calculations of dimIm VIIP + dimIm MP :  

  

n2+n+2
2

n + 1
2
n2 (n −1) = 1

2
n(n2 + n + 2 + n2 − n) = n(n2 +1),

n2+n+2
2

n + n
2−n+2
2

n = 1
2
n(n2 + n + 2 + n2 − n + 2) = n(n2 + 2),

n2+n+2
2

n + n
2−n−2
2

n = 1
2
n(n2 + n + 2 + n2 − n − 2) = n3.
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VIIIP

dimIm VIIIP = 1
2
n2 (n −1)

MP dimIm MP dimIm VIIIP + dimIm MP
VIIIP 1

2
n2 (n −1) n2 (n −1) −

IXP n2−n+2
2

n n(n2 − n +1) −

XP n2−n−2
2

n n(n2 − n −1) −

 

  Calculations of dimIm VIIIP + dimIm MP :  

  

1
2
n2 (n −1)+ 1

2
n2 (n −1) = n2 (n −1),

1
2
n2 (n −1)+ n2−n+2

2
n = 1

2
n(n2 − n + n2 − n + 2) = n(n2 − n +1),

1
2
n2 (n −1)+ n2−n−2

2
n =

1
2
n(n2 − n + n2 − n − 2) = n(n2 − n −1).

 

 

  

IXP

dimIm IXP = n2−n+2
2

n

MP dimIm MP dimIm IXP + dimIm MP
XP n2−n−2

2
n n2 (n −1) −

 

  Calculations of dimIm IXP + dimIm ΜP :  

  
n2−n+2
2

n + 1
2
n(n +1)(n − 2) = 1

2
n(n2 − n + 2 + n2 − n − 2)

= n2 (n −1).
 

 The following are results of the decomposability indicatrix tables. Note 
that dimIm IVP = dimImId = dimT2

1Rn = n3 .  
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 Lemma 4 (Decomposability indicatrix)  The natural projectors IP , 
IIP , IIIP ,  … , XP  satisfy the following conditions:  

(4)  

dimIm IIIP = dimIm VP + dimIm XP,
dimIm IIIP = dimIm VIP + dimIm VIIIP,
dimIm IVP = dimIm IP + dimIm IIIP,
dimIm IVP = dimIm VP + dimIm VIIIP,
dimIm IVP = dimIm VIP + dimIm IXP,
dimIm IVP = dimIm VIIP + dimIm XP,
dimIm VP = dimIm IP + dimIm VIP,
dimIm VIIP = dimIm IP + dimIm VP,
dimIm VIIIP = dimIm IP + dimIm XP,
dimIm IXP = dimIm IP + dimIm VIIIP.

 

 Proof  These assertions are consequences of the decomposability in-
dicatrix tables for the projectors ΜP .  

 Lemma 5  The natural projectors IP, IIP, VIP, XP  are primitive.  
 Proof  According to Lemma 4, every decomposable natural projector 
satisfies one of the formulas (4), with non-trivial summands.  

 Our aim now will be to investigate the decomposability equations sug-
gested by dimension formulas (4). Clearly, it is sufficient to study decom-
posability of the natural projectors IIIP, VP, VIIP, VIIIP, IXP , different from 
primitive natural projectors and the identity projector; the corresponding de-
composability equations are  

  
IIIP = VP + XP, IIIP = VIP + VIIIP, VP = IP + VIP,

VIIP = IP + VP, VIIIP = IP + XP, IXP = IP + VIIIP.
 

Using Theorem 1, we find explicit forms of these equations, in which the 
unknowns are parameters of the families ΜP . Then we give complete solu-
tions of these equations.  
 Consider the family of natural projectors IIIP , expressed as  

(5)  
 

(a1,a2 ,a3,a4 ,a5 ,a6 ) = (−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0),
ν ,µ,κ ∈R.  
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 Theorem 5  (a)  IIIP  is decomposable if and only if one of the following 
two conditions holds:  

(6)  κ +ν = 1
n−1

,  

or 

(7)  ν +κ = 1
n+1

.  

 (b) If condition (6) is satisfied, then IIIP  is given  

(8)  (a1,a2 ,a3,a4 ,a5 ,a6 ) = µ + 1
n−1

,−ν ,−µ,ν − 1
n−1

,1,0( ),  

and has a unique decomposition 

(9)  IIIP = VP + XP,  

where VP  is given by  

(10)  
(b1,b2 ,b3,b4 ,b5 ,b6 )

= µ − 1
2(1−n)

,−ν − 1
2(1−n)

,−µ + 1
2(1−n)

,ν + 1
2(1−n)

, 1
2
, 1
2( ).  

 (c) If condition (7) is satisfied, then IIIP  is given by  

(11)  (a1,a2 ,a3,a4 ,a5 ,a6 ) = µ − 1
n+1

,−ν ,−µ,ν − 1
n+1

,1,0( ),  

and has a unique decomposition  

(12)  IIIP = VIIIP + VIP,  

where VIIIP  is given by  

(13)  
(b1,b2 ,b3,b4 ,b5 ,b6 )

= µ − 1
2(1+n)

,−ν + 1
2(1+n)

,−µ + 1
2(1+n)

,ν − 1
2(1+n)

, 1
2
,− 1
2( ).  

 Proof  1. To prove necessity, suppose that IIIP  is decomposable. Then 
either IIIP = VP + XP  or IIIP = VIP + VIIIP  (Lemma 4).  
 But IIIP , VP , and XP  are given by   
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(14)  

(−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0),

− ′µ ,− ′ν , ′µ , ′ν , 1
2
, 1
2( ),

− 1
2(1−n)

, 1
2(1−n)

,− 1
2(1−n)

, 1
2(1−n)

, 1
2
,− 1
2( ),

 

thus, equation IIIP = VP + XP  reads  

(15)  
−1+ µ + n(ν +κ ) = − ′µ − 1

2(1−n)
,

−ν = − ′ν + 1
2(1−n)

, − µ = ′µ − 1
2(1−n)

, −κ = ′ν + 1
2(1−n)

.
 

