Part 2

The global inverse problem in fibred
manifolds

In this part of the lectures we consider variational structures (Y,p),
where Y is a fibred manifold over an n-dimensional, orientable base mani-
fold X, and p is an n-form, defined on the r-jet prolongation J'Y of Y.
Our objective is to study the inverse problem of the calculus of variations
for integral, higher-order variational functionals, associated with the n-
forms p.

To this purpose we first introduce the underlying geometric structures
for these functionals — jet prolongations of fibred manifolds. Then, using
the canonical jet projections 7" :J'Y — X and n"° :J'Y — J'Y between
different order jet prolongations, we develop a canonical decomposition
theory of differential forms on the jet prolongations. Of particular interest
are the contact forms, annihilating integrable sections of the jet prolonga-
tions J'Y . We also study the decompositions defined by the fibred ho-
motopy operators and state the corresponding fibred Poincare-Volterra
lemma.

Then we introduce integral variational functionals, depending on sec-
tions of Y, defined by differential n-forms on J'Y ; this general setting in-
cludes as a special case the functionals, given by the Lagrangians (consid-
ered as differential forms). To examine properties of the variational func-
tionals, we introduce variations of sections of the fibred manifold Y as
vector fields, defined on Y. Then we explain the geometric theory of the
first variation and higher variations, based on the concepts of the jet pro-
longation of a vector field and the Lie derivative. In order to derive a main
theorem, describing the global structure of the first variation, namely the
first variation formula, we introduce the concept of a Lepage form, gener-
alizing the well-known Cartan form used in classical mechanics. Lepage
forms allow us to find the (global) infinitesimal first variation formula by
means of standard geometric operations as the exterior derivative, Lie de-
rivative and the contraction of a form by a vector field. We complete in
this way the integral first variation formula, used in the classical calculus
of variation on Euclidean spaces.

A basic concept, essential for the formulation of the global inverse
problem of the calculus of variations, is the Euler-Lagrange form, an
(n+1) -form, defined on some J°Y . As a principal part of the first varia-
tion formula, determined by p, it describes the extremals of the underly-
ing variational functional; locally, the components of the Euler-Lagrange
form are the Euler-Lagrange expressions.

Finally, we introduce the source (n+1)-forms on J°Y and study condi-
tions for these forms to be identical with the Euler-Lagrange forms. As a
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natural aspect of the global setting of the inverse problem, we first need
integrability conditions for the local inverse problem, ensuring that a
source form can be modelled as an Euler-Lagrange form locally. To this
purpose we derive a generalisation of the Helmholtz variationality condi-
tions, and find the underlying local variational functionals.

1 Jet prolongations of fibred manifolds

1.1 Immersions, submersions Recall that the rank of a linear
mapping u:E — F of vector spaces is defined to be the dimension of its
image space, ranku = dimImu . This definition applies to tangent mappings
of differentiable mappings of manifolds. Let f:X —Y be a C" mapping of
smooth manifolds, where r >21. We define the rank of f at a point x € X to
be the rank of the tangent mapping 7, f:T X—>T, Y. We denote
rank f=dimim7 f. The function x—>rank I deflned on X, with values
in non-negative integers, is the rank function.

Elementary examples of real-valued functions f of one real variable
show that the rank function is not, in general, locally constant. Our main ob-
jective in this section is to study differentiable mappings whose rank func-
tion is locally constant.

The proof of the following theorem is based on the rank theorem in Eu-
clidean spaces and a standard use of charts on a smooth manifold.

Theorem 1 (Rank theorem) Let X and Y be manifolds, let n=dim X ,
m=dimY , and let q be a positive integer such that g <min(n,m). Let
W C X be an open set, and let f:W —Y be a C" mapping. The following
conditions are equivalent:

(1) f has constant rank on W equal to q. .

(2) To every point x, € W there exist a chart(U,p), ¢ =(x") at x,, an
open rectangle P CR" with centre O such that (U)=P, ¢(x,)=0, a chart
V), w=0°),at y, = f(x,), and an open rectangle Q CR™ with centre
0 such that y(V)=0, w(y,)=0, and

x°, 0=12,..,q,

(2) %6 f=
yoof 0, o=q+1,q+2,....m

Proof 1. Suppose that ' has constant rank on W equal to g. We choose a
chart (U, (p) (p (x"), at Xy » and a chart (V, V), y=(y’),at y,, and set
g=Wfp';gisa C mapping from @(U)CR" into ¥(V)CR" . Since for
every tangent vector § € T X expressed as
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3) 5=El’[%jx,

we have

——1\ =~ i d
(4) T.f-¢=D,(3° [0 )@(x)E ( P a) ;
()

the rank of f at x is rankT, f =rank D,(y° f@ ) @(x)) . Consequently, the
rank of fis constant on the open set ¢(U)C R", and is equal to g. Shrinking
U to a neighbourhood U of x, and V to a neighbourhood V of y, if neces-
sary we may suppose that there exist an open rectangle P C R" with centre
0, a diffeomorphism o :¢(U)— P, an open rectangle Q C R™ with centre
0, and a diffeomorphism SB:¥(V)— Q, such that in the canonical coordi-
nates on P and Q, Bgo ' (7'.,7%,....2")=(2",7%,...,29,0,0,...,0). We set
p=0p, =), and y=P¥, y=0"). Then (U,p) and (V,y) are
charts on X and Y. In these charts, yfo~' = By f@ 'a™' = Bga™"; thus, for
every xeU

Y )=y fo p(x)= Bgo p(x)
(%) = Bgo (x' (x),.x7 (x),...,x" (x))
= (x"(x),x*(x),...,x7(x),0,0....,0).

In components,

7(x), =1,2,....q,
©) y"Of(x)={x(x) ° 1

0, o=qg+1,9+2,...,m,

proving (2).
2. Conversely, suppose that on a neighbourhood of x, €W the mapping
fis expressed by (2). Then rank7, f =rank D,(y° fo )o(x))=q.

Let f:X —Y bea C"mapping, and let x, € X be a point. We say that f
is a constant rank mapping at x, , if there exists a neighbourhood W of x,
such that the rank function x —rank f is constant on W. Then the charts
(U,p) and (V,y) in which the mapping f has an expression (2), are said to
be adapted to f at x,, or just f~adapted. A C" mapping f that is a constant
rank mapping at every point is called a C"mappings of locally constant
rank.

A C"mapping f:W —7Y such that the tangent mapping 7 f is injec-
tive is called an immersion at x,, . From the definition of the rank it is imme-
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diate that f'is an immersion at x, if and only if rank, f=n<m.If fis an
immersion at every point of the set W, we say that fis an immersion.
From the rank theorem we get the following criterion.

Theorem 2 (Immersions) Let X and Y be manifolds, n=dim X , and
m=dimY 2n. Let f:X—Y be a C' mapping, x,€X a point, and
Yo = f(x,) . The following two conditions are equivalent:

(1) fis animmersion at x, .

(2) There exist a chart (U,p), ¢=(x') at x,, an open rectangle
PCR" PCR" with centre O such that @(U)=P and ¢(x,)=0, a chart
V), y=0°) at y,= f(x,), and an open rectangle Q CR™ with centre
0 such that y(V)=Q and y(y,)=0, such that in these charts f is expressed
by

- x°, o=12,...,n,
@) Yof=

0, o=n+Ln+2,....m

Proof The matrix of the linear operator T f in some charts (U,p),
o=(x"), at x, and (V, l//) yv=07%),at y, is formed by partial derivatives
D.(y’ fo )((p(xo)) and is of dimension nxm . If at x,, rankT0 f=n,then
rank T f=n, on a neighbourhood of x,, by continuity of the determinant
function. Equivalence of conditions (1) and (2) is now an immediate conse-
quence of Theorem 1.

Let f:X —Y be an immersion, let x, € X be a point, and let (U,p)
and (V,y) be the charts from Theorem 2, (2). Shrinking P and Q if neces-
sary we may suppose without loss of generality that O = PX R, where R is
an open rectangle in R”™" . Then the chart expression w f¢ ' :P— PxR of
fis the mapping (x',x*,....x") = (x',x*,...,x",0,0,...,0) . The charts (U,p),
(V,y) with these properties are said to be adapted to the immersion fat x, .

