1 Jet prolongations of fibred manifolds

This chapter introduces fibred manifolds and their jet prolongations.
First we recall properties of differentiable mappings of constant rank and
introduce, with the help of rank, the notion of a fibred manifold. Then we
define automorphisms of fibred manifolds as the mappings preserving
their fibred structure. The r-jets of sections of a fibred manifold Y, with a
fixed positive integer r, constitute a new fibred manifold, the r-jet prolon-
gation J'Y of Y; we describe the structure of J'Y and a canonical con-
struction of automorphisms of J'Y from automorphisms of the fibred
manifold Y, the r-jet prolongation. The prolongation procedure immedi-
ately extends, via flows, to vector fields. For this background material we
refer to Krupka [K17], Lee [L] and Saunders [S]).

These concepts are prerequisites for the geometric definition of varia-
tions of sections of a fibred manifold, extending the corresponding notion
used in the classical multiple-integral variational theory on Euclidean
spaces to smooth fibred manifolds.

1.1 The rank theorem

Recall that the rank of a linear mapping u:E — F of vector spaces is
defined to be the dimension of its image space, ranku = dimImu . This defi-
nition applies to tangent mappings of differentiable mappings of smooth
manifolds. Let f:X—Y be a C"mapping of smooth manifolds, where
r =21. We define the rank of f at a point x € X to be the rank of the tangent

mapping 7.f:T. X —>T; Y . We denote

(D) rank f=dimIm7 f.

The function x = rank f , defined on X, is the rank function.

Elementary examples of real-valued functions f of one real variable
show that the rank function is not, in general, locally constant. Our main ob-
jective in this section is to study differentiable mappings whose rank func-
tion is locally constant.

First we prove a manifold version of the constant rank theorem, a fun-
damental tool for a classification of differentiable mappings. The proof is
based on the rank theorem in Euclidean spaces (see Appendix 3) and a
standard use of charts on a smooth manifold.
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Theorem 1 (Rank theorem) Let X and Y be two manifolds, n=dim X,
m=dimY , and let q be a positive integer such that q<min(n,m). Let
W C X be an open set, and let f:W —Y be a C" mapping. The following
conditions are equivalent:

(1) f has constant rank on W equal to q. .

(2) To every point x, €W there exist a chart (U,p), ¢=(x") at x,,
an open rectangle P CR" with centre O such that (U)=P, ¢(x,)=0, a
chart V), w=(0°), at y,=f(x,), such that f(U)CV, and an open
rectangle Q C R" with centre O such that w(V)=Q , y(y,)=0, and

) Ty fo x°, o=12,..,9
0, o= q+1q+2

Proof 1. Suppose that f'has constant rank on W equal to g. We choose a
chart (U, (p) o=("), at X » and a chart (V, V), y=(y7),at y,, and set
g=Wfp';gisa C mapping from @(U)CR" into ¥ (V)CR" . Since for
every tangent vector & € T X expressed as

3  &=¢ (%j

we have

o= a
4) T.f-E=D.(y° fo  )@(x)E (ag) ,
f(x)

the rank of f at x is rankT, f =rank D,(y° f(p‘l)((ﬁ(x)) Consequently, the
rank of fis constant on the open set @(U) CR", and is equal to g. Shrinking
U to aneighbourhood U of x, and V to a nelghbourhood Vof y, if neces-
sary we may suppose that there exist an open rectangle P C R" with centre
0, a diffeomorphism ¢ :¢p(U)— P, an open rectangle Q CR"™ with centre
0, and a dlffeomorphlsm B: l;/(V)—) Q such that in the canonlcal coordi-
nates z' on P and w° on Q, Bga’'(z'.7%,....2")=(z".2",...,2%,0,0,...,0).

Weset o=a@ , p=(x'),and w =By, y=(y°). Then (U,p) and (V,l//)
are charts on the manifolds X and Y respectively. In these charts, the map-
ping v fe~ can be expressed as yfo ' =By fp 'a” =Bga”"; thus, for
every point x €U

w ()= fo o(x)= Bgo'o(x)
Q) = Bgor (x' (x),x7 (x),...,x" (x))
=(x'(x),x*(%)....,x%(x),0,0....,0).

In components,
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x’(x), o=12,...4q,
0, o=qg+1,q+2,....m,

(0) ¥ o f(x)= {
proving (2).

2. Conversely, suppose that on a neighbourhood of x, €W the mapping
fis expressed by (2). Then rank 7, f =rank D,(y° fo " )No(x,)=q.

Let f:X —Y be a C"mapping, and let x, € X be a point. We say that
f1s a constant rank mapping at x, , if there exists a neighbourhood W of x,
such that the rank function x —rank f is constant on W. Then the charts
(U,p) and (V,y) in which the mapping f has an expression (2), are said to
be adapted to f at x,, or just f-adapted. A C" mapping f that is a constant
rank mapping at every point is called a C” mapping of locally constant rank.

A C"mapping f:W —Y such that the tangent mapping 7, f is injec-
tive is called an immersion at x, . From the definition of the rank it is imme-
diate that f'is an immersion at x, if and only if rank, f=n<m.If fis an
immersion at every point of the set W, we say that fis an immersion.

From the rank theorem we get the following criterion.

Theorem 2 (Immersions) Let X and Y be two manifolds, n=dimX ,
m=dimY 2n. Let f:X—>Y be a C" mapping, x,€X a point, and let
Yo = f(x,) . The following two conditions are equivalent:

(1) fis animmersion at x, . .

(2) There exist a chart (U,p), ¢=(x') at x,, an open rectangle
P CR" with centre 0 such that @(U)=P and ¢(x,)=0, a chart (V,y),
v=0°) at y, = f(x,), and an open rectangle Q CR"™ with centre 0 such
that w(V)=Q and y(y,)=0, such that in these charts f is expressed by

o

x°, o=1.2,...,n,
0, o=n+l,n+2,....m.

) y6°f={

Proof The matrix of the linear operator T, f in some charts (U,p),
@=(x"),at x, and (V,y), w=(°),at y, is formed by partial derivatives
D,(y° fo~" )@(x,)) , and is of dimension nXxm . If rank T, f=n at x,, then
rank7, f =n on a neighbourhood of x;, by continuity of the determinant
function. Equivalence of conditions (1) and (2) is now an immediate conse-
quence of Theorem 1.

Let f:X —Y be an immersion, let x, € X be a point, and let (U,p)
and (V,y) be the charts from Theorem 2, (2). Shrinking P and Q if neces-
sary we may suppose without loss of generality that the rectangle Q is of the
form Q=P X R, where R is an open rectangle in R™" . Then the chart ex-
pression W f@~':P— PXR of the immersion f in these charts is the map-
ping (x',x*,...,x") = (x',x*,...,x",0,0,...,0) . The charts (U,p), (V,y) with
these properties are said to be adapted to the immersion fat x,, .
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Example 1 (Sections) Let s>r,let f:X — Y be a surjective mapping
of smooth manifolds. By a C" section, or simply a section of f we mean a
C’" mapping ¥ :Y — X such that

(8) foy=id,.

Every section is an immersion. Indeed, 7, f°T,y=id;, at any point
y€Y . Thus, for any two tangent vectors 51,32 €T)Y satisfying the condi-
tion T,y-& =T,y-§,, we have T, foT,y-& =T, foTy-&,. From this
condition we conclude that & =¢, . ' '

A C"mapping f:W —7Y such that the tangent mapping T, f is surjec-
tive, is called a submersion at x, . From the definition of the rank it is im-
mediate that f is a submersion at x, if and only if rank, =m<n. A sub-
mersion f:W —Y is a C" mapping that is a submersion at every point
xew.