This system already implies (6), because   

  ′ν = ν + 1
2(1−n)

= −κ − 1
2(1−n)

.  

Analogously, IIIP , VIP , and VIIIP  are given by  

  

(−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0),

− 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

, 1
2
, 1
2( ),

′µ , ′ν ,− ′µ ,− ′ν , 1
2
,− 1
2( ),

 

so equation IIIP = VIP + VIIIP  is equivalent to the system   

(16)  
−1+ µ + n(ν +κ ) = − 1

2(1+n)
+ ′µ ,

−ν = − 1
2(1+n)

+ ′ν , − µ = − 1
2(1+n)

− ′µ , −κ = − 1
2(1+n)

− ′ν .
 

Hence  

  ′ν = −ν + 1
2(1+n)

= − 1
2(1+n)

+κ .  

 2.  We show that if condition (6) is satisfied, then IIIP  is of the form (8) 
and can be expressed as IIIP = VP + XP , with VP  given by (10).  
 Condition (6) determines the choice of parameters for which IIIP  is de-
composable; substituting into (III) gives formula (8). Consider decomposa-
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bility equation (9), expressed in terms of parameters of the natural projectors 
IIIP  and VP  by the system (15) for the unknowns ′µ , ′ν ,  

(17)  
−1+ µ + n(ν +κ ) = − ′µ − 1

2(1−n)
,

−ν = − ′ν + 1
2(1−n)

, − µ = ′µ − 1
2(1−n)

, −κ = ′ν + 1
2(1−n)

.
 

Since (6) holds, the third equation is satisfied identically. The first equation 
is also an identity: indeed, the left-hand side is   

  
−1+ µ + n(ν +κ ) = −1+ µ − n

1−n
= µ − n+1−n

1−n
= µ − 1

1−n

= − ′µ − 1
2(1−n)

.
 

Consequently, (17) implies  

  ′ν = ν + 1
2(1−n)

, ′µ = −µ + 1
2(1−n)

.  

Substitution in (14) yields  

  
− ′µ ,− ′ν , ′µ , ′ν , 1

2
, 1
2( )

= µ − 1
2(1−n)

,−ν − 1
2(1−n)

,−µ + 1
2(1−n)

,ν + 1
2(1−n)

, 1
2
, 1
2( ),  

proving (10).   
 3.  We show that if condition (7) is satisfied, then the natural projector 
IIIP  is of the form (11), and can be expressed as IIIP = VIIIP + VIP , with VIIIP  
given by (13).  
 Formula (11) arises by a direct substitution from (7) to expression (III). 
Consider decomposability equation (12) for the unknowns ′µ , ′ν , expressed 
by (16),  

(18)  
−1+ µ + n(ν +κ ) = − 1

2(1+n)
+ ′µ ,

−ν = − 1
2(1+n)

+ ′ν , − µ = − 1
2(1+n)

− ′µ , −κ = − 1
2(1+n)

− ′ν ,
 

Condition (7) implies that the last and the first equations follow from the 
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remaining equations, which can also be written as   

(19)  ′ν = −ν + 1
2(1+n)

, ′µ = µ − 1
2(1+n)

.  

Indeed,  

  − 1
2(1+n)

− ′ν = − 1
2(1+n)

− 1
2(1+n)

+ν = − 1
1+n

+ν ≡ −κ ,  

and  

  
−1+ µ + n(ν +κ ) = −1+ µ + n

1+n
= −1+ 1

2(1+n)
+ ′µ + n

1+n

≡ − 1
2(1+n)

+ ′µ .
 

Thus, equations (19) solve the decomposability equation (18), or (12), and 
we have  

  
′µ , ′ν ,− ′µ ,− ′ν , 1

2
,− 1
2( )

= µ − 1
2(1+n)

,−ν + 1
2(1+n)

,−µ + 1
2(1+n)

,ν − 1
2(1+n)

, 1
2
,− 1
2( ).  

as required.  

 Consider the natural projector VP , expressed by 

  
 
(a1,a2 ,a3,a4 ,a5 ,a6 ) = −µ,−ν ,µ,ν , 1

2
, 1
2( ), µ,ν ∈R,  

 Theorem 6  For any values of the parameters  µ,ν ∈R , the natural 
projector VP  is decomposable, and admits a unique decomposition  

(20)  VP = IP + VIP.  

In this formula IP  is given by  

(21)  
(b1,b2 ,b3,b4 ,b5 ,b6 )

= −µ + 1
2(1+n)

,−ν + 1
2(1+n)

,µ + 1
2(1+n)

,ν + 1
2(1+n)

,0,0( ).  
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 Proof  According to Theorem 1, IP  and VIP  are given by  

(22)  (1− ′µ − n( ′ν + ′κ ), ′ν , ′µ , ′κ ,0,0),  

and 

  − 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

, 1
2
, 1
2( ).  

Then the sum IP + VIP  is  

  
1− ′µ − n( ′ν + ′κ )− 1

2(1+n)
, ′ν − 1

2(1+n)
, ′µ − 1

2(1+n)
,(

′κ − 1
2(1+n)

, 1
2
, 1
2 ).

 

Decomposability equation (20) gives the following system for the unknowns 
′µ , ′ν , ′κ  

  
−µ = 1− ′µ − n( ′ν + ′κ )− 1

2(1+n)
,

−ν = ′ν − 1
2(1+n)

, µ = ′µ − 1
2(1+n)

, ν = ′κ − 1
2(1+n)

.
 