Example 1 (Sections) Let s=r,let f:X —Y be a surjective mapping
of smooth manifolds. By a C" section, or simply a section of f we mean a
C’ mapping ¥ :Y — X such that

(8) foy=id,.

Every section is an immersion. Indeed, T, feTy =id;, at any point
y €Y . Thus, for any two tangent vectors p satlsfymg Ty- & = Ty-&,,we

have T, foT,y - &= T, foT,y- &, hence & =&,.

A C"mapping f:W —Y such that the tangent mapping 7, f is surjec-
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tive, is called a submersion at x, . From the definition of the rank it is im-
mediate that f is a submersion at x, if and only if rank, =m=<n. A sub-
mersion f:W —Y is a C"mapping that is a submersion at every point
xeWw.

Theorem 3 (Submersions) Let X and Y be manifolds, let n=dimX,
m=dimY . Let f:X—Y be a C" mapping, x, a point of X, y,= f(x,).
The following conditions are equivalent:

(1) fis a submersion at x, .

(2) There exist a chart (U,p), ¢=(x'), at x,, an open rectangle
PCR" with centre 0 such that @U)=P, ¢(x,)=0, a chart (V,y),
v=0°),at y,=f(x,), and an open rectangle Q CR"™ with centre 0 such
that y(V)=0Q, w(y,) =0, such that

) Yof=x%, o=12,...,m.

(3) There exist a neighbourhood V of y, and a C’ section y:V =Y
such that y(y,)=x, .

Proof 1. Suppose that fis a submersion at x,. Then rank7 f=m on a
neighbourhood of x,, and equivalence of conditions (1) and (2) follows
from Theorem 1.

2. Suppose that condition (2) is satisfied. Consider the chart expression
v o' :P— Q of the submersion f that is equal to the Cartesian projection
(' x" ) = (L x™) . wfeT admits a C7 section
§.Since yfp ' od = id, hence fo'od=y". Setting y=¢ 'Sy we have
fy=fo'0y =y 'w =id, proving that ¥ is a section of f. This proves (3).

3.If fadmits a C”" section ¥ defined on a neighbourhood V of a point y,
then foy=id, and T (fey)=T foTy=T,id, = idTyY , where x=7(y).
Thus T, f must be surjective, proving (1).

Let # be a C'"submersion, let x, € X be a point, and let (U,p) and
(V,y) be the charts from Theorem 3, (2). Shrinking P and Q if necessary we
may suppose that the rectangle P is of the form P=0QX R, where R is an
open rectangle in R"™ . Then the chart expression 7 of the submersion f is
the mapping (x',x*,....x",x"" x" .., x")—= (x',x*,...,x"). The charts
U,p), (V,y) with these properties are said to be adapted to the submersion
fat the point x, .

Corollary 1 A submersion is an open mapping.

Proof In adapted charts, a submersion is expressed as a Cartesian pro-
jection that is an open mapping. Corollary 1 now follows from the definition
of the manifold topology in which the charts are homeomorphisms.
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Example 2 (Cartesian projections) Cartesian projections of the prod-
uct of C” manifolds X and Y, pr,:XXY =X and pr,:XXY Y, are
C” submersions. Indeed, to show it, we can use equations of pr, and pr, . If
(x,y) € X XY is a point and (U,p), ¢=(x") (resp. (V,y), y=(°))is a
chart at x (resp. y), we have on UXV , Tpr, :T(UxXV)—TU ; thus, since
pr, is expressible as the mapping (x',y°)— (x'), we have for every
EeTX,E=E(0/9x") ,and every (€TY ,

0 ;0
ax"_é’: ax

ax .,
(10) T<X,y>pr1-<é§,5>=§€

Consequently,
an - T,,pr&5)=¢.

In particular, 7, | pr; is surjective, and pr; is a surjective submersion.

Example 3 The tangent bundle projection is a surjective submersion.
All tensor bundle projections are surjective submersions.

With the help of Corollary 1, submersions at a point can be character-
ized as follows.

Corollary 2 Let X and Y be manifolds, n=dimX ,m=dimY <n. A
C" mapping f:X —Y isa submersion at a point x, € X if and only if there
exist a neighbourhood U of x,, an open rectangle RCR"™, and a dif-
Sfeomorphism y :U —Y XR"™ such that prey = f .

Proof 1. Suppose f is a submersion at x,, and choose some adapted
charts (U,p), ¢=(x"), at x, and (V,w), y=(°) at y,. Every point
x €U has the coordinates ¢@(x)=(x'(x),x”(x),...,x" (x),x"" (x),...,x"(x)) .
We define a mapping y :U — Y xR"™ by

(12) ()= ()2 (0,27 (x),...,x" (X))

Then pro ¥ = f, and according to Corollary 1, f(U) is an open set in Y. It
remains to show that Y is a diffeomorphism. We easily find the chart ex-
pression of y with respect to the chart (U,p) and the chart (VxXR"™ 1),
n=0"y ..y .. t"™),on Y XR"™  where t* are the canonical co-
ordinates on R"™™. We have for every xeU, y’y(x)=y°f(x)=x"(x),
1<o<m,and t*y(x)=x""*(x), 1<k<n—m,thatis,

yi)(:xi, i=1,2,...,m,
a3
tty=x"", k=12,..,n—m,
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ie., noy=¢.Thus y =n"'¢ is a diffeomorphism.

2. Conversely, if proy = f,wehave T, ,preT, y =T, f andsince y
is a diffeomorphism, rank 7, ) pr, =rankT, f . But the rank of the projection
pr, is m (Example 2).

1.2 Fibred manifolds By a fibred manifold structure on C~ mani-
fold Y we mean a C~ manifold X together with a surjective submersion
m:Y — X of class C”. A manifold Y endowed with a fibred manifold struc-
ture is called a fibred manifold of class C”, or just a fibred manifold. X is
the base, and 7 is the projection of the fibred manifold Y.

Let Y be a fibred manifold with base X and projection 7. Let
dimX=n, and dimY =n+m. According to Theorem 3, to every point
y €Y there exist a chart adapted to the submersion 7 at y, a chart (V,y),
l//:(ui,yc),at y,where 1<i<n, 1<0 <m, and a chart (U,p), (p:(xi),
at x=m(y), such that U=m(V), and x'omr=u'. When using these charts,
we conventionally write x' instead of u'. We call a chart (V,y) with these
properties a fibred chart on Y. The chart (U,p) on X is unique, and is said
to be associated with (V,y). It is convenient to write (V,y), v =(x',y%),
for a fibred chart.

Lemma 1 Every fibred manifold has an atlas consisting of fibred
charts.

Proof This is an immediate consequence of the definition of a submer-
sion.

A C’ section of the fibred manifold Y, defined on an open set W C X , is
by definition a C"section y:W —7Y of the projection 7 (cf. 1.1, Exam-
ple 1). In terms of a fibred chart (V,y), v =(x',y°), and the associated
chart (U,p), ¢ =(x"), such that U CW and y(U)CV , v has equations of
the form

ey xoy=x', yoy=f7,

where f? arereal C" functions, defined on U.
Let Y, (resp. Y, ) be a fibred manifold with base X, (resp. X, ) and pro-
jection 7, (resp. m,). A C' mapping o :W =Y, , where W is an open set in
|, is called a C" homomorphism of the fibred manifold Y, into Y, , if there
exists a C" mapping ¢, :W, = X, where W, =m,(W,), such that

(2) T,o00l =0, °T,.

Note that W, is always an open set in X, (Corollary 1). If ¢, exists it is
unique, and is called the projection of o . We also say that o is a homo-
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morphism over o, . A homomorphism of fibred manifolds o :Y, =Y, that
is a diffeomorphism is called an isomorphism; the projection of an isomor-
phism of fibred manifolds is a diffeomorphism of their bases.

If ¥,=Y,=Y, then a fibred homomorphism ¢ :W —Y is also called
an automorphism of the fibred manifold Y.