Theorem 3 (Submersions) Let X and Y be manifolds, let n=dimX,
m=dimY . Let f:X—Y be a C"mapping, x, a point of X, y, = f(x,).
The following conditions are equivalent:

(1) fis a submersion at x, . .

(2) There exist a chart (U,p), ¢=(x'), at x,, an open rectangle
PCR" with centre 0 such that @U)=P, ¢(x,)=0, a chart (V,y),
v=0°),at y,=f(x,), and an open rectangle Q CR™ with centre 0 such
that y(V)=0 , w(y,)=0, such that

9) yof=x°, o=12,...,m.

(3) There exist a neighbourhood V of 'y, and a C' section y:V =Y
such that y(y,)=x, .

Proof 1. Suppose that fis a submersion at x,. Then rank7 f=m on a
neighbourhood of x,, and equivalence of conditions (1) and (2) follows
from Theorem 1.

2. Suppose that condition (2) is satisfied. Consider the chart expression
v fe~' :P—Q of the submersion f that is equal to the Cartesian projection
(' x ) = (L x™) . wfeT admits a C7 section
& . Since Y f@~ o8 =id, hence f@~'o8=y . Setting y =¢ '8y we have
fy=fo '0y =y 'w =id, proving that ¥ is a section of f. This proves (3).

3.1f fadmits a C" section ¥ defined on a neighbourhood V of a point y,
then foy=id, and T (foy)=T foTy=T,id, = idT“Y , where x=y(y).
Thus T, f must be surjective, proving (1).

Let fbe a C’ submersion, x, € X a point, and let (U,p) and (V,y) be
the charts from Theorem 3, (2). Shrinking P and Q if necessary we may sup-
pose that the rectangle P is of the form P =0 X R, where R is an open rec-
tangle in R"™ . Then the chart expression (9) of the submersion f is the

m+1 m+l1

mapping (x',x”,...,x",x"" ,x"" .., x") = (x',x*,...,x") . The charts (U,p),
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(V,y) with these properties are said to be adapted to the submersion fat x, .

Corollary 1 A submersion is an open mapping.

Proof In adapted charts, a submersion is expressed as a Cartesian pro-
jection that is an open mapping. Corollary 1 now follows from the definition
of the manifold topology in which the charts are homeomorphisms.

Corollary 2 Let f:X =Y be a submersion, (U,Q) a chart on X and
Voy) acharton Y. If (U,p) and (V.,y) are adapted to f at a point x,€ X ,
and V = f(U), then the chart (VW) is uniquely determined by (U,Q) .

Proof This is an immediate consequence of the definition of adapted
charts and of Corollary 1.

Example 2 (Cartesian projections) Cartesian projections of the Carte-
sian product of C” manifolds X and Y, pr, : X XY — X and pr, : XXY =Y,
are C” submersions. Indeed, let us verify for instance the rank condition for
the projection pr,. If (x,y)€ XXY is a point and (U,p), ¢ =(x") (resp.
(V,w), y=(y)) is a chart at x (resp. y), we have on the chart neighbour-
hood UXV C XXY, (x,y)= l//_ll//(x,y) = l//_l(xl,x2,...,x",yl,y2,...,y’") and
pr,(x,y)=x=¢ 'o(x)=¢ ' (x',x*,...,x") . Then for all vectors £€7T X and
§€TY ,expressed as

a(jc" ) L 6=¢ (%)y ’

equations of the projection pr, yield

(10) 5:5(

d o k a io 1 c d
A T @)= 2P O A sk

In particular, 7, | pr; is surjective so pr, is a surjective submersion.

Example 3 The tangent bundle projection is a surjective submersion.
All tensor bundle projections are surjective submersions.

With the help of Corollary 1, submersions at a point can be character-
ized as follows.

Corollary 3 Let X and Y be manifolds, n=dimX ,m=dimY <n. A
C" mapping f:X =Y isa submersion at a point x, € X if and only if there
exist a neighbourhood U of x,, an open rectangle RCR"™, and a dif-
feomorphism y :U — f(U)XR"™ such that proy=f.

Proof 1.Suppose f is a submersion at x,, and choose some adapted
charts (U,p), ¢=(x"), at x, and (V,y), w=(°) at y,. Every point
x €U has the coordinates (x'(x),x(x),...,x" (x),x"" (x),x""(x),...,x"(x)).
We define a mapping y :U — Y XR"™ by
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(12) ()= (F(),x"" (0,27 (x),...,x" (X))

Then pryo ¥ = f, and from Corollary 1, f(U) is an open set in Y. It remains
to show that y is a diffeomorphism. We easily find the chart expression of
the mapping y with respect to the chart (U,p) and the chart (VXR"™ 1),
n=0u"y ..y "t ,..t""),on Y XR"™ where t* are the canonical co-
ordinates on R"™. We have for every xeU, y°y(x)=y°f(x)=x°(x),
I1<o<m,and t'y(x)=x""(x), 1<k<n—m,thatis,

ly=x', i=12,..m
(13) yXx k
ty=x""* k=12,..n—m,

that is, 7oy =¢ . Thus y =n"'¢ is a diffeomorphism.

2. Conversely, if proy=f, we have T, f=T, ,pr°T, %, and since
X is by hypothesis a dlffeomorphlsm rankT Jf=rankT, . pr . But the
rank of the projection pr, is m (Example 2).

1.2 Fibred manifolds

By a fibred manifold structure on C” manifold ¥ we mean a C” mani-
fold X together with a surjective submersion 7 :Y — X of class C” . A man-
ifold Y endowed with a fibred manifold structure is called a fibred manifold
of class C”, or just a fibred manifold. X is the base, and 1 is the projection
of the fibred manifold Y.

According to Section 1.1, Theorem 3 and Corollary 2, any manifold,
endowed with a fibred manifold structure, admits the charts with some spe-
cific properties. Let Y be a fibred manifold with base X and projection 7,
dimX=n, and dimY =n+m. By hypothesis, to every point ye€Y there
exists a chart at y, (V,y), w=(u',y’), where 1<i<n, 1<0 <m, with the
following properties: .

(a) There exists a chart (U,p), ¢=(x'),at x=7m(y), where 1<i<n,
in which the projection 7 is expressed by the equations x' o =u'.

(b)) U=mn().

The chart (V,y) with these properties is called a fibred chart on Y. The
chart (U,@) is defined uniquely, and is said to be associated with (V V).
Having in mind this correspondence, we usually write x' instead of u', and
denote a fibred chartas (V, W), v = (x',y%).

Lemma 1 Every fibred manifold has an atlas consisting of fibred
charts.

Proof An immediate consequence of the definition of a submersion.

A C’" section of the fibred manifold Y, defined on an open set W C X , is
by definition a C"section ¥y :W —Y of its projection & (cf. Section 1.1,
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Example 1). In terms of a fibred chart (V,y), v = (x',y°), and the associat-
ed chart (U,p), ¢ =(x"),such that U CW and y(U)CV, y has equations
of the form

(1) xioy:x", yloy=f°,

where f° are real C” functions, defined on U.
Let Y, (resp. Y, ) be a fibred manifold with base X, (resp. X, ) and pro-
jection 7, (resp. m,). A C'mapping o :W — Y, , where W is an open set in
|, is called a C" morphism of the fibred manifold Y, into Y, , if there exists
a C" mapping o, :W, = X, where W, =x,(W,), such that

(2) T,o00t=0°T,.

Note that W, is always an open set in X, (Section 1.1, Corollary 1). If ¢,
exists it is unique, and is called the projection of o . We also say that « is a
morphism over «,. A morphism of fibred manifolds ¢ :Y, =Y, that is a
diffeomorphism is called an isomorphism; the projection of an isomorphism
of fibred manifolds is a diffeomorphism of their bases.