These equations imply  

  ′κ + ′ν = 1
1+n

,  

and the first equation becomes an identity, because calculation of the righ-
hand side yields  

  
1− ′µ − n( ′ν + ′κ )− 1

2(1+n)
= 1− ′µ − n

1+n
− 1
2(1+n)

= − ′µ + 2+2n−2n−1
2(1+n)

= − ′µ + 1
2(1+n)

≡ −µ.
 

Consequently, we have a solution  

  ′µ = µ + 1
2(1+n)

, ′ν = −ν + 1
2(1+n)

, ′κ = ν + 1
2(1+n)

,  

uniquely determined by µ  and ν . These parameters define the natural pro-
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jector IP  (22) as  

  

(1− ′µ − n( ′ν + ′κ ), ′ν , ′µ , ′κ ,0,0)

= 1− µ − 1
2(1+n)

− n
1+n

,−ν + 1
2(1+n)

,µ + 1
2(1+n)

,ν + 1
2(1+n)

,0,0( )
= −µ + 2+2n−1−2n

2(1+n)
,−ν + 1

2(1+n)
,µ + 1

2(1+n)
,ν + 1

2(1+n)
,0,0( )

= −µ + 1
2(1+n)

,−ν + 1
2(1+n)

,µ + 1
2(1+n)

,ν + 1
2(1+n)

,0,0( ),
 

proving formula (21).  

 Consider the natural projector VIIP , given by  

  (a1,a2 ,a3,a4 ,a5 ,a6 ) =
1

2(1−n)
,− 1
2(1−n)

, 1
2(1−n)

,− 1
2(1−n)

, 1
2
, 1
2( ).  

 Theorem 7  The natural projector VIIP  is decomposable and has a de-
composition  

(23)  VIIP = IP + VP,  

where for any values of parameters  µ,ν ∈R , IP  and VP , are given by  

  (b1,b2 ,b3,b4 ,b5 ,b6 ) = −µ + 1
1−n

,ν ,µ,−ν − 1
1−n

,0,0( )  

and  

  
(c1,c2 ,c3,c4 ,c5 ,c6 )

= − 1
2(1−n)

+ µ,− 1
2(1−n)

−ν , 1
2(1−n)

− µ, 1
2(1−n)

+ν , 1
2
, 1
2( ).  

 Proof  The natural projectors IP  and VP  are given by  

(24)  (1− µ − n(ν +κ ),ν ,µ,κ ,0,0)  

and 

  − ′µ ,− ′ν , ′µ , ′ν , 1
2
, 1
2( ).  
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Then IP + VP  has an expression  

  1− µ − n(ν +κ )− ′µ ,ν − ′ν ,µ + ′µ ,κ + ′ν , 1
2
, 1
2( ),  

and the decomposability equation (23) is equivalent to the system  

(25)  
1− µ − n(ν +κ )− ′µ = 1

2(1−n)
,

ν − ′ν = − 1
2(1−n)

, µ + ′µ = 1
2(1−n)

, κ + ′ν = − 1
2(1−n)

 

for the unknowns µ,ν ,κ  and ′µ , ′ν . Thus,  

  ′ν = − 1
2(1−n)

−κ = ν + 1
2(1−n)

,  

hence  

(26)  − 1
1−n

= ν +κ ,  

and the first equation in the system (25) is a consequence of the remaining 
ones:  

  
1− µ − n(ν +κ )− ′µ = 1− µ + n

1−n
− 1
2(1−n)

+ µ

= 2−2n+2n−1
2(1−n)

≡ 1
2(1−n)

.
 

Thus, if ν  and κ  satisfy (26), then system (25) has a solution  

  ′ν = 1
2(1−n)

+ν , ′µ = 1
2(1−n)

− µ.  

Substitution into (24) and (25) yields  

 

(1− µ − n(ν +κ ),ν ,µ,κ ,0,0)

= 1− µ + n
1−n

,ν ,µ,− 1
1−n

−ν ,0,0( )
= −µ + 1

1−n
,ν ,µ,− 1

1−n
−ν ,0,0( ),
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and  
 

  
− ′µ ,− ′ν , ′µ , ′ν , 1

2
, 1
2( )

= − 1
2(1−n)

+ µ,− 1
2(1−n)

−ν , 1
2(1−n)

− µ, 1
2(1−n)

+ν , 1
2
, 1
2( ).  

 Now we study the natural projector VIIIP , given by  

  
 
(a1,a2 ,a3,a4 ,a5 ,a6 ) = µ,ν ,−µ,−ν , 1

2
,− 1
2( ), µ,ν ∈R.  

 Theorem 8  For any values of the parameters  µ,ν ∈R , the natural 
projector VIIIP  is decomposable, and admits a unique decomposition  

(27)  VIIIP = IP + XP,  

where IP  is given by  

(28)  
(b1,b2 ,b3,b4 ,b5 ,b6 )

= µ + 1
2(1−n)

,ν − 1
2(1−n)

,−µ + 1
2(1−n)

,−ν − 1
2(1−n)

,0,0( ).  
 Proof  Natural projectors IP  and XP  are given by  

(29)  (1− ′µ − n( ′ν + ′κ ), ′ν , ′µ , ′κ ,0,0)  

and 

  −
1

2(1−n)
, 1
2(1−n)

,− 1
2(1−n)

, 1
2(1−n)

, 1
2
,− 1
2( ),  

and their sum IP + XP  is  

  
1− ′µ − n( ′ν + ′κ )− 1

2(1−n)
, ′ν + 1

2(1−n)
, ′µ − 1

2(1−n)
,(

′κ + 1
2(1−n)

, 1
2
,− 1
2 ).

 

Decomposability equations (27) for the unknowns ′µ , ′ν , ′κ  can be written 
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as the system  

  
1− ′µ − n( ′ν + ′κ )− 1

2(1−n)
= µ,

′ν + 1
2(1−n)

= ν , ′µ − 1
2(1−n)

= −µ, ′κ + 1
2(1−n)

= −ν .
 