We find the expression of a homomorphism in fibred charts. Consider a
fibred chart (V,,y,), w,=(x/,y7), on Y, and a fibred chart (V,,y,),
v, =(x},y;),on Y, such that a(V,)CV,. We have the commutative dia-
gram

Vl E— Vz
(3) \2 \’

o,
T, (V1 ) — 2 (Vz )
expressing condition (2). In terms of the charts we can write

) o, = (pz_l O(Pzaoq)l_l Oq’l”ll//l_l oy,
o= (P;l 090277:2‘//;1 0‘//20“//171 oy,

so the commutativity yields

(5) P00, O, =PI, oyLo
Since we have fibred charts, @@y, is the Cartesian projection
(x],°)— (x}), and @,m,y," is the Cartesian projection (x?,y;)— (x2).
Consequently, writing in components
P00, P, (1,37 ) = 9,000, (X)) = (T o, (1)),
OIS L0y (X))
=y, (o, (Y ) yso (x,y7))
= (Fay (7)),

(6)

we see that condition (5) implies xJor,¢; ' (x}) = xLaw, ' (x],y7) This shows
that the right-hand side expression is independent of the coordinates y; .
Therefore, we conclude that the equations of the homomorphism « in fibred
charts are always of the form

™ x =00, v =F ().
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Let Y be a fibred manifold with base X and projection 7 . If Z is a tan-
gent vector to Y at a point y€Y, then the tangent vector & to X at
x=m(y) € X defined by

(8) TrE=¢,

is called the 7 -projection, or simply the projection of = . By definition of
the submersion, the tangent mapping of the projection 7 at a point x,
T'w:TY—T,.,X,is surjective.

m(x)

A tangent vector Z€ 7)Y is said to be 7 -vertical, if

©  Tx-E=0.

The vector subspace of 7T\Y consisted of 7 -vertical vectors, is denoted by
VI Y .1f Z is expressed in a fibred chart (V,y), v = (x",y%), by

o D) oo D
o ==¢(57) = (5]

then by (8)

i 0
(11) §=§(—lj =0.
ax' J,
Thus, Z is 7 -vertical if and only if

(12) E:E"( 66) .
ay” ),

If in particular, dimY =n+m and dim X =n, then dim VILY=m. The sub-
set VTY of the tangent bundle 7Y , defined by

(13) vry = Jvry,

yey

is a vector subbundle of TY , called the vertical subbundle.
A vector field Z on an open set Win Y is called 7 -projectable, if there
exists a vector field & , defined on 7(W)C X , such that

(14) Tr-E=E&or.

If & exists, it is unique and is called the 7 -projection of Z; we also say
that = covers & . The vector field Z is called 7 -vertical, if
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(15) Tr-Z=0.

Let p be a differential k-form, defined on an open set W in Y. We say
that p is m -horizontal, of just horizontal, if it vanishes whenever one of its
vector arguments is a 7 -vertical vector. The same can be said in terms of
the contraction of a form by a vector field requiring that p be 7 -horizontal
if for every 7 -vertical vector field & on W

(16)  i.p=0.

The following lemma describes chart expressions of 7 -horizontal
forms.

Lemma 2 The form p is 1 -horizontal if and only if in any fibred chart
VW), v =(x',y°), it has an expression

17 p= %pwkdx'ﬂ Adx® A Adx".

Proof Choose a point y €V and express the form p(y) in the form

POI= 3Py I () A ()N () + Y (DA L)

(18)

+dy’ (VA P, () +...+dY" (DA P, (),
where the forms p,(y), p,(y), ..., p,,(y) do not contain dy'(y) , the forms
p,»), p;(y), ..., p,(y) do not contain dy'(y) and dy’(y), etc. Suppose

that p is m-horizontal. Then contracting p(y) by the vertical vector
(9/0y"), we get i gy, PO =P (»)=0. Contracting p(y) by the vertical
vector (d/dy*), we get Gy, POV =P, (3) =0, etc. Applying this procedure

several times we get (17).
Example 4 Moebius band is a fibred manifold over the circle.

A form p, defined on an open set W in Y, is said to be 7 -projectable,
or just projectable, if there exists a form p,, defined on W, =7w(W), such
that

(19) p=m*p,.

If the form p, exists, it is unique and is called the 7 -projection, of just the
projection of p .

Throughout, when using differential forms, we adopt the following con-
ventions:
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Conventions (a) We express a differential (p+¢g)-form on the fibred
manifold Y as

p= 2 X Avvrov, s, AN AN Y

(20) VI<Vy< <V, i <ip <. <y

Adx" Adx® AL Adx",
or equivalently, as

! Ay Ay AL AdYT Adx Adx® AN X

(21) p= W VIVa.o V), iy
with summation through all double indices and coefficients, skew-symmetric
in VisVysonV, and 0,00, separately.

(b) = -projectable forms p = *p, on Y can be canonically (that is via
7 ) identified with forms on X. To simplify notation, we sometimes denote
the forms 7 * p, and p, by the same symbol, p, .

1.3 The contact of differentiable mappings In this section X and
Y are smooth manifolds, n=dim X and m =dimY .

Let x € X be a point, W, , W, neighbourhoods of x, and let f,:W, —Y
and f,:W, —Y be two mappings. Suppose that W,NW, # (. We say that
f, and f, have the contact of order 0O at x, if

ey [ix)=f,().

Suppose that f, and f, are of class C", where r is a positive integer. We say
that f, and f, have the contact of order r at x, if they have contact of order
0, and there exist a chart (U,), @ =(x') , at x and a chart V), w=0°),
at f(x) suchthat U CW NW,, f,(U),f,(U)CV ,and forall k<r,

2) D'y 9™ )@(x)) = D" (W £,0™ )(@(x)).

We say that two C” mappings f,:W, =Y and f,:W, =Y, have the con-
tact of order o= at x, if they have the contact of order r for every r.

Writing in components W o' =(°f0™"), wHo ' =0 f07"), we see
at once that f; and f, have contact of order r if and only if f (x)= f,(x)
and

3  D,D,..D,(y°f¢o"Y@(x)=D,D, ...D, (" 9" N@(x))

for all k=12,..,r, 1<0<m, and all 1<i,i,...,i;<n such
i <i,<...<0.
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We claim that if f,, f, have contact of order r at a point x, then for any
chart (U,p), @®=(x'), at x and any chart (V, V), v=(B°), at
[i0)=£),

“4) D' W fip )@ (x) = D" W £,0” )@ (x))

for all k=1,2,...,r . We can verify this formula by means of the chain rule
for derivatives of mappings of Euclidean spaces. Using the charts (U,p),
(V,y) we express the derivative

Di1 Diz "‘Dik (Yaf@_' )@(x))

(5) o 0
=D,D,..D, 3y " oy fi9" cpp” )(P(x)
as a polynomial in the variables D, (y £ 0 )Q(x)), oJD O fi q)’l)((p(x))
.., D;D, .. Djk(y f(p’])(qo(x)) Then D, D, ...D, (y Lo )((p(x)) is ex-
pressed by the same polynomial in the vanables D, (y f2q0 )p(x))

D, f9 @), ... D,D,...D, (" ;9" No(x)). Clearly, equality
(4) now follows from (3).

Fix two points x€ X, y€Y, and denote by C( (X,Y) the set of
C’ mappings f:W — Y, where W is a neighbourhood of x and f(x)=1y.
The binary relation “f, g have the contact of order r at x” on C( (X,Y) is
obviously reflexive, transitive, and symmetric, so is an equivalence relation.
Equivalence classes of this equivalence relation are called r-jets with source
x and target y. The r-jet whose representative is a mapping f € C(, (X,Y)
is called the r-jet of f at x, and is denoted by J_f . If there is no danger of
misunderstanding, we call an r-jet with source x and target y an r-jet, or just
a jet. The set of r-jets with source x€ X and target y€Y is denoted by
(XY

Let X, Y, and Z be three finite-dimensional smooth manifolds. We say
that two r-jets A€ J(, (X.,Y), A=J f,and B€ J(ryyz)(Y,Z) , B= J;,g , are
composable, if they have representatives which are composable (as map-
pings), i.e., if u=y; this equality means that the target of A coincides with
the source of B. In this case the composite go f of any representatives of A
and B is a mapping of class C" defined on a neighbourhood of x.