If the fibred manifolds ¥, and Y, coincide, Y, =Y,=Y, then a
morphism o :W — Y is also called an automorphism of Y.

We find the expression of a morphism of fibred manifolds in fibred
charts. Consider a fibred chart (V,,y,), ¥, =(x|,y"), on Y, and a fibred
chart (V,,w,), v, =(x7,y,), on Y, such that o(V,)CV,. We have the
commutative diagram

Vl L> Vz
3) \2 2

o
m (V) — m,(V,)
expressing condition (2). In terms of the charts we can write

(4) o, = q’;l Oq’zao(/)l_l O(plnll/jl_l oy,
0= @, QY oY,0 oy,

so the commutativity yields

5) .00, CQIYT =, oy 0y

But in our fibred charts ¢y, is the Cartesian projection (x{,y’)—> (x]),
and @,7,y;' is the Cartesian projection (x?,y)—> (x}). Consequently,
writing in components

(6) (/)2060(p1_1 ° (P177711//1_l (x; )= q)zao(/)l_l (x;) = (x;ao(pfl(xf ),
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P, oY ,0p ) (X1 )Y)
=y, (o, (a7 ) yso (x,y7))
= (o (.57,
we see that condition (5) implies x}o@;' (x}) = xlo," (x{,y7) . This shows
that the right-hand side expression is independent of the coordinates y; .

Therefore, we conclude that the equations of the morphism ¢ in fibred
charts are always of the form

(7 Xl =), v =Fr(x,y0).

Let Y be a fibred manifold with base X and projection 7 . If = is a tan-
gent vector to Y at a point y€Y, then the tangent vector & to X at
x=m(y) € X, defined by

®  TrE=E

is called the 7 -projection, or simply the projection of Z . By definition of
the submersion, the tangent mapping of the projection 7 at a point y,
Tw:TY —>T,.,X,is surjective.

m(x)

A tangent vector Z€T\Y atapoint y€Y is said to be 7 -vertical, if
©) Tw-E=0.

The vector subspace of 7,Y consisted of 7 -vertical vectors, is denoted by
VI,Y .If E is expressed in a fibred chart (V,y), y =(x',y%), by

==& i =0 d
(10) u—é(axijyh (ayvl’

then by (8)

Thus, E is & -vertical if and only if

(12) EzE"( aGJ.
ay” ),

If in particular, dimY =n+m and dim X =n , then dimVTyY =m.
The subset VTY of the tangent bundle 7Y , defined by

(13)  vry=Jvry,

yey



1. Jet prolongations of fibred manifolds 9

is a vector subbundle of 7Y .

The projection m:Y — X induces a vector bundle morphism
Tr:TY > TX; from the definition of a fibred manifold it follows that the
image is Im7T7z =TX . The vector subbundle VTY =KerTm of the vector
bundle TY is called the vertical subbundle over Y.

Let p be a differential k-form, defined on an open set W in Y. We say
that p is & -horizontal, or just horizontal, if it vanishes whenever one of its
vector arguments is a 7 -vertical vector.

We describe the chart expressions of 7 -horizontal forms.

Lemma 2 The form p is 7 -horizontal if and only if in any fibred chart
VW), v =(x',y°), it has an expression

(14) p= %p,],.w.kdx"' Adx® A Ndx"

Proof Choose a point y €V and express the form p(y) as

PO)= 1Py, I (A (A A ()4 ' (DA Py ()

(15) .

+dy’ (AP, +...+4dY" (DA P, (),
where the forms p,(y), p,(y), ..., p,,(y) do not contain dy'(y) , the forms
2, , ps(3), ..., p,(y) do not contain dy'(y) and dy’(y), etc. Suppose

that p is 7 -horizontal. Then contracting the form p(y) by the vertical vec-
tor (9/9y"), we get iy, PO =P, (»)=0. Contracting p(y) by the vertical
vector (d/ 8y2)_V we get z( S p()=p,(y)=0, etc.. Clearly, which proves
formula (14). o

Example 4 The first Cartesian projection pr, of the product of Euclide-
an spaces R"XR"™ onto R", restricted to the product of open sets U XV,
where U CR" and V CR", is a fibred manifold over U. The restriction of
pr, to any open set W C R" xR"™ is a fibred manifold over pr,(W)CR".

Example 5 Moebius band is a fibred manifold over the circle.

A form p, defined on an open set W in Y, is said to be 7 -projectable,
or just projectable, if there exists a form p, , defined on the set 7(W), such
that

(16) p=m*p,.

If the form p, exists, it is unique and is called the 7 -projection, of just the
projection of p .

Convention Formula (16) shows that a & -projectable form can canon-
ically be identified with its & -projection. Thus, to simplify the notation, we
sometimes denote a 7 -projectable form 7 * p, by its 7 -projection p, .
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1.3 The contact of differentiable mappings

Let X and Y be two smooth manifolds, n=dim X , and m=dimY . Let
x€ X be apoint, f,:W =Y and f,:W =Y two mappings, defined on a
neighbourhood W of x. We say that f,, f, have the contact of order O at x, if

€] [i(x)=f,(x).

Suppose that f, and f, are of class C", where r is a positive integer. We say
that f, f, have the contact of order r at x, if they have the contact of order
0, and there exist a chart (U,p), ¢ =(x") ,at x and a chart (V,y), v =(y°),
at f(x) suchthat UCW , f,(U),f,(U)CV ,and

2) D*(y £~ )@(x)) = D*(y £,0” )(x))

for all k<r . These definitions immediately extend to C” mappings f,, f,;
in this case f;, f, are said to have the contact of order o at x, if they have
the contact of order r for every r.

Writing in components W fo~" =y fo', wfo =y f,0”", we see at
once that f; and f, have contact of order r if and only if f(x)= f,(x) and

3) D, D, ...D, (¥° o Y@(x)= D, D, ...D, (3 /¢~ )@(x))

for all k=12,...,r, all o and all i,i,,..,i;, such that 1<o<m and
1<i <i,<...<i, <n.

We claim that if f,, f, have contact of order r at a point x, then for any
chart (U,p), ¢ =(x"),atx and any chart (V,¢), ¥ =(y°),at f,(x),

“) D W £,@ ) @(x) = D" (¥ £,¢” N@(x))

for all k=1,2,...,r . We can verify this formula by means of the chain rule
for derivatives of mappings of Euclidean spaces. Using the charts (U,p),
(V.,w) we express the derivative

Dil Diz . 'Dik (ycfl¢71 )@(x))

) o O
=D,D,...D, 3y oy fi9" 20 )@ (x))

as a polynomial in the varlables D, (y' .o )@(x)), D, D, (" f(p")((p(x))

,D,D, ...D, (y* f,p NYp(x)). The derivative D, D, . D (y Lo )((p(x))
is expressed by the same polynomial in the Varlables D (y £,0" ) @(x))
D, D, (y" £ o), ..., D,D,..D, (" £,0 " )@x)). Clearly, equality
(4) now follows from (3)

Fix two points x€ X, y€Y, and denote by C( (X,Y) the set of
C’" mappings f:W —Y , where W is a neighbourhood of x and f(x)=y.
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The binary relation “'f, g have the contact of order r at x” on C (X,Y) is
obviously reflexive, transitive, and symmetric, so is an equivalence relation.
Equivalence classes of this equivalence relation are called r-jets with source
x and target y. The r-jet whose representative is a mapping f € C, y)(X ,Y)
is called the r-jet of f at the point x, and is denoted by J!f . If there is no
danger of misunderstanding, we call an r-jet with source x and target y an r-
Jjet, or just a jet. The set of r-jets with source x € X and target yeY is de-
noted by J(Xv (X,Y).