Thus,  

  ′ν + ′κ = − 1
1−n

,  

and the first equation becomes the identity:  

  
1− ′µ − n( ′ν + ′κ )− 1

2(1−n)
= 1+ µ − 1

2(1−n)
+ n
1−n

−
1

2(1−n)

= µ + 2−2n−1+2n−1
2(1−n)

≡ µ.
 

Consequently, equations  

  ′ν = ν − 1
2(1−n)

, ′µ = −µ + 1
2(1−n)

, ′κ = −ν − 1
2(1−n)

 

give a solution ′µ , ′ν , ′κ . Then from (29), the natural projector IP  is equal 
to the expression   

  

(1− ′µ − n( ′ν + ′κ ), ′ν , ′µ , ′κ ,0,0)

= 1+ µ − 1
2(1−n)

+ n
1−n

,ν − 1
2(1−n)

,−µ + 1
2(1−n)

,−ν − 1
2(1−n)

,0,0( )
= µ + 2−2n−1+2n

2(1−n)
,ν − 1

2(1−n)
,−µ + 1

2(1−n)
,−ν − 1

2(1−n)
,0,0( )

= µ + 1
2(1−n)

,ν − 1
2(1−n)

,−µ + 1
2(1−n)

,−ν − 1
2(1−n)

,0,0( ),
 

proving (28).  

 Consider the natural projector IXP , given by  

  (a1,a2 ,a3,a4 ,a5 ,a6 ) =
1

2(1+n)
, 1
2(1+n)

, 1
2(1+n)

, 1
2(1+n)

, 1
2
,− 1
2( ).  
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 Theorem 9  The natural projector IXP  is decomposable. For any values 
of parameters  µ,ν ∈R , it admits a decomposition  

(30)  IXP = IP + VIIIP,  

where the natural projectors IP  and VIIIP  are given by  

(31)  (b1,b2 ,b3,b4 ,b5 ,b6 ) = −µ + 1
1+n

,ν ,µ, 1
1+n

−ν ,0,0( ),  
and  

  
(c1,c2 ,c3,c4 ,c5 ,c6 )

= − 1
2(1+n)

− µ,ν + 1
2(1+n)

, 1
2(1+n)

+ µ,−ν − 1
2(1+n)

, 1
2
,− 1
2( ).  

 Proof  Natural projectors IP  and VIIIP  are given by  

  (1− µ − n(ν +κ ),ν ,µ,κ ,0,0)  

and 

(32)  ′µ , ′ν ,− ′µ ,− ′ν , 1
2
,− 1
2( ).  

Thus, IP + VIIIP  is given by  

  1− µ − n(ν +κ )+ ′µ ,ν + ′ν ,µ − ′µ ,κ − ′ν , 1
2
,− 1
2( ).  

Decomposition equation (30) provides a system  

(33)  
1− µ − n(ν +κ )+ ′µ = 1

2(1+n)
,

ν + ′ν = 1
2(1+n)

, µ − ′µ = 1
2(1+n)

, κ − ′ν = 1
2(1+n)

 

for the unknowns µ,ν ,κ  and ′µ , ′ν . This system implies  

  κ +ν = 1
1+n

.  

Hence from (67), IP  is of the form  
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(1− µ − n(ν +κ ),ν ,µ,κ ,0,0)

= 1− µ − n
1+n

,ν ,µ, 1
1+n

−ν ,0,0( )
= −µ + 1

1+n
,ν ,µ, 1

1+n
−ν ,0,0( ),

 

proving formula (31). Since the first equation (33) becomes an identity,  

  
1− µ − n(ν +κ )+ ′µ = 1− µ − n

1+n
+ µ − 1

2(1+n)

= 2+2n−2n−1
2(1+n)

≡ 1
2(1+n)

,
 

therefore  

  ′ν = −ν + 1
2(1+n)

, ′µ = µ − 1
2(1+n)

.  

Then VIIIP  is, according to (32),   

  
′µ , ′ν ,− ′µ ,− ′ν , 1

2
,− 1
2( )

= µ − 1
2(1+n)

,−ν + 1
2(1+n)

,−µ + 1
2(1+n)

,ν − 1
2(1+n)

, 1
2
,− 1
2( ).  

 Results, included in Theorems 5 – 9, characterize all decomposable nat-
ural projectors in the tensor space T2

1Rn , and their decompositions. The fol-
lowing corollary summarizes the classification of primitive natural projec-
tors.  

 Theorem 10  The following two conditions are equivalent:  
 (a) P is a primitive natural projector.  
 (b) P is equal to one of the natural projectors IP, IIP, VIP, XP , or to an 
element of the family IIIP , (5), such that   

  κ +ν ≠ 1
n−1

, 1
n+1

.  

 Proof  This follows from Lemma 5 and Theorems 5–9, classifying de-
composable projectors.  
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6		Partitions	of	the	tensor	space	T21Rn 		

 By a partition of a vector space E we mean a family   ⇥P1,P2 ,…,Pk ⇤  of 
non-trivial projectors Pi :E→ E  such that  

   P1 + P2 +…+ Pk = IdE .  

  ⇥P1,P2 ,…,Pk ⇤  is said to be refinable, if there exists a partition   �Q1,Q2 ,…,Ql ⇥  
of E, such that for every i, 1≤ i ≤ k , either Pi =Qα  for some α , 1≤α ≤ l , or 
there exist α  and β  such that 1≤α ,β ≤ l , and Pi =Qα +Qβ . Any partition 
  �Q1,Q2 ,…,Ql ⇥  with these properties is called a refinement of   ⇥P1,P2 ,…,Pk ⇤ .  
 Every projector P :E→ E  defines a partition  �P,Q⇥ , where Q is the 
complementary projector IdE− P .  
 A partition of the vector space T2

1Rn  is said to be natural, if its elements 
are natural projectors. A natural partition is said to be primitive, if it has no 
natural refinement different from the trivial one.  
 Our objective in this section is to find all primitive natural partitions of 
the tensor space T2

1Rn . To this purpose we write Id  (the identity of T2
1Rn ) 

instead of IVP , and consider partitions, defined by complementary projec-
tors, 

(1)  
Id = IP + IIIP, Id = VP + VIIIP, Id = VIP + IXP,
Id = VIIP + XP.