It is easily seen that the r-jet J (go f) is independent of the representa-
tives of the r-jets A and B. If f and g are such that J f=Jf and
J'g=J'g, then for any charts (U,p), ¢=(x') atx, (V,y), y= (y ), at

=f(x), and W,n), n=("), at z=g(), the derivatives
DD, ...D, (z"gfo " )(@(x)) are expressible in the form

(6) D.D,...D, (2" gfo " )p(x)= D.D,...D, (2" gy oy fo )@(x)).
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for all k=1,2,...,r . By the chain rule for mappings of Euclidean spaces,
these derlvatlves are polynomials in the derivatives

D,D, ...D, (z"gy~ )(l//(y)) D,D,...D, (¥ f¢ )(@(x)), where mqs<k.
The same polynonnal in the derlvatlves D,D, ...D, (z gy W (),

D, D, ...D, (y qu' )(q)(x)) is obtained when expressmg the derivative
D D D (z" 2fo )(@(x)) by means of the chain rule. Now since by defi-
nmon

D,D,...D, (¥'fo" )X@(x))= D, D, ...D, (5 fo™ Y@(x)),

(7 1 o
D,D,,...D, "y YW (»)=D,D, ...D, "5y YW (H).

we have
(8)  D,D,..D,(’¢f¢” N@(x))=D, D, ...D, ("& " Np(x).

This proves, that the r-jet J (go f) is independent of the choice of A and B.
If X, Y, and Z are three manifolds and A€ J(’xyy)(X,Y) , A=J f, and
BeJ . (Y,Z), B=J g ,are composable r-jets, ie., y= f(x), we define

€)) BoA=J(g°f),

or, explicitly, JigoJ f=J (gof). The r-jet BoA is called the composite
of A and B, and the mapping (A,B)— BoA of J| (X, Y)XJ( ., (¥Y.,Z)
into J(,_ (X,Z),where z=g(y), is the composition of r-jets.

A chart on X at the point x and a chart on Y at the point y induce a chart
on the set J, (X.Y).Let (U,p), ¢=(x") (resp. (V,y¥), ¥ =(x",y°)),be a
chart on X (resp. ¥). We assign to any r-jet J{ f € J(. (X.Y) the numbers

(10) 20, . (Jy)=D,D, ...D, ° fo" )N@(x)), 1<k<r.
Then the collection of functions y" = (x',y° ,yz ’yZ/‘z e "yzjz--»j,) , such that
(1)  1<j<j,<..<j <n, 1<o<m,

is a bijection of the set J, (X,Y) and the Euclidean space R" of dimen-
sion

(12) N=n+m(1+n+(”§l)+(”§2)+...+(”+£‘1)).

Thus, the pair (J/, ,(X,Y),x") is a (global) chart on J,  (X,Y). This chart
is said to be associated with the charts (U,p) and (V,y).
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Lemma 3 (a) The associated charts (J,,(X.,Y),x"), such that the
charts (U,p) and (VW) belong to smooth structures on X and Y, form a
smooth atlas on J|, ,(X.,Y). With this atlas, J . ,(X.,Y) is a smooth mani-
fold of dimension N (13).

(b) The composition of jets

(13)  J,(X.Y)xJ], (Y.Z)>(AB)— BoA€J] (X.Z)

is smooth.

Proof 1.One should proof that the transformation equations between
the associated charts are of class C” . However this is obvious from (5).
2. (b) is an immediate consequence of formula (6).

1.4 Jet prolongations of fibred manifolds In this section we ap-
ply the concept of contact of differentiable mappings (Section 1.3) to C’ sec-
tions of fibred manifolds. We study the structure of jets of sections and map-
pings of these jets.

Let Y be a fibred manifold with base X and projection 7 ,let n=dim X
and m=dimY —n. We denote by J'Y , where r 20 the set of r-jets J.y of
C’ sections y of Y with source x€ X and target y=y(x)€Y ; if r=0,
then J°Y =Y . Note that the representatives of an r-jet J'y are C’ sections
Y :W =Y ,where W is an open set in X; condition that y is a section,

ey meoy =idy,

implies that the target y=7y(x) of the r-jet Jy belongs to the fibre
m~'(x)CY over the source point x. For any s such that 0 <s<r we have
surjective mappings ©'* :J'Y = JY and n" :J'Y — X, defined by

) " (Jy)=Jy, n'(Jy)=x.

These mappings are called the canonical jet projections.

The smooth structure of the fibred manifold Y induces by a canonical
construction a smooth structure on the set J'Y . Let (V,y), v = (xi,y“) , be
a fibred chart on Y, and let (U,p), ¢ =(x"), be the associated chart on X.
We set V' =(n"")"(V), and introduce, for all values of the indices, a family
of functions, defined on V",

x'(Jy)=x'(x),
3) Y () =y (y(x)),
¥, (U =D,D, D, 07 ), 1<k<r.
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. . ro__ i 0 .0 O o
Thqn the (.:ollectlon of functions v’ =(x',y 20 SRR /‘z--»j,)’ where the
indices satisfy

(4) 1<i<n, 1S0<m, 1<j,<j,<..<j <n, k=23,...r,

is a bijection of the set V" onto an open subset of the Euclidean space R"
of dimension

Q) N=n+m(1+n+(”§l)+(”§2)+...+(”+£‘1)).

In other words, the pair (V',y"), v = (xi,y",yz,y;jz,...,yzjz'”j ), is a chart

A

on the set J ’Y . This chart is said to be associated with the fibred chart
V), y=(x'y").

Lemma 4 (Smooth structure on the set J "Y') The set of associated
charts (V' W"), W' =(x'y7,y7,y], ».-.sY;,. ;) such that the charts (V,y)
form an atlas on Y, is an atlas on J s

Proof Let s{ be an atlas on Y whose elements are fibred charts (1.2,
Lemma 1). One can easily check that sl defines a topology on J'Y by re-
quiring that for any fibred chart (V,y) from this atlas
v V' >y’ (V))CR" is a homeomorphism; we consider the set J'Y with
this topology.

It is clear that the associated charts with fibred charts from & cover the
set J'Y . Thus, to prove Lemma 4 it remains to check that the corresponding
coordinate transformations are smooth.

Suppose we have two fibred chart on Y, (V,), y= (xi,y") , and
(V,l/7), Y= (x',y°), such that VDV #(), and consider the associated
charts on JY, (V.y"), y'= (Y775 ey ), and (VI W),
v =Xy’ ,y;j ,y;jjz . "’yfsz--»j,) .Let J7y e V"NV’ . Let the coordinate trans-
formation Yy be expressed by the equations

(6) =0, =87y,
Note that the functions f " and g° in formula (6) are formally defined by
(=X (p(x) = f(p(x)) and 37 (») =3y (y(»)=g° (W () . Thus
Y= @) =X (p(x) =X " (p(;7)),
Y= @)=Y Yy )=y W 7)),
Vs (LY)=D,D, ..D, 37¥p " )P(x))

=D;D;,...D, Yy oy o 0p” )(P(x).

(N
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From the chain rule it is now obvious that the right-hand sides, the coordi-
nates of the r-jet Jy in the chart (V",y"), depend smoothly on the coordi-
nates of J.y in the chart (V",y").

From now on, we consider the set J'Y with the smooth structure, de-
fined by Lemma 4. We call J'Y the r-jet prolongation of the fibred mani-
fold Y.

Lemma 5 Each of the canonical jet projections (2) is smooth and de-
fines a fibred manifold structure on the manifold J'Y .

Proof Indeed, in the associated charts each of the canonical jet projec-
tions is expressed as a Cartesian projection which is smooth.

Every C’section y:W —Y , where W is an open set in X, defines a
mapping
8) Wax—=Jyx)=JyelY,
called the r-jet prolongation of vy .