Let f€C/,,(X,Y) be a mapping, f:W =Y, let U be a neighbour-
hood of x and V a neighbourhood of y. Assigning to f the restriction of f to
the set f'(V)NUNW , we get a bijection J f — J (f| ) of the set
(X,Y) onto J ,(U,V).

Let X, Y, and Z be three smooth manifolds. Two r-jets A€ J;, ,(X.,Y),

A=J.f,and BeJ_ (Y,Z), B=J g, are said to be composable, if they
have representatives Wthh are composable (as mappings), i.e., if u =y this
equality means that the target of A coincides with the source of B. In this
case the composite go f of any representatives of A and B is a mapping of
class C" defined on a neighbourhood of x. It is easily seen that the r-jet
J'(go f) is independent of the representatives of the r-jets A and B. If f
and g are such that J'f=J'f and J.g=J'g , then for any charts (U,p),

p=@") at x, (Vy), y=(7), at y=f(x), and (W.,n), n=(z"), at
z=g(y), the derivatives D, D, ...D, (z? gf(p’l)((p(x)) are expressible in the
form

6)  D,D,..D,("gfo " N@(x)=D,D,...D, (2" gy " oy fo  Np(x)).

FvHnunw

(xv

for all k=1,2,...,r . By the chain rule for mappings of Euclidean spaces,
expressions (6) are polynom1a1 in the variables D, D, ...D, (z gl//’l)(l//(y))
and D, D, ...D, O fo " Ye(x)), where m,q<k. The same polynomials in
the derlvatlves D D, ...D, (z v Hw (), D, D ..D, (y f(p’l)((p(x)) are
obtained when expressmg D, D, ...D, (zP gf(p )((p(x)) by means of the
chain rule. Now since by definition

D, D, ...D, (' f¢" )@(x))=D,D, ...D, (' fo™ Y@(x)),

(7 { _
D,D, ...D, z"gy )y(y)=D,D, ...D, (z"gy )y (),

we have
3) D, D, ...D, (z"gf¢” )\@(x))=D, D, ...D, (z"Zf ¢~ N@(x)).

This proves, that the r-jet J (go f) is independent of the choice of A and B.
If X, Y, and Z are three manifolds and A€l (X.)Y), A=J f, and
BeJ . (Y,Z), B=Jg,are composable r-jets, we define

® BoA=Jl(g°)),
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or, explicitly, JigoJ f=J (gof). The r-jet BoA is called the composite
of A and B, and the mapping (A,B)— BoA of J . (X, Y)XJ( ., (¥.Z)
into J,_ (X,Z),where z=g(y), is the composition of r-jets.

A chart on X at the point x and a chart on Y at the point y induce a chart
on the set J(, ((X,Y).Let (U,p), ¢p=(x") (resp. (V,y), ¥y =(x",y%)),be a
chart on X (resp. Y). We assign to any r-jet J_ f € J/ ,(X,Y) the numbers

(x.y)
(10) 25, . (y)=D,D, ..D; (° fo " N@(x)), 1<k<r.
Then the collection of functions y’ = (x',y°, Y5 sY7, s Y7, ) » such that
(1)  1<j<j,<..<j <n, 1<o<m,

is a bijection of the set J, (X,Y) and the Euclidean space R" of dimen-
sion '

(12) N:n+m(l+n+(”’£1)+(”§2)+...+(”+£_1)).

Thus, the pair (J/,_ ,(X,Y),x") is a (global) chart on J;_,(X,Y). This chart

(x.y) (x.y)

is said to be associated with the charts (U,@) and (V,y).
Lemma 3 (a) The associated charts (J., (X,Y),x"), such that the

charts (U,p) and (V,W) belong to smooth s(tr;i;ctures on X and Y, form a
smooth atlas on J|, (X.,Y). With this atlas, J . (X,Y) is a smooth mani-
fold of dimension N.

(b) The composition of jets

(13)  J,(X.Y)xJ] (Y.Z)>(A,B)— BoA€ J], (X.Z)

is smooth.

Proof 1.1t is enough to prove that the transformation equations be-
tween the associated charts are of class C” . However this follows from (5).
2. (b) is an immediate consequence of formula (6).

1.4 Jet prolongations of fibred manifolds

In this section we apply the concept of contact of differentiable map-
pings (Section 1.3) to C"sections of fibred manifolds. We introduce the
smooth manifold structure on the sets of jets of sections and establish the
coordinate transformation formulas.

Let Y be a fibred manifold with base X and projection 7 ,let n=dim X
and m=dimY —n. We denote by J'Y , where r 20 is any integer, the set
of r-jets J.y of C'sections y of Y with source x€X and target
y=y(x)€Y ;if r=0,then J°Y =Y . Note that the representatives of an r-
jet Jy are C'sections y:W —Y , where W is an open set in X; the condi-
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tion that y is a section,
(1) woy=id

implies that the target y=7y(x) of the r-jet J'y belongs to the fibre
n~'(x)CY over the source point x. For any s such that 0 <s<r we have
surjective mappings n'°:J'Y - JY and " :J'Y — X, defined by the
conditions

() > Jy)=Jy, #'(Jy)=x.

These mappings are called the canonical jet projections.

The smooth structure of the fibred manifold Y induces a smooth struc-
ture on the set J'Y . This is based on a canonical construction that assigns to
any fibred chart on Y a chart on J'Y . Let (V,y), v =(x",y°), be a fibred
chart on Y, and let (U,p), ¢= (x"), be the associated chart on X. We set
V' =(x"*)"(V), and introduce, for all values of the indices, a family of
functions x',y°,y?, . ,defined on V', by

x'(Jy)=x'(x),
(3) Yy =y (y(x)),
¥, . ()=D.D, ..D, 0" w Np(x)), 1<k<r.

. . r_ (i O .0 . O [
Thqn the gollectlon of functions y" =(x",y",y7,¥7, .....y;, ), where the
indices satisfy

4) 1<i<n, 1<0<m, 1<j,<j,<..<j <n, k=23,...r,

is a bijection of the set V" onto an open subset of the Euclidean space R"
of dimension

(5) N:n+m(l+n+(”’£1)+(”§2)+...+(”+£_1)).

The pair (V',y"), v =(x',y° ,y]l ,ym2 ,y” ) 1s achart on the set J'Y,
which is said to be associated with the flbred chart (V,y), v =(x',y°).

Lemma 4 (Smooth structure on the set J'Y ) The set of associated
charts (V' ,w"), vy =(x',y° ,yjl ,y]I Iy ,yjI i), such that the fibred charts
(VW) constitute an atlas on Y, is an atlas on J Y.

Proof Let sl be an atlas on Y whose elements are fibred charts (Sec-
tion 1.2, Lemma 1). One can easily check that s§ defines a topology on J'Y
by requiring that for any fibred chart (V,y) from &, the mapping
v V' >y’ (V))CR" is a homeomorphism; we consider the set J'Y with
this topology.

It is clear that the associated charts with fibred charts from & cover the
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set J'Y . Thus, to prove Lemma 4 it remains to check that the corresponding
coordinate transformations are smooth. .

_ Suppose we have two fibred chart on Y, (V.,y), y=(x',y?), and
VW), y=(x",y°), such that VNV = . Consider the associated charts
V'), (V',y"),and an element Jy € V' NV’ . Let the coordinate trans-
formation Yy~ be expressed by the equations

(6) X = (), ¥ =g7(x) ).

Note that the functions f' and g° in formula (6) are defined by the formu-

las X'(x)=X'¢ " (p(x)=f(p(x)) and Y° (W)=Y W()=g" W ().
We have

Xy =X 0)=x0" (px)=X0" (p(J;7)),
Y U=V GN=GY oy y D))=y (W),
Vi, 2 (Jy)=D,D, ...D;, (3°¥p )@ (x))

=D, D, ...D, 37y oy 29 )(@(x)).