 

All other partitions can be constructed by refining of these four partitions.  

 Theorem 11 (Primitive natural partitions)  (a) The tensor space of 
(1,2) -tensors T2

1Rn  admits exactly two primitive natural partitions, namely 
 {
IP, VP, XP}  and  {

IP, VIP, VIIIP} .  
 (b) The natural partition  {

IP, VP, XP}  is formed by the natural projec-
tors  

(2)  −µ + 1
1−n

,ν ,µ,−ν − 1
1−n

,0,0( ),  
  µ − 1

2(1−n)
,−ν − 1

2(1−n)
,−µ + 1

2(1−n)
,ν + 1

2(1−n)
, 1
2
, 1
2( ),  

and  
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(3)  − 1
2(1−n)

, 1
2(1−n)

,− 1
2(1−n)

, 1
2(1−n)

, 1
2
,− 1
2( ),  

where  µ,ν ∈R  are arbitrary parameters.   
 (c) The natural partition  {

IP, VIP, VIIIP}  is formed by the natural pro-
jectors  

  −µ + 1
1+n

,ν ,µ,−ν + 1
1+n

,0,0( )  

  − 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

, 1
2
, 1
2( ),  

and  

(4)  µ − 1
2(1+n)

,−ν + 1
2(1+n)

,−µ + 1
2(1+n)

,ν − 1
2(1+n)

, 1
2
,− 1
2( ),  

where  µ,ν ∈R  are arbitrary parameters.   
 Proof  1. Theorems 5 – 9 provide the following complete list of decom-
positions of natural projectors in two summands 

  
IIIP = VP + XP, IIIP = VIP + VIIIP, VP = IP + VIP,

VIIP = IP + VP, VIIIP = IP + XP, IXP = IP + VIIIP,
 

and characterize together the parameterizations for which the decomposi-
tions are valid. Substitutions into (1) lead to the following equations  

(5)  

Id = IP + VP + XP, Id = IP + VIP + VIIIP,
Id = IP + VIP + VIIIP, Id = VP + IP + XP,
Id = VIP + IP + VIIIP,
Id = IP + VP + XP,

 

where the unknowns are the natural projectors, complementary to the natural 
projectors IIIP , IIIP , VP , VIIIP , IXP , VIIP , respectively. But equations (1) 
do not restrict parameterizations, thus, equations (5) always admit solutions. 
However, this list includes only two different equations; this proves that the 
identity Id  admits no more than two partitions,  

  Id = IP + VP + XP, Id = IP + VIP + VIIIP.  
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 2.  We prove assertion (b). Consider the partition  

  Id = IP + IIIP.  

This formula holds for any fixed parameters  ν ,µ,κ ∈R  of the families IP  
and IIIP , allowing us to condider IP  and IIIP  as complementary projectors. 
Explicit expressions are 

(6)  (1− µ − n(ν +κ ),ν ,µ,κ ,0,0)  

and  

  (−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0),  

respectively. But according to Theorem 5, for some values of parameters the 
natural projector IIIP  is decomposable; if  

(7)  κ +ν = 1
n−1

,  

that is,  if IIIP  is equal to  

  
(−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0).

= µ + 1
n−1

,−ν ,−µ,ν − 1
n−1

,1,0( ),  
then  

(8)  IIIP = VP + XP,  

where VP  is given by  

(9)  µ − 1
2(1−n)

,−ν − 1
2(1−n)

,−µ + 1
2(1−n)

,ν + 1
2(1−n)

, 1
2
, 1
2( ),  

and XP  is  

(10)  − 1
2(1−n)

, 1
2(1−n)

,− 1
2(1−n)

, 1
2(1−n)

, 1
2
,− 1
2( ).  

 The natural projector IP  for which IIIP = Id − IP  has decomposition (8), 
arises from (6) for parameters satisfying compatibility condition (7); this is 
the natural projector  

(11)  (1− µ − n(ν +κ ),ν ,µ,κ ,0,0)  



		 Classification	of	natural	projectors	in	tensor	spaces:	(1,2)-tensors	
 
42	

  
= 1− µ − n

n−1
,ν ,µ,−ν + 1

n−1
,0,0( )

= −µ − 1
n−1

,ν ,µ,−ν + 1
n−1

,0,0( ).
 

 Summarizing, we have found parameters in such a way, that the families 
IP , IIIP , and VP , XP  satisfy equations Id = IP + IIIP  and IIIP = VP + XP ; 
for these parameters, restricted by condition (7), equation 

(12)  Id = IP + VP + XP  

holds. The natural projectors on the right-hand side are determined by (9), 
(10), and (11). This proves statement (b).  
 3.  We prove assertion (c). Consider the partition  

  Id = IP + IIIP,  

where IP  and IIIP  are given by  

(13)  (1− µ − n(ν +κ ),ν ,µ,κ ,0,0),  

and  

  (−1+ µ + n(ν +κ ),−ν ,−µ,−κ ,1,0).  

If according to Theorem 5 

(14)  κ +ν = 1
n+1

,  

then for some values of parameters the natural projector IIIP  is decomposa-
ble. In this case IIIP  is equal to  

  µ − 1
n+1

,−ν ,−µ,ν − 1
n+1

,1,0( ),  
and  admits a unique decomposition  

  IIIP = VIIIP + VIP,  

where VIIIP  is given by  

(15)  µ − 1
2(1+n)

,−ν + 1
2(1+n)

,−µ + 1
2(1+n)

,ν − 1
2(1+n)

, 1
2
,− 1
2( ),  
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and VIP  is  

(16)  − 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

,− 1
2(1+n)

, 1
2
, 1
2( ).  