Example 5 (Coordinate transformations on J ’Y) Consider two fi-
bred charts on a fibred manifold Y, (V,y), l//:(xi,y"), and (\7,1/7),
¥ =(x',y°), such that VNV #@. Suppose that the corresponding trans-
formation equations are expressed by the equations

O X=X, =3y,
Then the induced coordinate transformation on J’Y is expressed by the
equations
X =x'(x"),
¥ =57y,
o _[97 057 )9
10 = + —,
( ) y/] [axl ayv yl )8)_("
_G _ 82 y(}' N 82 yc y’u . aZyO‘ yv N ayo'
e ax'ax™ ax' oyt " axmay' Tl 9yt ay”
9y’ , \ox™ ax' (ay® ay° ,) 9°x
+ v Yim —J = + y[ + yv i —J =i
Jdy Jx” ax” Jx  Jdy dx” 9x”

AIR

To derive these equations, we use the chain rule for partial derivative opera-
tors. Let J2y € V*NV? . The 2-jet J2y has the coordinates



The inverse problem of the calculus of variations 67

NI =A0, YU =Y (),

11
b YU =D, "1 New), ¥5,(Jy)=D,D, "y  )p(x)),

and analogously for the chart (V7). Then
D, @) =D, Ty " oy o0p " )(G(x))
=D, W W 00p Y@)D, (X1 00p ™ )(P(x))
+ D,y Dy opp N@))D, (3 o )@(x)
=D, 3y )Wy ))D, (X" N@p ™ @)D, (xD ) P(x))
12) +D,°y ™ (y (D)), 10 )P (@)D, (x'P )@(x))
=D, 3y )y (x)8/D, (x'0” )N@(x))
+D, 5y Dy (D)D) @)D, (x'9™)P(x)

=(D,(3°y )y () + D, )y (0)D, ("1 ) @(x))
D, (X' )(@(x)),

proving the third one of equations (10). To prove the fourth one, we differ-
entiation (12) again and apply the chain rule. We can also derive the fourth
equation by differentiating the third one.

1.5 The horizontalisation As before, let Y be a fibred manifold
with base X and projection 7, and let J'Y be the r-jet prolongation of Y.
Denote dimX =7 and dimY =n+m. Recall that for any open set W CY,
W’ denotes the open set (7"’)"' (W) in J'Y . QW denotes the ring of
C' functions on W', and QW the QW -module of k-forms on W". The
exterior algebra of W' is denoted by Q'Y . We show in this section that the
fibred manifold structure of Y induces a canonical vector bundle homomor-
phism between the tangent bundles 7J'"'Y and TJ'Y and an exterior alge-
bra homomorphism of Q'Y into Q'Y .

Let J'"'y be a point of the manifold J™*'Y . We assign to any tangent
vector & of J™'Y at J!''y a tangent vector of J'Y at #""(J y)=JTy
by

(1) he=TJyoTrn™ &

We get a vector bundle homomorphism 4 :TJ"™'Y — TJ'Y over the projec-
tion """, called 7 -horizontalisation, or simply the horizontalisation.
Sometimes we call h& the horizontal component of & (note, however, that
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the terminology is not standard since the vectors & and A& do not belong to
the same vector space). Using a complementary construction, one can also
assign to every tangent vector £ €TJ™™'Y at a point J!"'y € J”"'Y a tangent
vector p& €TJ'Y at J'y by the decomposition

) T -E=hé+ pE.
p& is sometimes called the contact component of the vector & .

Lemma 6 The horizontal and contact components satisfy

3) T -hE=Trn™"" &, Tr - pE=0.

Proof The first property follows from (1). Then, however,

Trn pE=Trn" -Trn"" -E-Tr" -hé

(4) r+l r r r+l
=Tn™" - E-Tn"-TJyoTn™"-£=0.

Remark 1 If h£=0, then necessarily 77" =0 so & is n™"'-
vertical. This observation may serve as a motivation why A& is called the
horizontal component of & .

One can easily find the chart expressions for the vectors i and pé . If
in a fibred chart (V,y), w =(x',y°), & has an expression

r+1 9
CIIE I P
Iy

® &g

k=0 ji<jp<... <o Yy
then
. d
(6) hé = 5 2 2 y./]./Z Jid a () >
JY k=0 ji<ph<. S /l/ wde Loty
and

d
(7) pg z Z l|lz -Ji y]l]z lk’g )La j :
Iy

k=0 jiSp<. Sji JiJa---Jk

r+l1

The horizontalisation h:7J™Y — TJ'Y induces a mapping of the exte-
rior algebra Q'Y into Q™'Y , denoted by the same letter 4, as follows. We
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set for any differential k-form p on W', any point J/"'y € W™ and any
tangent vectors &,,&,,...,&, to J™'Y at JT'y

(8) hp(UY)E L, .8 = pULY)HE K, ... hE,).

We extend the definition to O-forms (functions); we set for every function
f:W >R

(9) hfzfon_rﬂ,r.

The mapping Q"W > p — hp € Q™'W is called the 7 -horizontalisation, or
just the horizontalisation (of differential forms).

Lemma 7 (a) Forall p,,p,pc QW and fecQW

(10)  h(p,+p,)=hp,+hp, h(fp)=(fer""")hp.
(b) Forall pe QW and ne€QW
a1 k(pAm)=hpAhn.

Proof Both assertions (a) and (b) is immediate. To prove formally (b),
we use the definition of the exterior product

(PAMTYNE 8o 08, oG a8 iy

12 , ,
( ) = zsgnT.p(‘]xy)(gr(l)’gr(m"'"Cr(p))n(JXY)(CT(pH)a---’CT(erq))

(summation through the permutations 7 of the set {I,2,...,p+¢} such that
T)<1(2)<...<7(p) and T(p+1)<T(p+2)<...<7(p+q)). Then

P AT VNG 08) 561 piasn o6 py)
= (P AN YIEhE, .. hE, K, G, e RE,, )
= Esgn’[ 'p(‘];y}(hgr(]) ’hgr(Z) yeee ’hé‘[(p))

(13) : n(‘]:y)(hér(p-#l) ’h’g‘r(p+2) b "hér(p-#q))
= zSgnT ‘hp(‘];ﬂy)(ér(l) ’51(2) yees 951(;;))

: hn(‘l;ﬂy)(ér(pﬂ) ’§T(p+2) EA ’é‘[(p-#q))
= (hp(‘]iﬂy) /\ hn(]:+IJ/))(€1 ’52 LA ’gp ’§p+l ’§p+2 s ’61)4—(1)‘
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In the following lemma we summarize basic rules for computations with
the horizontalisation and formal derivatives. First consider a 1-form p , ex-
pressed in a fibred chart (V,w), v =(x",y°), by

(14)  p=Ad'+Y Y BXayS, .

0Sk<r ji<j,<..<jJ

By definition, we have at any point J'"'y € V""" and tangent vector £ at
J:+l,}/

hp(Jy)(E) = p(J Ly )(hE) = A, (Jy)dx' (J[y)(h)
(15) + D BRI, (Jy)hE)

0<k<r ji<jp<...<Jy

= (Al (J;'}/)+ 2 2 Bé'jz”'jk (J;y)y;{jzmjki(‘]:rl,y)]éi i

0k ji<jp<.. <J¢
thus, since &' =dx'(J"'y)(&),
(16) hp = (Ai + 2 Z Béljzmjky.z./'zm./'kijdxi'
O<KSr ji<jp<.-<Jy
In particular, for any function f:W"—>R
(17) hdf =d.f-dx',

where

a8 df=+ ¥ ¥

0Sksr ji<jp<..<Ji yj]]z Jk

yj|j2~~.f/<i :

The function d, f :V™ SR is called the i-th formal derivative of f with re-
spect to the fibred chart (V,y). Note that formal derivatives (18) are com-
ponents of an invariant object, namely the 1-form hdf .

Lemma 8 Let (V,w), v =(x',y°), be a fibred chart on Y.
(a) The horizontalisation h satisfies

hdx' =dx', hdy® =yldx', hdy; =y dx',
hdyih = yzjzidXi >t hdyh]z dXi ’

yJ]Jz il

19)

(b) The coordinate functions ij.] jooj. Satisfy
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Jj_SJi v Vv
20)  dx'=8], dyj, ;= Vi

(©) If (V.W), w=(x'.y°), is another chart on Y such that VOV =@,
then for every function f:V' NV >R,

(21) df= dfa—"

(d) For any two functions f,g:V"' >R,
(22) d(f-g)=g-df+f-dg.
(e) For every function f:V" — R and every section vy .U >V CY ,

_feI)

23)  dfely=="
X

Proof (a) and (b) follow from (17) and (18). To derive (21), we write
24)  hdf=df-dx' =dif-%dff =d f-dv’.
T

(d) and (e) are immediate.

