
2  Differential forms on jet prolongations    
of fibred manifolds 

 
 
 

 
 

 
 In this chapter we present a decomposition theory of differential forms 
on jet prolongations of fibred manifolds; the tools inducing the decompo-
sitions are the trace decomposition theory and the canonical jet projec-
tions. Of particular interest is the structure of the contact forms, annihilat-
ing integrable sections of the jet prolongations. We also study decomposi-
tions of forms defined by fibred homotopy operators and state the corre-
sponding fibred Poincare-Volterra lemma.  
 The theory of differential forms explained in this chapter has been de-
veloped along the lines indicated in the approach of Lepage and Dedecker 
to the calculus of variations (see Dedecker [D1]), Goldschmidt and Stern-
berg [GS] and Krupka [K13]). The exposition extends the theory ex-
plained in the handbook chapter Krupka [K4]. 
 Throughout, Y is a smooth fibred manifold with base X and projection 
! , n = dim X , n + m = dimY . J rY  is the r-jet prolongation of Y, and 
! r : J rY " X , ! r : J rY " X  are the canonical jet projections. For any 
open set  W !Y , !q

rW  denotes the module of q-forms on the open set 
W r = (! r ,0 )"1(W )  in J rY , and !rW  is the exterior algebra of differential 
forms on the set W r . We say that a form !  is generated by a finite family 
of forms µ! , if !  is expressible as  ! = !" ! µ"  for some forms !" ; note 
that in this terminology we do not require µ!  to be 1-forms, or k-forms 
for a fixed integer k. 

2.1  The contact ideal 

 We introduced in Section 1.5 a vector bundle homomorphism h between 
the tangent bundles TJ r+1Y  and TJ rY  over the canonical jet projection 
! r+1,r : J r+1Y " J rY , the horizontalisation. In this section the associated dual 
mapping between the modules of 1-forms !1

rW  and !1
r+1W  is studied. We 

show, in particular, that this mapping allows us to associate to any fibred 
chart (V ,! )  on Y and any function, defined on V r , its formal (or total) par-
tial derivatives in a geometric way and a specific basis of 1-forms on V r , 
termed the contact basis. Then we introduce by means of the contact basis a 
differential ideal in the exterior algebra !rW , characterizing the structure of 
forms on jet prolongations of fibred manifolds, the contact ideal.  
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 Recall that the horizontalisation h is defined by the formula  

(1)   h! = TxJ
r" !T# r+1 $!,  

where !  is a tangent vector to the manifold J r+1Y  at a point Jx
r+1! . The 

mapping h makes the following diagram  

(2)  
TJ r+1Y h! "! TJ rY

# #

J r+1Y $ r+1,r

! "!! J rY

 

commutative, and induces a decomposition of the projections of the tangent 
vectors T! r+1,r "# ,  

(3)  T! r+1,r "# = h# + p#.  

h!  (resp. p! ) is the horizontal (resp. contact) component of the vector ! . 
Note, however, that the terminology is not standard: the vectors !  and h!  
do not belong to the same vector space. The horizontal and contact compo-
nents satisfy  

(4)  T! r "h# = T! r+1 "#, T! r " p# = 0.  

 The horizontalisation h induces a mapping of modules of linear differ-
ential forms as follows. Let  Jx

r+1! ! J r+1Y . We set for any differential 1-form 
!  on W r  and any vector !  from the tangent space TJ r+1Y  at Jx

r+1!  

(5)  h!(Jx
r+1" ) #$ = !(Jx

r" ) #h$.   