 The natural projector IP  for which IIIP = Id − IP  has decomposition (4), 
is given by (13) with parameters satisfying compatibility condition (14); this 
is the natural projector  

(17)  

(1− µ − n(ν +κ ),ν ,µ,κ ,0,0)

= 1− µ − n
n+1

,ν ,µ, 1
n+1

−ν ,0,0( )
= −µ + 1

n+1
,ν ,µ, 1

n+1
−ν ,0,0( ).

 

 Summarizing, we have found parameters for which that the families IP , 
IIIP , and VIIIP , VIP  satisfy decomposability equations Id = IP + IIIP  and 
IIIP = VIIIP + VIP ; for these parameters,  

(18)  Id = IP + VIIIP + VIP.  

 Clearly, condition (14) excludes parameter κ , and partition (18) holds 
for all  ν ,µ∈R , where the natural projectors on the right-hand side are de-
termined by (15), (16), and (17).  
 4.  It remains to show that the natural partitions  {

IP, VP, XP}  and 
 {
IP, VIP, VIIIP}  are primitive. The natural projectors IP , XP  and VIP  are 

primitive, but the families VP  and VIIIP  are decomposable. Existence of a 
natural refinement of the natural partition  {

IP, VP, XP}  thus consists in ex-
istence of solutions of the system Id = IP + VP + XP  and VP = IP + VIP  
(Theorem 6). Similarly, existence of a natural refinement of  {

IP, VIP, VIIIP}  
is equivalent to existence of solutions of the system Id = IP + VIP + VIIIP  and 
VIIIP = IP + XP   (Theorem 8). But these equations do not have solutions: 
otherwise Id = IP + IP + VIP + XP  and Id = IP + VIP + IP + XP , so IP + IP  
would be a natural projector, but such a natural projector does not exist 
(Theorem 1).  
 We can also verify this assertion by solving the system  

(19)  Id = IP + VP + XP, VP = IP + VIP.  

Solutions IP , VP  of the first equation are given by (2), (3), 

  −µ − 1
n−1

,ν ,µ,−ν + 1
n−1

,0,0( ),  
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  µ − 1
2(1−n)

,−ν − 1
2(1−n)

,−µ + 1
2(1−n)

,ν + 1
2(1−n)

, 1
2
, 1
2( ),  

where  µ,ν ∈R,while solutions IP , VP  of the second one by Theorem 6,  

  
− ′µ + 1

2(1+n)
,− ′ν + 1

2(1+n)
, ′µ + 1

2(1+n)
, ′ν + 1

2(1+n)
,0,0( ),

− ′µ ,− ′ν , ′µ , ′ν , 1
2
, 1
2( ),

 

where  ′µ , ′ν ∈R . If, say, IP  solves system (19), then the parameters satisfy  

  
−µ − 1

n−1
= − ′µ + 1

2(1+n)
,

ν = − ′ν + 1
2(1+n)

, µ = ′µ + 1
2(1+n)

, −ν + 1
n−1

= ′ν + 1
2(1+n)

,
 

but this system has evidently no solution: condition   

  µ = ′µ + 1
2(1+n)

= − 1
n−1

+ ′µ − 1
2(1+n)

,  

is not satisfied.  
 Analogously, consider the system  

(20)  Id = IP + VIP + VIIIP, VIIIP = IP + XP.  

Solutions IP , VIIIP  of the first equation are given by  

  −µ + 1
n+1

,ν ,µ, 1
n+1

−ν ,0,0( ),   
and 

  µ − 1
2(1+n)

,−ν + 1
2(1+n)

,−µ + 1
2(1+n)

,ν − 1
2(1+n)

, 1
2
,− 1
2( ),   

where  µ,ν ∈R , while solutions IP , VIIIP  of the second equation are  

  ′µ + 1
2(1−n)

, ′ν − 1
2(1−n)

,− ′µ + 1
2(1−n)

,− ′ν − 1
2(1−n)

,0,0( ),  
and  
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  ′µ , ′ν ,− ′µ ,− ′ν , 1
2
,− 1
2( ),  

where  ′µ , ′ν ∈R . If  IP  solves system (20), then  

  
−µ + 1

n+1
= ′µ + 1

2(1−n)
,

ν = ′ν − 1
2(1−n)

, µ = − ′µ + 1
2(1−n)

, 1
n+1

−ν = − ′ν − 1
2(1−n)

  

hence  

  µ = − ′µ + 1
2(1−n)

= 1
n+1

− ′µ − 1
2(1−n)

,   

which leads to contradiction.   
 Thus, the natural partitions  {

IP, VP, XP} ,  {
IP, VIP, VIIIP}  are primitive. 

 It remains to clarify the role of parameters in the natural partitions 
 {
IP, VP, XP}  and  {

IP, VIP, VIIIP} . To the end of this section we rewrite them 
in a more explicit way, by means of equations of natural projectors 

  Vjk
i = ΜPjk

i
p
qrUqr

p ,  

where  U ∈T2
1Rn , U =Uqr

p , and ΜP = ΜPjk
i
p
qr , where  

  
MPjk

i
p
qr = a1δ j

iδ k
qδ p

r + a2δ j
iδ p

qδ k
r + a3δ k

iδ p
qδ j

r + a4δ k
iδ j

qδ p
r

+ a5δ p
iδ j

qδ k
r + a6δ p

iδ k
qδ j

r .
 