The following can be considered as a local definition of the homomor-
phism 7:Q'W — Q*'W

Theorem 4 (Local definition of horizontalisation) There exists a
unique linear over the ring of functions, exterior-product-preserving map-
ping of the exterior algebra QW into Q™'W , such that for any fibred chart
V), w=(x',y°), where VCW , and any function f:W" — R

(25)  hf=for™, hdf =df-dx,

where

26 df=-5+> 3

0Sksr ji<jp<..<Ji yj]]z Jk

yj|j2~~.f/<i :

Proof Clearly, formulas (25) and (26) locally define a unique mapping
from Q'W to Q™'W , satisfying conditions (10) and (11) of Lemma 7 (the
horizontalisation).
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Remark 2 By (20), y7, . =d,y;, . . Thus, applying (21) to coordi-
nates, we obtain the following prolongation formula for coordinate trans-

formations in jet prolongations of fibred manifolds

ax'

(27) deat (:)fjk :

=0 _ j3—0
Vi = Y5

Remark 3 If two functions f,g:V" — R coincide along a section
J'y , that is, foJ'y =goJ"y, then their formal derivatives coincide along
the (r+1) -prolongation J"'y ,

(28)  difoJy=dgoJMy.
This is an immediate consequence of formula (23).

1.6 Jet prolongations of automorphisms Let r be a positive in-
teger. Consider an open set W in the fibred manifold ¥ and a C” automor-
phism o :W —Y with projection ¢, :W,— X, defined on an open set
W, =m(W). In this section we suppose that the projection ¢, is a C’dif-
feomorphism.

Every section ¥ :W, —Y defines the mapping ayr,' =ooyooy'; it is
easily seen that this mapping is a section of ¥ over the open set o,(W,)C X :
indeed, using properties of homomorphisms and sections of fibred mani-
folds, we get Toayn,' = ¢, o7roj/ooz0 =, 00, =id, .Then, however, the
r-jets of the section x — aryer;' (x) are defined and are elements of the set
J'Y . Consider the r-jet J, (l)ay(xo It is immediately seen that this r-jet
depends only on the r-jet J y , that is, it is independent of the choice of a
representative Y : indeed, applying the jet composition, we can write
J(;W)OW% Jm)aOJ YoJo ]" and, since the right-hand side depends
on Jy only, the r-jet J,, oy, does not depend on the choice of y .

Now we denote W’ = (7' (W), and set for every
Sy ew =@ )\ w)

(1) Ja(Jy)=J, o'

This formula defines a mapping J'a:W" — J'Y , called the r-jet prolonga-
tion, or just prolongation of the C" automorphism ¢ .

Note an immediate consequence of the definition (1). Given a C’ sec-
tion y:V —Y ,then we have J ooy = J ayer;' o, so the r-jet prolonga-
tion J oy, of the section ooy, satisfies

2) JaoJyeay =T ayery!
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on the set ¢, (V). In particular, this formula shows that the r-jet prolonga-
tions of automorphisms carry sections of Y into sections of J'Y (over X).
We find the chart expression of the mapping J o .

Lemma 9 Suppose that in two fibred chartson Y, (V,w), vy = (xi,y"),
and (V.W), y=(x",y°), on Y the C" automorphism o, restricted to V, is
expressed by equations

3) Xoa(y)=f(x"(x), ¥ oo(y)=F’(x'(x),y"(y).

Then for every point Jy € V", the transformed point J a(Jy) has the co-
ordinates

X oJa(Jy) = f1(x (x)),
¥ oJ a(Jy)=F(x' (x).y" (y (),
Yoo oY)
=D,D, ...D, 3oy oypp~ oo, @ )@ty (x)), 1<k<r.

“)

Proof We have
X oJ a(Jy) =X 00, (x) = X0 (9(x)) = f'(x/ (x)),
S) Y eJaUy)=y caly(x)=y oy (W (y(x)
= F7(x' (0),y" (y (1),
and by definition
Yipoi oY) =57, o 0000
(6) =D, D, ...D, (7° cayoty @ )(@(0t,y (x)))
=D, D, ..D, 5oy oyyp™ oo '@ )P(ar, (x))).
Formula (4) contains partial derivatives of the functions f' and F7,

and also partial derivatives of the functions g*, representing the chart ex-
pression @a,'@ " of the inverse diffeomorphism ¢,", and defined by

(7) xfooy(x)= g (X' (xX)).

To obtain explicit dependence of the coordinate function yj i (J'o(Jy))
on the coordinates of the r-jet J!y , we have to use the chain rule k times,
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which leads to polynomial dependence of y7. . (J'a(J[y)) on the jet coor-
dinates y;'(J1y), ¥/, (J¥) s .., ¥ . (J7¥). This shows, in particular, that
if o is of class C”, then J'« is or class C°; if a is of class C*, where
s=>r,then J'a is of class C*" .

Equations (4) can be viewed as recurrence formulas for the chart ex-
pression of the mapping J o . Writing

® oI =GF, 0T e Y 097 ogog @0 (1)),
we have
Vi CUY)
©) =D, (5, o0 00 Y 097 090 97§ (0 (1))
=DV}, °d oY o9 @)D, (05§ NP0ty (x))).

Thus, if we already have the functions y7, . oJ'a, then the functions
Y7, oJ a is determined by (4).

As an example we derive explicit expressions for the second jet prolon-
gation J o .

Example 6 (Second order prolongation of an automorphism) Let
r=2.We have from (3)

=1

V) oS a(Jy) = D, (3 oy oypp™ 0oy ' @0ty (X))
=D, (Y oy )y (x)8) D, (x'0t,'@~ NP (et (x)))
(10) + D, (3o )y (x)y; (J7Y)D; (o' (@0t (x)))
= (D,(y° o™ Yy (0))+ D, (7 ay ™ )y () (J37))
D, (x'ag' @7 )@ (0t (x))),

or, in a different notation,

-0 r [e} r a :
(D) ¥ ola(Jly)=dF (ny)( 2 ) ,
ax” )
o(ag(x)
where d, is the formal derivative operator. Differentiating formula (10) or
(11) again we get the following equations for the 2-jet prolongation J ¢t of
the automorphism o
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Ky

>

—i io —0 o/ i LV —0 oa
X =G, Y=Y, 3 =d

a ky a ky 82 ky
f. g +d, 6'%,
ax.h asz 1 axh ax./z

(12)

—c _ o
yjljz - dkl kzF

where d, denotes the formal derivative operator (Section 1.5).

Using our previous notation we can easily prove the following state-
ments.

Lemma 10 (a) Foranys, 0<s<r,
(13) n'oJa=0yon’, woJao=J0corr™.

(b) If two C" automorphisms o and B of the fibred manifold Y are
composable, then

(14) JoaoJ B=J (oo P).

(c) Forany C™'automorphism « of Y, and any differential form p on
J'Y

(15) Ja*hp=hl"o*p.

Proof All these assertions are easy consequences of definitions.

Formula (13) shows that /'« is an C" automorphism of the r-jet pro-
longation J'Y of the fibred manifold Y, whose projection is a dif-
feomorphism ¢, . We call this C” automorphism the r-jet prolongation of
o .

1.7 Jet prolongations of vector fields Let Y be a fibred manifold
with base X and projection 7 . In this section we apply the theory of jet pro-
longations of automorphisms of fibred manifolds to local flows of vector
fields, defined on Y.

Let Z be a C' vector field on Y, let y, €Y be a point, and consider a
local flow a®:(-€,e)XV —Y of Z at y,. As usual, define the mappings
o and af by

(1) as(r,y)=oas(y) =5 @)

Then for any point y €V the mapping t — af (t) is an integral curve of =
passing through y at r=0,1i.e.,
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) To; =E(05 (1)), o (0)=y.

Moreover, shrinking the domain of definition (-£,6)xV of & to a subset
(-x, k)XW C(-€,)xV , where W is a neighbourhood of the point y, , we
have

3) o (st+ey)=0 (a7 (t,y), e (-t.a7(t.y)=y
for all (s,t)€(—k,x) and y€ W or, which is the same.
@ oLM=ale ), o=y

Note that the second formula implies

& (@)'=

In the following lemma we study properties of flows of a 7 -projectable
vector field.

Lemma 11 Let E be a C’ vector field on Y. The following two condi-
tions are equivalent:

(1) The local 1-parameter groups of Z consist of C" automorphisms of
the fibred manifold Y.

(2) E is w-projectable.