The mapping  !1
rW ! "# h" "!1

r+1W  is called the ! -horizontalisation, or 
just the horizontalisation (of differential forms).  
 Clearly, the form h!  vanishes on ! r+1 -vertical vectors so it is ! r+1 -
horizontal; h!  is sometimes called the horizontal component of ! .  
 The mapping h is linear over the ring of functions !0

rW  along the jet 
projection ! r+1,r  in the sense that  

(6)   h(!1 + !2 ) = h!1 + h!2 h( f !) = ( f !" r+1,r )h!   

for all  !1,!2 ,! !"1
rW  and  f !!0

rW .  
 If in the fibred chart (V ,! ) , ! = (xi , y" ) , a 1-form !  is expressed by  

(7)  
 
! = Aidx

i + B"
j1 j2… jk dyj1 j2… jk

"

j1# j2#…# jk
$

0#k#r
$ ,   

then we have from (5) at any point  Jx
r+1! !V r+1   
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(8)  

 

h!(Jx
r+1" ) #$ = Ai (Jx

r" )dxi (Jx
r" ) #h$

+ B%
j1 j2… jk (Jx

r" )dyj1 j2… jk
% (Jx

r" ) #h$
j1& j2&…& jk
'

0&k&r
'

= Ai (Jx
r" )+ B%

j1 j2… jk (Jx
r" )yj1 j2… jki

%

j1& j2&…& jk
'

0&k&r
'(

)*
+
,-
$ i ,

  

thus,  

(9)  
 
h! = Ai + B"

j1 j2… jk y j1 j2… jki
"

j1# j2#…# jk
$

0#k#r
$%

&'
(
)*
dxi .   

 In particular, for any function f :W r ! R  

(10)  hdf = di f !dx
i ,   

where  

(11)  
 
di f =

! f
!xi

+ ! f
!yj1 j2… jk

! yj1 j2… jki
!

j1" j2"…" jk
# .  

The function di f :V
r+1! R  is the i-th formal derivative of f with respect to 

the fibred chart (V ,! ) . From (10) it follows are components of an invariant 
object, the horizontal component hdf  of the exterior derivative of f. Note 
that formal derivatives di f  have already been introduced in Section 1.5. 
 The following lemma summarizes basic rules for computations with the 
horizontalisation and formal derivatives. We denote by di  the formal deriva-
tive operator with respect to a fibred chart (V ,! ) , ! = (x i , y" ) . 

 Lemma 1  Let (V ,! ) , ! = (xi , y" ) , be a fibred chart on Y.  
 (a) The horizontalisation h satisfies  

(12)  
 

hdy! = yi
!dxi , hdyj1

! = yj1i
! dxi , hdyj1 j2

! = yj1 j2i
! dxi ,

…, hdyj1 j2… jr
! = yj1 j2… jri

! dxi .
 

 (b) The i-th formal derivative of the coordinate function 
 
yj1 j2… jk
!  is giv-

en by 

(13)  
 
diyj1 j2… jk

! = yj1 j2… jki
! .  

 (c) If (V ,! ) , ! = (x i , y" ) , is another chart on Y such that   V !V !Ø , 
then for every function  f :V

r !V r ! R , 

(14)  di f = dj f !
!x j

!x i
.  
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 (d) For any two functions f , g :V r ! R , 

(15)  di ( f !g) = g !di f + f !dig.  

 (e) For every function f :V r ! R  and every section  ! :U"V !Y , 

(16)  
 
di f ! J

r+1! = !( f ! J
r! )

!xi
.  

 Remark 1  By (13), 
 
yj1 j2… jk
! = djk

yj1 j2… jk"1
! . Thus, applying (14) to coordi-

nates, we obtain the following prolongation formula for coordinate trans-
formations in jet prolongations of fibred manifolds  

(17)  
 
yj1 j2… jk
! = diyj1 j2… jk"1

! # !x
i

!x jk
.  

 Remark 2  If two functions f ,g :V r ! R  coincide along a section 
J r! , that is,  f ! J

r! = g ! J r! , then their formal derivatives coincide along 
the (r +1) -prolongation J r+1! ,  

(18)   di f ! J
r+1! = dig ! J

r+1! .  

This is an immediate consequence of formula (16).  

 Now we study properties of 1-forms, belonging to the kernel of the hor-
izontalisation  !1

rW ! "# h" "!1
r+1W . We say that a 1-form  ! !"1

rW  is 
contact, if  

(19)  h! = 0.  