 Lemma 6  (a) The natural partition  {
IP, VP, XP}  is formed by the natu-

ral projectors, given by  

  

IPjk
i
p
qrUqr

p = −µ(δ j
iUkp

p −δ k
iUpj

p )+ν (δ j
iUpk

p −δ k
iU jp

p )

+ 1
1−n

(δ j
iUkp

p −δ k
iU jp

p ),
 

  

VPjk
i
p
qrUqr

p = µ(δ j
iUkp

p −δ k
iUpj

p )+ν (δ k
iU jp

p −δ j
iUpk

p )

− 1
2(1−n)

δ j
i (Ukp

p +Upk
p )+ 1

2(1−n)
δ k
i (Ujp

p +Upj
p )+ 1

2
Ujk

i + 1
2
Ukj

i ,
 

and  
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XPjk
i
p
qrUqr

p

= − 1
2(1−n)

(δ j
i (Ukp

p −Upk
p )+δ k

i (Upj
p −Ujp

p ))+ 1
2
(Ujk

i −Ukj
i ).

 

 (b) For every U =Uqr
p , the tensor V =Vjk

i , where Vjk
i = XPjk

i
p
qrUqr

p , is 
traceless.    
 Proof  (a) Lemma 6 is merely a restatement of Theorem 11, (b): The 
natural partition  {

IP, VP, XP}  is formed by the natural projectors  

  IPjk
i
p
qr = −µ + 1

1−n( )δ j
iδ k

qδ p
r +νδ j

iδ p
qδ k

r + µδ k
iδ p

qδ j
r + −ν − 1

1−n( )δ k
iδ j

qδ p
r ,  

  

VPjk
i
p
qr = µ − 1

2(1−n)( )δ j
iδ k

qδ p
r + −ν − 1

2(1−n)( )δ j
iδ p

qδ k
r

+ −µ + 1
2(1−n)( )δ k

iδ p
qδ j

r + ν + 1
2(1−n)( )δ k

iδ j
qδ p

r

+ 1
2
δ p
iδ j

qδ k
r + 1

2
δ p
iδ k

qδ j
r ,

 

and 

  

XPjk
i
p
qr = 1

2(1−n)
(−δ j

iδ k
qδ p

r +δ j
iδ p

qδ k
r −δ k

iδ p
qδ j

r +δ k
iδ j

qδ p
r )

+ 1
2
δ p
i (δ j

qδ k
r −δ k

qδ j
r ),

 

where  µ,ν ∈R  are arbitrary parameters. Substituting U =Uqr
p  we can ex-

press these projectors as linear combinations of the components of the Kron-
ecker δ -tensor, and linear combinations of the parameters:  

  

IPjk
i
p
qrUqr

p = −µ + 1
1−n( )δ j

iUkp
p +νδ j

iUpk
p + µδ k

iUpj
p + −ν − 1

1−n( )δ k
iU jp

p

= δ j
i −µ + 1

1−n( )Ukp
p +νUpk

p( ) +δ k
i µUpj

p + −ν − 1
1−n( )Ujp

p( )
= −µδ j

iUkp
p + 1

1−n
δ j
iUkp

p +νδ j
iUpk

p + µδ k
iUpj

p −νδ k
iU jp

p − 1
1−n

δ k
iU jp

p

= −µ(δ j
iUkp

p −δ k
iUpj

p )+ν (δ j
iUpk

p −δ k
iU jp

p )+ 1
1−n

(δ j
iUkp

p −δ k
iU jp

p ),
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VPjk
i
p
qrUqr

p = µ − 1
2(1−n)( )δ j

iUkp
p + −ν − 1

2(1−n)( )δ j
iUpk

p

+ −µ + 1
2(1−n)( )δ k

iUpj
p + ν + 1

2(1−n)( )δ k
iU jp

p + 1
2
Ujk

i + 1
2
Ukj

i

= δ j
i µ − 1

2(1−n)( )Ukp
p + −ν − 1

2(1−n)( )Upk
p⎛

⎝
⎞
⎠

+δ k
i −µ + 1

2(1−n)( )Upj
p + ν + 1

2(1−n)( )Ujp
p⎛

⎝
⎞
⎠

+ 1
2
(Ujk

i +Ukj
i )

= µ(δ j
iUkp

p −δ k
iUpj

p )+ν (δ k
iU jp

p −δ j
iUpk

p )− 1
2(1−n)

δ j
i (Ukp

p +Upk
p )

+ 1
2(1−n)

δ k
i (Ujp

p +Upj
p )+ 1

2
Ujk

i + 1
2
Ukj

i ,

 

and  

  

XPjk
i
p
qrUqr

p

= − 1
2(1−n)

(δ j
i (Ukp

p −Upk
p )+δ k

i (Upj
p −Ujp

p ))+ 1
2
(Ujk

i −Ukj
i ).

 

 (b) We have  

  
− 1
2(1−n)

(n(Ukp
p −Upk

p )+Upk
p −Ukp

p )+ 1
2
(Usk

s −Uks
s )

= 1
2
(Ukp

p −Upk
p )+ 1

2
(Usk

s −Uks
s ) = 0,

 

and  

  
− 1
2(1−n)

(Ujp
p −Upj

p + n(Upj
p −Ujp

p ))+ 1
2
(Ujs

s −Usj
s )

= 1
2
(Upj

p −Ujp
p )+ 1

2
(Ujs

s −Usj
s ) = 0.

 

 Remark 7  If µ,ν = 0 , then   

  IPjk
i
p
qrUqr

p = 1
1−n

(δ j
iUkp

p −δ k
iU jp

p ),  
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and  

  

VPjk
i
p
qrUqr

p

= − 1
2(1−n)

(δ j
i (Ukp

p +Upk
p )−δ k

i (Ujp
p +Upj

p ))+ 1
2
(Ujk

i +Ukj
i ).