)

From the chain rule it is now obvious that the left-hand sides, the coordinates
of the r-jet J.y in the chart (V',yy"), depend smoothly on the coordinates
of J'y inthe chart (V",y").

From now on, the set J'Y is always considered with the smooth struc-
ture, defined by Lemma 4, and is called the r-jet prolongation of the fibred
manifold Y.

Lemma 5 Each of the canonical jet projections (2) is smooth and de-
fines a fibred manifold structure on the manifold J'Y .

Proof Indeed, in the associated charts each of the canonical jet projec-
tions is expressed as a Cartesian projection, which is smooth.

Every C’section y:W —Y , where W is an open set in X, defines a
mapping

®) Wax—>Jyx)=JyelY,
called the r-jet prolongation of 7y .

Example 6 (Coordinate transformations on J 2Y.) Consider two fi-
bred charts on a fibred manifold Y, (V,y), v=(x',y"), and (V,y),
v =(x",y°), such that VNV #@. Suppose that the corresponding trans-
formation equations are expressed as

©) X =x(), ¥ =57,

Then the induced coordinate transformation on J°Y is expressed by the



1. Jet prolongations of fibred manifolds 15
equations
X =x'(x"),
yo=yr (),

s (9y7 ay° ) ox'
(10) y=(y+yy) :

tolaxt oy Joxh

o [y &5 Iy YT

j|jz= 1y m+ ly ’uyr’l:l+ my vy[+ m vylyrl.rlt
dx' dx™  dx dy dx" dy day" dy

9y’ , \ox™ ax' (ay® ay° ,) 98X
+ v Vim —j —j+ 1+ v Y —h avi "
Jdy dx”? ax’ Jx  Jdy dx" ox”

To derive these equations, we use the chain rule for partial derivative opera-
tors. Let Jy € V*NV? . The 2-jet J2y has the coordinates

X(Jy)=x'(x),
YY) =y (y(x)),
Y= D, 7 (X)),
¥, (Jly)=D,; D, ("1 )@(x)),

1)

and analogous formulas arise for the chart (V7). Then by the chain rule

D, (Y0 " )@(x)=D, Ty oyyp~ o0~ )(@(x))
=D,y )y ())D,(x v )@~ @(x))D; (x'@™ )@(x))
+D, 5y Wy ())D, "1 N@p @)D, (x' P ) @(x))
(12) =D,y )y (x)8,D, (x'0” N@(x))
+ D,y )Wy (D, 1 )@))D; (x'¢ ™ )@ (x))
=D,y Wy () + D, Gy )Yy (D, (" ¥ )(@(x)
D, (X' )@(x)),
which proves the third one of equations (10). To prove the fourth equation,

we differentiation (12) again and apply the chain rule. We can also derive
the fourth equation by differentiating the third one.

Consider a morphism o :W — Y of a fibred manifold Y with projection
7. The projection o, :m(W)— X of the morphism « 1is a unique
morphism of smooth manifolds such that

(13) o =0oT.
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Suppose that ¢, is a diffeomorphism of the open subsets 7(W) and
U,=0,(r(W)) in X. Then for any section y of Y, defined on 7w (W), for-
mula Y’ =o' defines a section of Y over U, : indeed, since ¥ is a sec-
tion, then 7y’ = moryer,' = oy mwyer,' =1id,, . In this sense o transforms sec-
tions ¥ of Y into sections oy, of Y. In particular, setting for every r-jet
Jyew’

(14)  Ja(y)=1J, opy

we get a mapping J'a:W" — J'Y . This mapping is differentiable, and sat-
isfies, for all integers s such that 0 <s<r,

(15) noJaa=J'aon™, ol o=0,0om" .
0

These formulas show that the mapping J ¢ is a morphisms of the r-jet
prolongation J'Y of the fibred manifold Y over J°Y for all s such that
0<s<r,and over X. J'«x is called the r-jet prolongation of the morphism
J'or of Y. Note that J"« is not defined for morphisms o whose projections
are not diffeomorphisms.

1.5 The horizontalization

Let Y be a fibred manifold with base X and projection 7, dimX=n
and dimY =n+m . For any open set W CY we denote by W" the open set
(r"°)"'(W) in the r-jet prolongation J'Y of Y. We show that the fibred
manifold structure on Y induces a vector bundle morphism between the tan-
gent bundles 7""'Y and T'Y and study the decomposition of tangent vec-
tors, associated with this mapping.

Let J/*'y be a point of the manifold J™*'Y . We assign to any tangent
vector & of J™'Y at the point J'™'y a tangent vector of J'Y at the point
n_rH,r(J;H,y): J;'}/ by

r+l1

(1) We=TJyoTr™" -&.

We get a vector bundle morphism 4 :TJ"™'Y — TJ'Y over the jet projection
", called the r -horizontalization, or simply the horizontalization.
Sometimes we call h& the horizontal component of & (note, however, that
& and h& do not belong to the same vector space). Using a complementary
construction, one can also assign to every tangent vector &€ 7TJ™'Y at the
point J"'y € J™"'Y a tangent vector p£€TJ'Y at J'y by the decomposi-
tion

2) Ta™'"-&=hé+ pé.

p& is called the contact component of the vector & .



1. Jet prolongations of fibred manifolds 17

Lemma 6 The horizontal and contact components satisfy

(3) Tre -hE=Trn™"" &, Tr - pE=0.
Proof The first property follows from (1). Then, however,

Tr -pE=Trn" -Trn™" -E-Tr" -hE=Trn™" -E-Tr"-hé

(4) r+l r r r+l
=T -E-Tn"-TJyoTn™ -£=0.

Remark 1 If h£=0, then necessarily Tx'"-£E=0 so & is #n'"'-
vertical. This observation may explain why A¢ is called the horizontal com-
ponent of & .

One can easily find the chart expressions for the vectors h and pé . If
in a fibred chart (V,y), w =(x',y%), & has an expression

rtl 3
) &=¢ ( j z Z E‘/./z Jk [a o ] ’
J?IY

k=0 ji<jp<..<ji yjljZ"'jk
then
d
© =g +Y 3 " ’
Ty k=0 ji<j<. Sy yjljZ"'jk Jy
and

(7) p§ 2 2 (—71!2 -Jk _y/l/ ~~-fk’§ )[ y J :
--Jk Jy

k=0 ji<j<.. Sji

Note that the conditions h£=0 and p&=0 do not imply &=0; they
are equivalent to the condition that & be 7" -vertical,

. 9
(8) 5 = z :fljz~~~./r+1 (a o ] :
Iy

J€hS S y JiJae e

The structure of the chart expression (6) can also be characterized by
means of the vector fields d, along the projection """, defined on V"*' by

(9) ':( ) +2 2 y/|/2 /u(aya ) :
5 Iy

k=0 ji<jr<.. Sji T2k
d; is called the i-th formal derivative operator (relative to the fibred chart
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(V,w)). Note that these vector fields are closely connected with the tangent
mapping of the functions f:J'Y — R, composed with the prolongations
J'y of sections y of Y. Namely, if (V,w), v =(x',y°), is a fibred chart,
xen(U) apoint and ¥ a section defined on U, then for every tangent vec-
tor & €T X ,expressed as & =&} (d/9x"), ,

a(foJ’Yorpl)_) &

(10) Tx(fOJ’Y)fo:( X

For each i such that 1<i <n, the formula

I(folyop )]

(11) d.f(J™My) ( o

defines a function d,f:V™"' - R, called the i-th formal derivative of the
function f (relative to the given fibred chart). In the chart

(12) d.f= §—+2 2 Vi Jd 5y o

k=0 ji<jp<.. Sji JiJaee-Ji

Remark 2 Canonically extending the partial derivatives 9/dy;7, , to
all sequences j,,j,,...,j, , the formal derivative d, can be expressed as

(13) 4= Zy,./

JiJa---Jk
(see Appendix 2).