 It is easy to find the chart expression of a contact 1-form. Writing !  as 
in (7), condition (19) yields  

(20)  
 
Ai + B!

j1 j2… jk y j1 j2… jki
!

j1" j2"…" jk
#

0"k"r
# = 0,   

or, equivalently,  

(21)  
 
B!

j1 j2… jr = 0, Ai = " B!
j1 j2… jk y j1 j2… jki

!

j1# j2#…# jk
$

0#k#r"1
$ .  

Thus, setting for all k, 0 ! k ! r "1 , 

(22)  
 
! j1 j2… jk

" = dyj1 j2… jk
" # yj1 j2… jk j

" dx j ,  

we see that !  has the chart expression  
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(23)  
 
! = B"

j1 j2… jk# j1 j2… jk
"

j1$ j2$…$ jk
%

0$k$r&1
% .   

This formula shows that any contact 1-form is expressible as a linear combi-
nation of the forms 

 
! j1 j2… jk

" .  
 The following two theorems summarize properties of the forms 

 
! j1 j2… jk

" .  

 Theorem 1  (a) For any fibred chart (V ,! ) , ! = (xi , y" ) , the forms 

(24)  
 
dxi , ! j1 j2… jk

" , dyl1l2…lr#1lr
" ,  

such that 1! i ! n , 1!" ! m , 1! k ! r "1 ,  1! j1 ! j2 !…! jk ! n , and 
 1! l1 ! l2 !…! lr ! n , constitute a basis of linear forms on the set V r . 
 (b) If (V ,! ) , ! = (xi , y" ) , and (V ,! ) , ! = (x i , y" ) , are two fibred 
chart such that   V !V !Ø , then 

(25)  
 
! p1p2…pk

" =
!yp1p2…pk

"

!yj1 j2… jm
# ! j1 j2… jm

#

j1$ j2$…$ jk
%

0$m$k
% .  

 (c) Let (V ,! ) , ! = (xi , y" ) , and (V ,! ) , ! = (x i , y" ) , be two fibred 
chart and !  an automorphism of Y, defined on V and such that  ! (V )!V . 
Then 

(26)  
 
J r! *" j1 j2… jk

# =
!(yj1 j2… jk

# ! J r! )
!yi1i2…ip

$ " i1i2…ip
$

i <i2<…<ip
% .  

 Proof  (a) Clearly, from formula (22) we conclude that the forms (24) 
are expressible as linear combinations of the forms of the canonical basis 
dxi , 

 
dyj1 j2… jk

! , 
 
dyl1l2…lr!1lr

" .  
 (b) Consider two charts (V ,! ) , ! = (xi , y" ) , and (V ,! ) , ! = (x i , y" ) , 
such that   V !V !Ø . For any function f, defined on V r ,  

(27)  

 

(! r+1,r )*df = hdf + pdf = di f "dx
i + ! f

!yl1l2…lk
# $ l1l2…lk

#

l1%l2%…%lk
&

0%k%r
&

= dp f "dx
p + ! f

!yj1 j2… jm
' $ j1 j2… jm

'

j1% j2%…% jk
&

0%k%r
&

= dp f
!x p

!xi
dxi + ! f

!yl1l2…lk
#

!yl1l2…lk
#

!yj1 j2… jm
' $ j1 j2… jm

'

l1%l2%…%lk
&

j1% j2%…% jk
&

0%k%r
& .