 

Partition  {
IP, VP, XP}  reads  

  

Ujk
i = 1

1−n
(δ j

iUkp
p −δ k

iU jp
p )

− 1
2(1−n)

δ j
i (Ukp

p +Upk
p )+ 1

2(1−n)
δ k
i (Ujp

p +Upj
p )+ 1

2
(Ujk

i +Ukj
i )

− 1
2(1−n)

(δ j
i (Ukp

p −Upk
p )+δ k

i (Upj
p −Ujp

p ))+ 1
2
(Ujk

i −Ukj
i ),

 

with IP , VP , and XP  in the first, second, and third lines, respectively. For 
general µ,ν , the corresponding partition differs from this formula in each 
line, however, the sum, equal to Ujk

i , does not change.  

 Lemma 7  (a) The natural partition  {
IP, VIP, VIIIP}  is formed by the 

natural projectors, given as  

(21)  

IPjk
i
p
qrUqr

p = −µ + 1
1+n( )δ j

iUkp
p +νδ j

iUpk
p + µδ k

iUpj
p

+ −ν + 1
1+n( )δ k

iU jp
p ,

 

(22)  

VIPjk
i
p
qrUqr

p = − 1
2(1+n)

(δ j
i (Ukp

p +Upk
p )+δ k

i (Upj
p +Ujp

p ))

+ 1
2
(Ujk

i +Ukj
i ),

 

and  

(23)  

VIIIPjk
i
p
qrUqr

p = µ − 1
2(1+n)( )δ j

iUkp
p + −ν + 1

2(1+n)( )δ j
iUpk

p

+ −µ + 1
2(1+n)( )δ k

iUpj
p + ν − 1

2(1+n)( )δ k
iU jp

p

+ 1
2
(Ujk

i −Ukj
i ).
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 (b) For every U =Uqr
p , the tensor V =Vjk

i = VIPjk
i
p
qrUqr

p , is traceless.    
 Proof  (a) Formulas (21), (22) and (23) follow from Theorem 11, (c):  

  

IPjk
i
p
qr = −µ + 1

1+n( )δ j
iδ k

qδ p
r +νδ j

iδ p
qδ k

r + µδ k
iδ p

qδ j
r

+ −ν + 1
1+n( )δ k

iδ j
qδ p

r ,
 

  

VIPjk
i
p
qr = − 1

2(1+n)
(δ j

i (δ k
qδ p

r +δ p
qδ k

r )+δ k
i (δ p

qδ j
r +δ j

qδ p
r ))

+ 1
2
δ p
i (δ j

qδ k
r +δ k

qδ j
r ),

 

and  

  

VIIIPjk
i
p
qr = µ − 1

2(1+n)( )δ j
iδ k

qδ p
r + −ν + 1

2(1+n)( )δ j
iδ p

qδ k
r

+ −µ + 1
2(1+n)( )δ k

iδ p
qδ j

r + ν − 1
2(1+n)( )δ k

iδ j
qδ p

r

+ 1
2
δ p
i (δ j

qδ k
r −δ k

qδ j
r ).

 

Therefore  

  

IPjk
i
p
qrUqr

p = −µ + 1
1+n( )δ j

iUkp
p +νδ j

iUpk
p + µδ k

iUpj
p

+ −ν + 1
1+n( )δ k

iU jp
p ,

 

  

VIPjk
i
p
qrUqr

p = − 1
2(1+n)

(δ j
i (Ukp

p +Upk
p )+δ k

i (Upj
p +Ujp

p ))

+ 1
2
(Ujk

i +Ukj
i ),

 

and 

  

VIIIPjk
i
p
qrUqr

p = µ − 1
2(1+n)( )δ j

iUkp
p + −ν + 1

2(1+n)( )δ j
iUpk

p

+ −µ + 1
2(1+n)( )δ k

iUpj
p + ν − 1

2(1+n)( )δ k
iU jp

p + 1
2
(Ujk

i −Ukj
i ).
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 (b) Calculating traces, we get  

  

− 1
2(1+n)

(n(Ukp
p +Upk

p )+Upk
p +Ukp

p )+ 1
2
(Usk

s +Uks
s )

= − 1
2(1+n)

((n +1)Ukp
p + (n +1)Upk

p + 1
2
(Usk

s +Uks
s )

= 0,

 

and  

  

− 1
2(1+n)

(Ujp
p +Upj

p + n(Upj
p +Ujp

p ))+ 1
2
(Ujs

s +Usj
s )

= − 1
2(1+n)

((n +1)Upj
p + (n +1)Ujp

p )+ 1
2
(Ujs

s +Usj
s )

= 0.

 

 Remark 8  If µ,ν = 0 , then   

  IPjk
i
p
qrUqr

p = 1
1+n

(δ j
iUkp

p +δ k
iU jp

p ),  

and  

  

VIIIPjk
i
p
qrUqr

p = − 1
2(1+n)

δ j
iUkp

p + 1
2(1+n)

δ j
iUpk

p

+ 1
2(1+n)

δ k
iUpj

p − 1
2(1+n)

δ k
iU jp

p + 1
2
(Ujk

i −Ukj
i ).

 

Partition  {
IP, VIP, VIIIP}  reads  

  

Ujk
i = 1

1+n
(δ j

iUkp
p +δ k

iU jp
p )

− 1
2(1+n)

(δ j
i (Ukp

p +Upk
p )+δ k

i (Upj
p +Ujp

p ))+ 1
2
(Ujk

i +Ukj
i )

− 1
2(1+n)

δ j
iUkp

p + 1
2(1+n)

δ j
iUpk

p

+ 1
2(1+n)

δ k
iUpj

p − 1
2(1+n)

δ k
iU jp

p + 1
2
(Ujk

i −Ukj
i )

 

with IP , VIP , and VIIIP  in the first, second, and third lines, respectively. For 
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general µ,ν , the corresponding partition differs from this formula in each 
line by some terms depending on µ  and ν , however, the sum, equal to Ujk

i , 
does not change.  
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