Proof 1.Let y, €Y be a point and let x, = 7(y,) . Choose a local flow
o° :(—€,&)XV =Y at y,, and suppose that the mapplngs o :V—-Y are
C" automorphisms of Y. Then for each ¢ there exists a unique C’ mapping
a,:U— X ,where U=m(V) is an open set, such that

(6) o0 =Q,om

on V. Setting o(t,x)=0o,(x) we get a mapping ¢ :(—€,&)XxU = X . It is
easily seen that this mapping is of class C” . Indeed, there exists a C” section
Y :U =Y such that y(x,)=1y, (Sectlon 1.1, Theorem 3); using this section
we can write a(t,x)=0o, (x)=7moa, oj/(x) moa~(t,y(x)), so « can be
expressed as the composite of C”-mappings. Since o satisfies a(0,x)=x,
setting

(7) Ex)=Tya, 1

we geta C'' vector field on U.
On the other hand, formula (6) implies 7o~ =(t, y)=oa(t,m(y)), that is,
JTO(X = Then from (2) T(n’ooc )= T -H(oc )=To and se

n(y) " 7(y)
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have at the point # =0

(3) Ty0t,,, =T, -E(y).

(y)
Combining (7) and (8),
9) S(r(y)=T,m-E(y).

This proves 7 -projectability of Z on V. & -projectability of Z (on Y) now
follows form the uniqueness of the 7 -projection.

2. Suppose that = is 7 -projectable and denote by & its 7 -projection.
Then

(10)  T,m-E(y)=E&x(y)

at every point of Y. The local flow o satisfies equation (2)
T,a; =E(0; (1)) . Applying the tangent mapping 77 to both sides we get

(1)  T(moo)=T_. 7 E(or (1)=E(m(o (1))

oy >(1)
This equality means that the curve t—)n’((x (t)) o (v)(t) is an integral
curve of the vector field & . Thus, denoting by a® the local flow of £ at the
point x, =7(y,), we have

(12)  m@ @y)=o’(t.x(y)
as required.

Let E be a 7 -projectable C” vector field on Y, & its 7 -projection, o
(resp. 055) the local 1-parameter group of Z (resp. & ). Since the mappings
055 are C’diffeomorphisms, for each # the C" automorphism ¢ can be pro-
longed to the jet prolongation J'Y of Y, forany s, 0<s<r. The prolonged
mapping is an automorphism of the fibred manifold J'Y over X, defined by

(13) Tty =T 05w,

the s-jet prolongation of o .

It is easily seen that there exists a unique C’ vector field on J'Y whose
integral curves are exactly the curves ¢t — J'a>(Jy). This vector field is
defined by

s= r _ i K r
a4 J _<ny)—( o <Jm) ,

0
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and is called the r-jet prolongation of Z . It follows from the definition that
J'E is &’ -projectable (resp. 7' -projectable for any s, 0 <s<r) and its
7" -projection (resp. 7" -projection) is & (resp. J'E).

The following lemma describes the local structure of the jet prolonga-
tions of projectable vector fields.

Lemma 12 Let E be a 7 -projectable vector field on Y, (V,y),
v =(x',y%), afibred chart on Y, and let Z be expressed by

=0

) oo O

15 =& —4+= )
= ¢ ox' ay°

Then J°Z is expressed with respect to the associated chart (V' w’) by

) — 0

=
=
Jia--dk
ax k=1 jiSjr<.. <jy ay T2

(16) JE=&-—

’

where the components EZ. are determined by the recurrence formula

JaeeJk

(17) EO’ :d o _\° aé

JiJa-eJi Jk' 2 dia yj1jz~-jk71i ax./k :

[

Proof For sufficiently small ¢ we can express the local 1- arameter
group of E in one chart only. Replacing o with o , o, with ¢; and o,
with a we get the following equations of the C” automorphlsm o
(18)  xoaf(N=x'af(x). ¥ o0F(»)=y"0 ().

Thus the components of the vector field = can be written as

dxag(x) =N _ dy“af(y)}
(19) E'(y)= (——7——1, “(”‘(__Ef_'@

To determine the components of J'Z we use 1.6, Lemma 9. The 1-
parameter group of J°Z has the equations
xoJ a(y)=x'af (x),
y o J ot (y) =yl (y),
¥, e d o (Jy)

Jia-

=D, Djz ..D, oy oy oo 97 Y p(arf (x)), 1<k <5,

(20)
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o

so by (18) it is sufficient to determine =%,

. By definition,

—_0 r d led r. = r
(21) :j1jz-»»jk (ny) = (E(yjljzmﬁ °oJ o )(JX’}/)) :

0

But

Y5 i © JaZ(Jly)
(22) =D, D, ...D, (’oiy " oy oot o7 )o(ax} (x)))

=y, ol oo Iy oal o7 (p(ar (x))),

thus,

Y5 0J 0 (1Y)
(23) =D, (v, ;. edaiedyop gt o (o (x))

=D,(y],, ., °d 0l oJy o ) @())D, (x'a, 0 Mooy (x))).
To obtain (21) we differentiate in this formula the function
(24) Q)= (¥, e oo Yo No)=y], , oJa(Jy)

with respect to # and x'. Since the partial derivatives commute, we can first
differentiate with respect to 7 at t=0. We get the expression 7, . (J7y).
Subsequent differentiation yields

5)  D(E, o TV o0 e)=dE], oY,

where d, is the formal derivative operator (Section 1.5, Lemma 8).
We should also differentiate expression D i (xloci(p’I )((p(af (x))) with
respect to r. We write the identity D, (xkozi(p’1 o(paf(p’l)((p(x)) = 5;‘ as

26)  D,(x'af 9™ o (x)D,(xaio ) @(x) =5/

From this formula

d k -1 j -1
=D, (x*of, 97 )gor; (x))- D, (x oo™ )((x))
@7 dt

k -1 d j ~1
+D,(x'at 0 " Ngar (x)-—-D, (afe™ ) (x) =0,
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thus,at r=0
d _ ‘ .
(28) (E D, (x‘a‘ 0™ Yoo (X))) -8/ +8;D& (9(x) =0,
0

hence
d |
(29) (E D,(x*a 9™ )gor; (X))) =-D&" (p(x)).

Now we can complete the differentiation of formula (23) at r=0. We
have

=5, U=, a0 |
=(dES, ;. °J VXD, o™ )ex)

(30) =D,(y7;, ., oY@ N@(x)D; & (@(x))
=dES, . (IS, =y, , (JyD, & (p(x)
=d,E5, . =Y, LD, & (@),

which coincides with (17).

Remark 4 Sometimes it is convenient to express tangent vectors and
vector fields on J'Y with different summation convention. We can formally
introduce the convention as follows. Let E be a tangent vector at a point
J'y €J'Y .In a fibred chart at this point

i a —_0 a
=¢ - +Z -
ox' ), dy "y

s
+ y o= 9
2k ?
Jy

a o
k=1 ji<pS.. Sy Y-

[1]

D

where &',Z° .27, €R.In this formula we sum through non-decreasing k-
tuples j,j,...j, ; we want to extend the summation to all k-tuples. Since for
any element 7 of the symmetric group S, the coordinate functions
are defined and are equal to y7, ., with j <j, <...<j,, set-

- ‘
S e ey = S, WE CAN WIILE

o
yjru)jr__(_zb-_--jr(k) <k
—

ting

—
—_ =
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E:(g’( ai) +E"( agj
ox' )y vy ),

1 - J
(32) + Z Z E:-C/i(l)jr(z)“'jf(k) (6‘77]
yjm Jly

k=1 7€, " * Vr@ydr
(0 —[ O =1 d
Zél(a i) +‘:‘G(a oj +2k|:(;j2'~jk[a c
X Jy Y Jiy =% Vs Jiy
with the summation understood through all j,, j,, ..., j,. This implies, in

particular, to jet prolongations of vector fields; formula (16) can also be
written as

d _, 0 <D d
axi +:G a o + E:‘Z./Z“'jk a o :
Yy = Vidnid

(33) J==&

Example 7 (Second jet prolongation of a vector field) If a -
projectable vector field = is expressed by

;0 d
B4  E=8—+ET—,
dx dy
then
;0 d d d
(35) JE=E —+E —+E7—+)) ES—,
ax' dy ! dy; = ! 0y
where

=0 il (of aél =0 =0 o aél (o agl (o azéi
(36) = == ax’’ =i = dAE -y axt M ox! Y dx’ ax*

In the following lemma we study the Lie bracket of r-jet prolongations
of projectable vector fields, and the Lie derivatives by these vector fields.