 

Setting 
 
f = yp1p2…pk

! , where  p1 ! p2 !…! pk , and using (17) we get (25).  
 (c) By definition  

(28)  
 
J r! *" j1 j2… jk

# = d(yj1 j2… jk
# ! J r! )$ (yj1 j2… jkl

# ! J r! )d(x l ! J r! ).  
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Denote by ! 0  the ! -projection of ! . Since from Section 1.6, (9)  

(29)  

 

yj1 j2… jkl
! ! J r" (Jx

r# )

=
!(yj1 j2… jk

! ! J r" ! J r# !$%1)
!xs

!(xs" 0
%1$ %1)

!x l
,
 

then  

(30)  

 

J r! *" j1 j2… jk
# =

!(yj1 j2… jk
# ! J r! )
!x p

dx p +
!(yj1 j2… jk

# ! J r! )
!yi1i2…ip

$ dyi1i2…ip
$

i <i2<…<ip
%

&
!(yj1 j2… jk

# ! J r! ! J r' !(&1)
!xs

!(xs! 0
&1( &1)

!x l
!(x l ! J r! )
!x p

dx p

=
!(yj1 j2… jk

# ! J r! )
!x p

dx p +
!(yj1 j2… jk

# ! J r! )
!yi1i2…ip

$ " i1i2…ip
$

i <i2<…<ip
%

+
!(yj1 j2… jk

# ! J r! )
!yi1i2…ip

$ yi1i2…ips
$ dxs

i <i2<…<ip
%

&
!(yj1 j2… jk

# ! J r! ! J r' !(&1)
!xs

dxs =
!(yj1 j2… jk

# ! J r! )
!yi1i2…ip

$ " i1i2…ip
$

i <i2<…<ip
% .

 

These conditions mean that the section !  is of the form  ! = J r (" r ,0 !! )  as 
required.  

 The basis of 1-forms (24) on V r  is usually called the contact basis.  
 The following observations show that the contact forms 

 
! j1 j2… jk

" , defined 
by a fibred atlas on Y, define a (global) module of 1-forms, and an ideal of 
the exterior algebra !rW  (for elementary definitions see Appendix 7).  

 Corollary 1  The contact 1-forms 
 
! j1 j2… jk

"  locally generate a submodule 
of the module !1

rW .  

 Corollary 2  The contact 1-forms 
 
! j1 j2… jk

"  locally generate an ideal of 
the exterior algebra !rW . This ideal is not closed under the exterior de-
rivative operator.  
 Proof  Existence of the ideal is ensured by the transformation properties 
of the contact 1-forms 

 
! j1 j2… jk

"  (Theorem 1, (b)). It remains to show that the 
ideal contains a form, which is not generated by the forms 

 
! j1 j2… jk

" . If !  is a 
contact 1-form expressed as  

(31)  
 
! = B"

j1 j2… jk# j1 j2… jk
"

j1$ j2$…$ jk
%

0$k$r&1
% ,   
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then  

(32)  
  
d! = (dB"

j1 j2… jk !# j1 j2… jk
" + B"

j1 j2… jk d# j1 j2… jk
" )

j1$ j2$…$ jk
%

0$k$r&1
% .   

But in this expression  

(33)  

  

d! j1 j2… jk
" =

#! j1 j2… jkl
" !dxl , 0 $ k $ r # 2,

#dyj1 j2… jr#1l
" !dxl , k = r #1,

%
&
'

('
  

thus, 
 
d! j1 j2… jr"1

#  and in general the form !  are not generated by the contact 
forms 

 
! j1 j2… jk

" .  

 The ideal of the exterior algebra !rW , locally generated by the 1-forms 

 
! j1 j2… jk

" , where 0 ! k ! r "1 , is denoted by !0
rW . The 1-forms 

 
! j1 j2… jk

" , 
where 0 ! k ! r "1 , and 2-forms 

 
d! j1 j2… jr"1

#  locally generate an ideal !rW  
of the exterior algebra !rW , closed under the exterior derivative operator 
that is, a differential ideal. This ideal is called the contact ideal of the exteri-
or algebra !rW , and its elements are called contact forms. We denote  

(34)  
 
!q

rW ="q
rW !!rW .   