Remark 3 In general, decomposition (2) of tangent vectors does not
hold for vector fields. However, if & is a 7' -vertical vector field on W™,
then A& is the zero vector field on W' and condition (2) reduces to the

n"™*" -projectability equation

(14) Tﬂ:r’+l,r.§:§00nr+l,r

for the """ -projection &, of & .Thus p&(J y)=&,(Jy) .

1.6 Jet prolongations of automorphisms of fibred manifolds

Let (V,y), v =(x',y°),be achart,and let f:V" — R be a differentia-
ble function. We set for every i, 1<i<n,

(1) df=—%+)

0k=r ayjljz Ji
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In this formula the function d,f:V'™"' — R is the i-th formal derivative of
the function f (Section 1.5). A notable formula

2 Y5y = Vi

says that d; may be treated as a mapping, acting on jet coordinates of the
given chart.

Let r be a positive integer. Consider an open set W in the fibred mani-
fold Y and a C"automorphism o :W —Y with projection ¢, :W, = X,
defined on an open set W, =7(W). In this section we suppose that the pro-
jection ¢, is a C’" diffeomorphism.

Every section ¥ :W, — Y defines the mapping ayo,' =aoyoa'; it is
easily seen that this mapping is a section of ¥ over the open set ,(W,)C X :
indeed, using properties of morphisms and sections of fibred manifolds, we
get Tooyo,' =a, oﬂoyoa '=aq,00," =id,, . Then, however, the r-jets of
the section x —> oyo, '(x) are deflned and are elements of the set J'Y . Anr-
jet Jg, (V)Otyao can be decomposed as J aoJ Yol a,', so it is inde-
pendent of the choice of the representative y , and depends on the r-jet J'y
only. We set for every Jy e W' =(n"’ )"(W)

3) Ja(Jy)=J, ono'.

This formula defines a mapping J o :W" — J'Y , called the r-jet prolonga-
tion, or just prolongation of the C" automorphism ¢ .

Note an immediate consequence of the definition (3). Given a C’ sec-
tion y:W,—Y , then we have J'otoJ'y =J ayer;' o, so the r-jet prolon-
gation J oyer;' of the section aryey)' satisfies

4) Joyo)' =J o yoay'

on the set o, (W,) . In particular, this formula shows that the r-jet prolonga-
tions of automorphisms carry sections of Y into sections of J'Y (over X).
We find the chart expression of the mapping J ¢ .

Lemma 7 Suppose that in two fibred charts on Y, VW), w =(x',y°),
and (V, V), y=(x',y°), on Y such that o(VYCV , the C" automorphism
o is expressed by equations

S X oo(y)=f(x"(x), ¥ oo(y)=F(x’'(x),y" (y).

Then for every point Jy €V', the transformed point J'a(Jy) has the co-
ordinates

X oJ a(Jy)= (¥ (x)),

© -
“ o J a(Jy) = F° (x)(x)." (y(x)),
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Yiii ©J U Y)
=D, D, ...D, 5°ay " oyyp~ oo, ' )P0ty (x))),
1<k<r.

Proof We have
X oJ a(Jly)=X o0 (x)
= X0 (@(x) = f(x (x)),
yoJ a(Jy) =y co(y(x) =y oy (W (y(x)))
=F°(x' (x),y" (y(x))),

(N

and by definition
y]?.jZ"'jk ° Jra(J;’J/) = y]?.jZ-"jk (‘]lfto(x)a’ya(;l)
@) =D,D, ...D; (¥° o 0yor,' @~ ) @(0ty (x)))
=D, D, ...D, (¥ oy oy 0o, 9 NPty (x)))-
Formula (6) contains partial derivatives of the functions f' and F°,
and also partial derivatives of the functions g*, representing the chart ex-

pression @o;'@”" of the inverse diffeomorphism ¢,'. These functions are
defined by

©) xfoa (x)=g" (X'(xX)).

To obtain explicit dependence of the coordinates y;,  (J'a(J.y)) on the
coordinates of the r-jet Jy , we have to use the chain rule k& times, which
leads to polynomial dependence of the jet coordinates y7, . (J'a(J;y)) on
the jet coordinates y; (J.y), ¥, (J1¥), ..., ¥, (J7y) . This shows, in par-
ticular, that if « is of class C”, then J'a is of class C’; if « is of class
C*,where s>r,then J'or is of class C*™" .

Equations (6) can be viewed as recurrence formulas for the chart ex-
pression of the mapping J ¢ . Writing

(10)  y7. L ed ey =Gy, o d et Yo oo N @(at, (X)),
we have
y]?.jZ"'jk ° Jra(J;’J/)
(11) =D, (35, . e ooy o9 oo 'p )N @(ar (X))
=D,(y7, ;. oJ ooy o )@(x)D; (x'0' @ NPty (x))).
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Thus, if we already have the functions y7, . oJ'a, then the functions
¥7,,.; oJ o are determined by (6).
We derive explicit expressions for the second jet prolongation J ¢ .

Example 7 (2-jet prolongation of an automorphism) Let r=2. We
have from (5)

yy o Jfou(Jy)
=D, (3 ay " oyyp ooy 9 )P0t (x)))
= D, (3 oy YWy ()D, (x'pp Y @())D, (x'0tg ' )@ (et (x)))
(12) =D, oy Yy (x)S D, (x'o'§ )@ (et (X))
+ D, (3 oy )Wy (x)y; (J77)D; (x'og' @ (@0t (x)))
= (D,(y°ay Yy (x)+ D, (3 ay Yy ()} (J:7))
D, (x5 ' )@ (0t (X)),

or, in a different notation,

l

—0 r o r a
(13) ¥ olPalUy)=dF(Jy)| = ,
I 0X" ) gy

where d, denotes the formal derivative operator. Differentiating (12) or (13)
again we get the following equations for the 2-jet prolongation J’¢t of o :

—=i i i —0 o iV —0 e a b
X' =1, Y =F(xy), y, =dF" - i,
ax”
(14) a k, a k 82 k;
— _ s 08" dg” c g"
yjljz - dkldkzF ' af./l af.fz + le ' 8)7'/1 8)7'/2 :

We can easily prove the following statements.
Lemma 8 (a) For any s such that 0<s<r,

r.s

(15) ' oJa=0yon’, woJ'a=J'oonr"”’.

(b) If two C" automorphisms o and B of the fibred manifold Y are
composable, then J' o and J' B are composable and

(16)  J'aoJ B=J (aopf).

Proof All these assertions are easy consequences of definitions.

Formulas (15) show that J o is an C” automorphism of the r-jet pro-
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longation J'Y of the fibred manifold Y, and also C" automorphisms of J'Y
over J'Y .

1.7 Jet prolongations of vector fields

Let Y be a fibred manifold with base X and projection 7z . Our aim in
this section is to extend the theory of jet prolongations of automorphisms of
a fibred manifold Y to local flows of vector fields, defined on Y.

Let & be a C" vector field on Y, let y, €Y be a point, and consider a
local flow o :(—£,6)xV —Y of Z at y, (see Appendix 4). As usual, de-
fine the mappings ;" and o, by

(1) ot (r,y)= o (y) =5 ().

Then for any point y €V the mapping ¢t — OcyE (t) is an integral curve of =
passing through y at t =0 ,1i.e.,

) Tos =Z(0 (1), o (0)=y.