Lemma 13 (a) Let = and Z be two 1 -projectable vector fields. Then
the Lie bracket [2,Z] is also 1 -projectable, and

37 JI[EZ]=[JEJZ].
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(b) For any m -projectable vector field =, and any differential form p
on J'Y,

(38)  9,..hp=hd,_p.

Proof 1. First we prove (a) for r =1; the proof in a fibred chart consists
of checking formula (37) and is trivial. Suppose we have in a fibred chart

(39 E=¢& 9 z° aa’ z:;kik+zv av
ax' dy ax dy

Then

JE=¢E 9 4z ag+5<’ ag’

ax' dy 1 0yS

“0) d d d

JZ=0'—+72° —+77 —,

d dy ady;

where

a i a i
41) E;‘,:d.sﬂ—y."i 27 =az° -y
X X

J i j? J J i s J
and
[J'E,J'Z]= ( g & o g) ,«
0x
“2) . azl §,+azv = _ a_l ¢ _a:v - aa
ox dy ox dy dy
(az;’ ey 0z _, | 97 E;_aag g,_aa;’ , 0Z7 lvj 9
ay" ay/ dx ay" ay, ay;

On the other hand, denoting ® =[Z,Z] we have

(43) 0=0%—+0°
8 8y

where
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.ol L, oE . 0Z° ., 9Z° =7, 0Z°
@y o=le Ko g e g B R
0x dx 0x dy dx dy
and
;0 d d
45  JO=9'—+0°"—+07 —,
0x dy !y
where
9V’

(46)  ©7=dO" -y .

Comparing formulas (35) and (45) we see that to prove assertion (a) for
r =1 it is sufficient to show that

02° , 927 _, 0 9=’
(et 2o )

ax’ ay’ ay"
Lo (. aE
@7) —y F(iséf —isé ]
BZG 826 97° 0=° 9=° 9=°
J 51 (IR i gl_ Ay A B/ A

We we consider the lef-hand side and the right-hand side of this formula
separately. The left-hand side can be expressed as

.v+ E _ s _ = ZV
ox’ 6 dy" ax’ d ay"

o 0 (98, 9
Y axj((?x“g 8xsgj

0Z2° ., 9Z° d¢&* 0Z° 0Z°
(48) =d,—&'+—— §.+d. —E'+—dE"
7 dx ax’ ax’ 7 dy ay"
—'0' g B aEO' aCS B iﬁ v EO‘
9 ax* ax' ax’ 7 9y ay"

Z
_yia( °L . 080 0L Cs_ai"af)

ZO‘ Zo‘ EO‘ :o‘
d(a 0Z° _, 0 0 )

dz"

ax’ 9x* ax* ax’ axjax“ dx* dx’
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The right-hand side of (47) is

0Z° 027 _, 0Z° _  0=° 027 _ 027 _
rE R E - 2 -0
0x Jdy ay, 0x dy ay,

AN NS 0Z° o, 0 (o 090 o
=\d,——-y lé:j E'+d, ——E'+—|dZ° - Cj =
dx 0x dx dy ay, 0x
0=° o & ., 0 —o o OE\_,
—d,— - ,gj C’—dj L' —— | dE° - 5/. Z,
0x ox O0x dy ay, 0x
0Z° 7*C N\, ,0Z° 9E N\ azZ°
49 =|d, -y - & +d —E"+|dE -y —=
“49) 7 ox! Vi dx' x’ s 7 9y” ( J "ax’ ) ay”
co_ 0083
—| ="~ ax' Jox
x )0x
=0 2 i =0 i =0
- d,aH, -y 815 , C’—d.a“v Z'—\dZ" -y 8; auv
! ox dx' dx’ 7 dy ! ax’ ) ay
A" a&'
+ dZ° -y’ —rl
! ¥ aleax’

In this formula

! i o
7008 _ 95 02

dax’ Y dx’ ay"
_azca_cj’ 9Z° va_z:’_ , 0E0Z°

50 . —— ! -
0 ax' ax’ 9y’ ' ox’ e ay”
oz ag!
ax' ax’’
and
ol ¢’ 9=°
_d150i+yl}’i_ -
ax’ dx’ dy
0= o' 9= , L' ¢’ 9=°
sy o TEC o

ox' ax’ a9y’ 7 ax’ i ay’
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thus,
aZ? él + 827 EV + aZ(Jy EV _ aEf I an ZV _ an Zv
ox' ay" ay, ' ax' ay" ay
ZO‘ 2 i ZO‘ ZO' i 1
(a2 —=y alg“ . §’+d.a VEV+dEVa—V+y;’a—§,a—C.
7 9x dx' dx’ " dy Ty ax' dx’
(52) - o
g P =0 _J9ET LAl d
4= /Zj j gl_d./‘ L —d/Z v Y izi,
ox 0x dx dy dy Jdx dx

ax' ax’  ax' ax’’

This is, however, exactly expression (47), proving (a) for r=1.

2. In this part of the proof we consider the r-jet prolongation J'™'Y as a
fibred manifold with base X and projection 7" :J™'Y — X , and the 1-jet
prolongation of this fibred manifold, J'J"'Y . Namely, we study the canoni-
cal injection

(53)  JY3Jy->uwJly)=JJ lyeJJY.

Obviously, 1 is compatible with jet prolongations of automorphisms o of Y
in the sense that

(54)  1eJa="V " a)eL

Indeed, we have for any point Jy from the domain of J'«

(55 wWa(y))=1J, o) =T, oyogh),

and also

(56)  JU oIy N=JY"" oI TY)= 0, 0 oo d Ty eagh).

Thus (54) follows from 1.6, (2).
Then, however, applying (56) to local 1-parameter groups of a 7 -

projectable vector field = , we get 1 -compatibility of J'J''Z and J'E,
(57 JUTEe1=Ti-J'E.

Since for any two 7 -projectable vector fields & and Z the vector fields
J'JT'E J'E and J'J'Z and J'Z are 1-compatible, the corresponding
Lie brackets are also 1 -compatible and we have
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(58) [(J' 2T T Z)e1=T1-[J'E,JZ].

3. Using Part 1 of this proof, we now express the vector field on the left-
hand side of (58) in a different way. First note that

(59) (J'JE 70 Z21= 7' E 2.

But we may suppose for induction that [J"'Z,J"'Z]=J'[E,Z], thus
(60) [J'J=E7'07'Z21=0' 07 E,Z]. .

Restricting both sides by 1 and applying (54),

(61) [J'J 27T Z e1=J"T 2, Z]o1=T1-J'[E,Z).

Now from (59) and (61) we conclude that Ti-([J'E,J'Z]-J'[E,Z])=0.
This implies, however, [J'Z,J'Z]-J'[Z2,Z]=0 because T1 is at every
point injective.

This completes the proof of assertion (a).

4. (b) follows from 1.6, Lemma 10.

Now we consider restrictions of jet prolongations of projectable vector
fields to jet prolongations of sections.

Remark 5 We find the chart expression of the canonical injection 1
(50). Any fibred chart (V,y), l//:(xi,y"), on Y induces a fibred chart
V., l//=(xi,y",y;,y;fjﬂ,...,yzj%_j'), on J'Y . We also have a fibred
chart on J'J7'Y,  induced by the fibred chart (V”l,l//”l) s
v :(xi,y“,yz,yzjz,...,yjjz'“jr_l), on J'Y . We denote this fibred chart by
(W,¥), where the coordinate functions are denoted as

63) =YY VY Y kY koY i)
Then by definition

Y91 W) =D(y], oy o™ )@(x))

(64) o -1 o r
=D.D,D, ...D;, "y N@x)=y;,; ;:(JY)

for all s=1,2,...,r—1, so the canonical injection 1 is expressed by
i i o _.c c 0 _
(65) Tol=x, yel=ys, yjl.fz---j:Ol_yfljz---j.;’ I<s<r 1’

o _.c
Vijnoods & OV= Yijpojir 1S <r=1.