The set !q
rW  of contact q-forms is a submodule of the module !q

rW , called 
the contact submodule.  
 Since the exterior derivative of a contact form is again a contact form 
we have the sequence  

(35)   0!"! #1
rW d! "! #2

rW d! "! … d! "! #n
rW ,  

where the arrows denote the exterior derivative operator. If !  is a contact 
form,  ! !"q

rW , and f is a function on W r ,  f !!0
rW , then the formula  

(36)   d( f !) = df ! ! + fd!  

shows that the form d( f !)  is again a contact form; however, the exterior 
derivative in (36) is not a homomorphism of !0

rW -modules. Restricting the 
multiplication in (36) to constant functions f, that is, to real numbers, the 
exterior derivative in (36) becomes a homomorphism of vector spaces.  
 Another consequence of Theorem 1 is concerned with sections of the 
fibred manifold J rY  over the base X. We say that a section !  of J rY , de-
fined on an open set in X, is holonomic, or integrable, if there exists a sec-
tion !  of Y such that  

(37)  ! = J r" .  

Obviously, if !  exists, then applying the projection ! r .0  to both sides we get 
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 !
r .0 !" = # ; thus if !  exists it is unique and is determined by  

(38)   ! = " r .0 !# .  

 Theorem 2  A section ! :U" J rY  is holonomic if and only if for any 
fibred chart (V ,! ) , ! = (xi , y" ) , such that the set ! (V )  lies in the domain 
of definition of ! ,  

(39)  
 
! *" i1i2…ik

# = 0  

for all ! , k, and i1 , i2 ,  … , ik  such that 1!" ! m , 0 ! k ! r "1  and 
 1! i1 ! i2 !…! ik ! n .  
 Proof  By definition,  

(40)  

 

! *" i1i2…ik
# = d(yi1i2…ik

# !! )$ (yi1i2…ikl
# !! )dxl

=
!(yi1i2…ik

# !! )
!xl

$ yi1i2…ikl
# !!

%
&'

(
)*
dxl .

 

Thus, condition (39) is equivalent with the conditions  

(41)  
 

!(yi1i2…ik
! !" )
!xl

# yi1i2…ikl
! !" = 0  

that can also be written as  

(42)  

 

!(y! !" )
!xl

# yl
! !" = 0,

!(yi1
! !" )
!xl

# yi1l
! !" = !

2 (y! !" )
!xi1 !xl

# yi1l
! !" = 0,

…

!(yi1i2…ir#1
! !" )
!xl

# yi1i2…ir#1l
! !" = !k+1(y! !" )

!xi1 !xi2…!xir#1 !xl
# yi1i2…ir#1l

! !" = 0.

 

These conditions mean that the section !  is of the form  ! = J r (" r ,0 !! )  as 
required.  

2.2  The trace decomposition 

 Main objective in this section is the application of the trace decomposi-
tion theory of tensor spaces to differential forms defined on the r-jet prolon-
gation J rY  of a fibred manifold Y. We decompose the components of a 
form, expressed in a fibred chart, by the trace operation (see Appendix 9); 
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the resulting decomposition of differential forms will be referred to as the 
trace decomposition.  
 In order to study the structure of the components of a form  ! !"q

rW  
for general r, it will be convenient to introduce a multi-index notation. We 
also need a convention on the alternation and symmetrization of tensor com-
ponents in a given set of indices.  

 Convention 1 (Multi-indices)  We introduce a multi-index I as an or-
dered k-tuple  I = (i1i2…ik ) , where  k = 0,1,2,…,r  and the entries are indices 
such that  1! i1,i2 ,…,ik ! n . The number k is the length of I and is denoted by 
| I | . If j is any integer such that 1! j ! n , we denote by Ij  the multi-index 
 Ij = (i1i2…ik j) . In this notation the contact basis of 1-forms, introduced in 
Section 2.1, Theorem 1, (a), is sometimes denoted as (dxi ,! J

" ,dyI
" ) , where 

the multi-indices satisfy 0 ! | J | ! r "1  and | I | = r ; it is understood, howev-
er, that the basis includes only linearly independent 1-forms ! J

" , where the 
multi-indices  I = (i1i2…ik )  satisfy  i1 ! i2 !…! ik .  