Moreover, shrinking the domain of definition (—£,6)xV of o to a subset
(=x, k)XW C(-€,6)xV , where W is a neighbourhood of the point y, , we
have

3) oS (s+ey) =0 (s,a7(t,y), e (-t,a7(t.y)=y
for all (s,t)€(—k,x) and yeW or, which is the same,
@ ol,m=elef (), aai()=y.

Note that the second formula implies

(3) (o))" =oF,.

In the following lemma we study properties of flows of a 7 -projectable
vector field.

Lemma9 Let = be a C" vector field on Y. The following two condi-
tions are equivalent:

(1) The local 1-parameter groups of E consist of C" automorphisms of
the fibred manifold Y.

(2) ZE is m-projectable.

Proof 1.Let Choose y, €Y be a point and let x,=7m(y,). Choose a
local flow «°:(-¢,e)xV —Y at y,, and suppose that the mappings
o7 :V —Y are C"automorphisms of Y. Then for each 7 there exists a unique
C" mapping ¢, :U — X , where U = (V) is an open set, such that
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(6) ToQ™ =, on

on V. Setting o(t,x)=0,(x) we get a mapping ¢ :(—€,&)XxU —= X . It is
easily seen that this mapping is of class C” . Indeed, there exists a C” section
Y:U—Y such that y(x,)=y, (Section 1.1, Theorem 3); using this section
we can write o(t,x)=0,(x)=mo0 oy(x)=mwoot™(¢,y(x)), so o can be
expressed as the composite of C"-mappings. Since o satisfies a(0,x)=x,
setting

) s)=To,-1

we geta C'' vector field on U. )

On the other hand, formula (6) implies 7oa™(t,y) = a(t,m(y)) , that is,
moay =, - Then from (2) T,(x oocf) =T, 7 E(a; ()=Tao,,, and we
have at the point =0 '

®)  Ty0,,,=T,m E@.

(y)
Combining (7) and (8),
) E(m(y) =T, E(y).

This proves 7 -projectability of = on V. & -projectability of Z (on Y) now
follows form the uniqueness of the 7 -projection.

2. Suppose that = is 7 -projectable and denote by & its 7 -projection.
Then

(10)  T,m-E(y)=&(x(y)

at every point y of the fibred manifold Y. The local flow o satisfies equa-
tion (2) T,o; =E(a;(¢)) . Applying the tangent mapping 77 to both sides
we get

(1) T(moal)=T. 7205 (0) = Em(as (1),

This equality means that the curve t%n(af(t))=a§(y)(t) is an integral
curve of the vector field & . Thus, denoting by o® the local flow of £ at the
point x, =7m(y,) , we have

(12) = @t,y)=0°t,n())
as required.

_ Let E be a 7 -projectable C” vector field on Y, & its 7 -projection. Let
a; (resp. ocf) be a local l—pa'rameter group of Z (resp. &). Since the:map—
pings o are C” diffeomorphisms, for each 7 the C” automorphism o can
be prolonged to the jet prolongation J*Y of Y, for any s, 0 < s <r . The pro-
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longed mapping is an automorphism of the fibred manifold J*Y over X, de-
fined by
(13)  Jof(Uy)=J5 o,
the s-jet prolongation of o .
It is easily seen that there exists a unique C°’ vector field on J°Y whose

integral curves are exactly the curves ¢t — J°a~(Jy). This vector field is
defined by

ay  rzom=(Sraium) .
dt 0

and is called the r-jet prolongation of the vector field = . It follows from the
definition that the vector field J°Z is 7’ -projectable (resp. 7** -projectable
for every k, 0<k<s) and its " -projection (resp. m**-projection) is &
(resp. J'Z).

The following lemma explains the local structure of the jet prolonga-
tions of projectable vector fields (Krupka [13]); its proof is based on the
chain rule.

Lemma 10 Let £ be a 1 -projectable vector field on Y, expressed in a
fibred chart (V,w), w =(x",y°), by

=0

9 _,

15 2= —4+= )
(15) ¢ ox' ay°

Then J'Z is expressed in the associated chart (V' ,w') by

9 R d
(16)  JE=F-42-4Y ¥ OE, ;

o on
A << S Yijawc

where the components E?. i

. ;. are determined by the recurrence formula

o9&

axjk :

an B =45 Ve

Jida-edi Ji 2k -

Proof For all sufficiently small # we can express the local 1-parameter
group of E in one chart only. Equations of the C"automorphism ¢, are
expressed as

o

(18)  xoaf(y)=x'af(x), Y oaF(y)=yat(y).

From these equations we obtain the components of the vector field = in the
form
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oo dxiaf(x)) —o _(dy“af(y)j
(19) é‘(y)—(idt 0,~(y)— Ta )

To determine the components of J'Z we use Lemma9. The I-
parameter group of J°E has the equations
xoJ ol (y)= xiaf(x),
Y od o (v)=y o (),
g od (1Y)

JiJa--dk

(20)

=D.D,...D, Yoy " oypp oot 9 (e (x)), 1<k<s,

so by (19) it is sufficient to determine Z5, . . By definition,

—_0 r d o r,= r
eay) dj,jz..,jk(Jx?’):(E(yjljz'ufk oJ'a, )(JJ’)j :

0

But
Vi © Jai(Jly)
(22) =D, D, ...D, (oiy " oyyp™ oot o )@(er (x)))
=y, oot ey eal o7 (p(ar (x))),
thus,
Yoii® Ja(Jly)
(23) =D, (7, . oJ e o yop " oot o @0 (x))
=D,(y], . oJafoJ Yo  N@(x)D, (x'af o )e(af (x))).

I
To obtain =7,

Q4) o)=Y, e J ()=, e el ey e ) (@(x))

(Jly) (21) we differentiate the function

with respect to 7 and x'. Since the partial derivatives commute, we can first
differentiate with respect to r at t=0. We get the expression 2. . (J[7).
Subsequent differentiation yields

25 D(ES, ., v Ne()=dE], , (J77),

where d, is the formal derivative operator.
We should also differentiate expression D, (x'at 0 )0k (x))) with
respect to 7. We have the identity D,(x“a® ¢~ oo’ )((x)) =8/ , that is,
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26)  D,(x*af,o ) paf ())D, (oo (@) =5/

From this formula

j D, (o 9™ Yo (1) D, (e ()

27) +D,(x'at e )(¢a5(x)) D (X at o™ )(p(x))
=0

thus, at 1 =0,

(28) (%Dj(x"af,<pl><<paf (x))jo -8/ +8; D&’ (p(x))=0,
hence

(29) (%D, (x'oC, 0™ oty <x>))0 =-D&" (p(x)).

Now we can complete the differentiation of formula (23) at 1 =0. We
have, using (25) and (29)

_—0 r d o r = r
:/1/2 /L( ’C/J/): (E(yj]j}“jk OJ at )(va))

0

d o r 2 r -
0

(30) +D,(7, o dYe (p-1>(¢(x)>( D, (' 9™ (o (x)))j

:d J1] J“(Jr+l’}/)5

D], 0, o7 @ )@()D, & (@(x))
= d/k—zlz Jk-t (J;,J/) - y:jz...jk,ll(‘],\r"J/)Djkél(q)(x)),

which coincides with (17).

Example 8 (2-jet prolongation of a vector field) Let a 7 -projectable
vector field Z be expressed by
0 o 0
ox T 9y°

@y  E=&

We can calculate the components of the second jet prolongation J°Z from
Lemma 10. We get
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—_ i a —0C —0c a =0 a
(32) JE=E—+E —+ET—+ ) E% FrE
dx E)y] o 0y,
we get
=0 C)'a i
El=dE - i%,
(33) i 2 gi
Y Y R -
=da;4= _yl/a—_yik axj_yi 9l 9k

In the following lemma we study the Lie bracket of r-jet prolongations
of projectable vector fields.

Lemma 11 For any two 1 -projectable vector fields Z and Z, the Lie
bracket [E,Z] is also 1 -projectable, and

(34  J[EZ]=[VEJZ]

Proof 1. First we prove (34) for r=1. Suppose that in a fibred chart

) ad ad ad
(35) E=f—+E—, Z=(0"—+Z7"—.
ax' dy ox dy
Then
0 ad 0 ad ad
(36) JE=E S+E o +E—, JZ= T —,
ax' dy T ayS Gx Gy ay’
where
=0 il (o} agl (o2 (o2 o acl
37) Bl =dE° -y Py 25 =d,1° —y; Pl
and
ad d
[J'E.7'Z]= ( C e 5 P )
0Z° 0Z° i=hd 0=’ ad
(38) i W St Al
ox dy ox dy dy
9Z° 0z 9Z° =7 =7 =7
/51 Ev+ '/E}/— _;Cl_ éZ"— /Z;/ J .
a9y ay/ dx dy ay; )9y}

On the other hand, denoting ® =[Z,Z] we have
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.0 d
(39) 0=0v"—+0"—,
0x dy
where
i a ' K a ! s
p=lp o
“40) 9Z° 0Z° =° 0=°
@0': és_'_ VEV_ — é's_ '—‘v Zv,
ox’ dy ox’ dy
and
0 d
41) J'Oo=9%— +G)" ; ,
ox' ay” 1 ay]
where
o o o 8191
(42) ®./ =dj® -V @

Comparing formulas (34) and (42) we see that to prove our assertion for
r =1 it is sufficient to show that

0Z° ., 9Z° _, 0Z° ,, 0Z° _,
dj( E+ =Y — - Zj

—

ax’ ay" ax’ ay"
o (o ., 9,
43 Y| e
aZ" 077 0Z° 0=7 0=° 0=7
/gl /Ev /:;f_ .;Cl_ iy A JZV

dy, dox ay" ay,
We shall consider the left- and right-hand sides of this formula separate-
ly. The left-hand side can be expressed as
d‘azv 5S_FGZg 8§_+dA6ZV EV+GZV v
! ox ox' ax’ ' dy ay"
8:"4,_85089”_ 9=’ , 0=7
9 ax’ ox' ax’ 7 9y’ ay"

Z
_yg( L 0008 2 o acsji

(44)

dz"

ax’ dx* dx* ox’ axfaxs ax* ox’

The right-hand side of (43) is
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(")ZG 9 ZG d ag'
d. 1 c C él — - d.Z“—yf’ C E;}
Tox' 7 ax'ax! 7y A X

Toaxt 7 ax'ax’ 79y ay)
9Z° 7*C N\, ,0Z° aE oz’
=|d. —y° NE+d, ——E | dE -y —=
7 9x! Yi dx' ax’jé T ay” ( ! Yi dx’

o 0050
(s ),

ax’
N S Bt N P L Lk
Toxt 7T ax'ox! 7 dy ! dx’ ) dy
ag' g’
+|dZ° —y? — .
! Vi ax'jax’

In this formula

(46)

and

47)

thus,

(48)

L, 0 O 0Z° 9Z° o0& 0Z° ,9E |, 9E 9Z°

dzZ ij_yi éj v fi ij v ij_yi gj v

ox dax’ dy dx dx’ dy ox dax’ dy
_oz ¢
ax' ax’’

o9 00" 927 927 9L 9= Lol 9L 9=°
Y o oy T o axd oy awl Y axd gy
Kk
ax' ax’’

[..4

9Z° 82" 9Z° =7 = 9=7

/51 Jgvy /—v jC_ jzv iy
T dy" ayf ’
= d.az, —y° MY af’+d,azv :V+d:v —+y7 o 95 0F
7 dx " ox' ax’ 7 dy ay dx' dx’

=0 =0 =0 i !
_(dau O' ag/jgl_da'_‘ dzva'_‘ Gagﬁ

Toaxt 7 ox'ox
7° &' :"a
+8 & 0E §

fa &y OE )g d.iZV—i( ,Ec—yf’a;)z
’ X

29

oy 9y > ax ox'
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This is, however, exactly expression (43), proving (34) for r=1.

2. In this part of the proof we consider the r-jet prolongation J"'Y as a
fibred manifold with base X and projection 7'~ :J"'Y — X , and the 1-jet
prolongation of this fibred manifold, J'J"™'Y . J'Y can be embedded in
J'J'Y by the canonical injection

49)  JY3Jy->uJly)=JJlyeJJY.

Obviously, 1 is compatible with jet prolongations of automorphisms ¢ of Y
in the sense that

(50) o Ja=J"'J "a)ot

Indeed, we have for any point Jy from the domain of J o

(51) WWJaJy)=1(J, o' ) =T, (I oyorgh),

and also

(52) JI oy =10 eIy =0, (T ae Y eagh).

Thus (51) follows from the definition of the 1—jet prolongation of a fibred
automorphism (Section 1.4, (14)).
Then, however, applying (52) to local 1-parameter groups of a 7 -

—
—

projectable vector field Z , we get 1 -compatibility of J'J''Z and J'Z ,
(53)  JU'Eer=Ti-J'E.

Since for any two 7 -projectable vector fields & and Z the vector fields
J'JT'E J'E and J'J'Z and J'Z are 1-compatible, the corresponding
Lie brackets are also 1 -compatible and we have

(54) [(J''EJ T Z)e1=T1-[J'E,JZ].

3. Using Part 1 of this proof, we now express the vector field on the left-
hand side of (54) in a different way. First note that

(55) J'JE ST 2= 0T TE 2.

But we may suppose that [J"'E,J""'Z]=J""'[E,Z] (induction hypothesis),
thus [J'J7'E,J'J7'Z]=J'J"'[E,Z] . Restricting both sides by 1 and apply-
ing (50),

(56) [J' V20T "2 e1=0" VB, Z]e1=T1-J'[E,Z].

Now from (55) and (57) we conclude that T1-([J'E,J'Z]-J[E,Z])=0.
This implies, however, [J'E,J"Z]-J'[E,Z]=0 because T1 is at every
point injective.
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This completes the proof of formula (34).

Remark 4 (Equations of the canonical injection) We find the chart
expression of the canonical injection 1:JY — J'J"™'Y (49) in a fibred chart
(V,y), w=(x',y°), on Y and the induced fibred chart on J'Y . We also
have a fibred chart on J'J"'Y, induced by the fibred chart (V'',y'™"),

w=(x" "y, .y, ), on J7Y . We denote the fibred chart on
J'J7Y by (W,W¥), where the coordinate functions are denoted as

(57) R T C R S R S W N RPN SR §
Then by definition

Y oik U =D (], od 7Y o9 )@(x))

(58) o0 - o :
= Dijlez .- -Dj\ O rp 1)((P(x)) = yjljz,“j‘_k(‘]x}/)
for all s=1,2,...,r—1, so the canonical injection 1 is expressed by the equa-
tions
Xot=x', yor=y°, yi'z-»/ ol:y‘f,zm. , 1<s<r-1,
(59) . . JJ2--Js JiJ2--+Js
Vi h OV= Yioojr 1SS =1

References

[K13] D.Krupka, Some Geometric Aspects of Variational Problems in Fibered
Manifolds, Folia Fac. Sci. Nat. UJEP Brunensis, Physica 14, Brno, Czech
Republic, 1973, 65 pp.; arXiv:math-ph/0110005, 2001

[L] J.M. Lee, Introduction to Smooth Manifolds, Graduate Texts in Math. 218,
Springer, 2006
[S] DJ. Saunders, The Geometry of Jet Bundles, Cambridge Univ. Press, 1989