 Convention 2 (Alternation, symmetrization)  We introduce the sym-
bol  Alt(i1i2…ik )  to denote alternation in the indices  i1,i2 ,…,ik . If 

 
U =Ui1i2…ik

 
is a collection of real numbers, we denote by 

 
Ui1i2…ik

Alt(i1i2…ik )  the skew-
symmetric component of U. Analogously,  Sym(i1i2…ik )  denotes symmetri-
zation in the indices  i1,i2 ,…,ik , and the symbol 

 
Ui1i2…ik

Sym(i1i2…ik )  means 
the symmetric component of U. The operators Alt  and Sym  are understood 
as projectors (the coefficient 1/ k!  is included).  

 Note that there exists a close relationship between the trace operation on 
one hand, and the exterior derivative operator on the other hand. For in-
stance, decomposing in a fibred chart the 2-form 

 
dyJj

! !dxk  by the trace op-
eration, we get  

(1)  
 
dyJj

! !dxk = 1
n
" j
kdyJs

! !dxs + dyJj
! !dxk # 1

n
" j
kdyJs

! !dxs ,  

where the summand, representing the Kronecker component of 
 
dyJj

! !dxk , 
coincides, up to a constant factor, with the exterior derivative d! J

" , and is 
therefore a contact form: 

(2)  
 

1
n
! j
kdyJs

" !dxs = # 1
n
d$ J

" .  

The complementary summand in the decomposition (1), represented by the 
second and the third terms, is traceless in the indices j and k. We wish to use 
this observation to generalize decomposition (1) to any q-forms on J rY .  
 First we apply the trace decomposition theorem (Appendix 9, Theo-
rem 1) to q-forms of a specific type, not containing the contact forms ! J

" .  

 Lemma 2  Let (V ,! ) , ! = (xi , y" ) , be a fibred chart on Y. Let µ  be a 
q-form on V r such that  
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(3)  

  

µ = Ai1i2…iq
dxi1 !dxi2 !…!dxiq

+ B!1
I1
i2i3…iq

dyI1
!1 !dxi2 !dxi3 !…!dxiq

+ B!1
I1
! 2
I2
i3i4…iq

dyI1
!1 !dyI2

! 2 !dxi3 !dxi4 !…!dxiq

+…+ B!1
I1
! 2
I2 …! q"1

Iq"1
iq
dyI1

!1 !dyI2
! 2 !…!dyIq"1

! q"1 !dxiq

+ A!1
I1
! 2
I2 …! q

Iq dyI1
!1 !dyI2

! 2 !…!dyIq
! q ,

 

where the multi-indices satisfy 
 
| I1 |,| I2 |,…,| Iq!1 | = r . Then µ  has a decom-

position  

(4)  µ = µ0 + !µ ,  

satisfying the following conditions:  
 (a) µ0  is generated by the forms d! J

" , where | J | = r !1 , that is, 

(5)  
 
µ0 = d! J

" !#"
J

|J | =r$1
% ,   

for some (q ! 2) -forms !"
J . 

 (b) !µ  has an expression  

(6)  

  

!µ = Ai1i2…iq
dxi1 !dxi2 !…!dxiq

+ A"1
I1
i2i3…iq

dyI1
"1 !dxi1 !dxi2 !…!dxiq

+ A"1
I1
" 2
I2
i2i3…iq

dyI1
"1 !dyI2

" 2 !dxi3 !dxi4 !…!dxiq

+…+ A"1
I1
" 2
I2 …" q#1

Iq#1
iq
dyI1

"1 !dyI2
" 2 !…!dyIq#1

" q#1 !dxiq

+ A"1
I1
" 2
I2 …" q

Iq dyI1
"1 !dyI2

" 2 !…!dyIq
" q ,

 

where 
 
A!1
I1
i2i3…iq

, 
 
A!1
I1
! 2
I2
i2i3…iq

,  … , 
 
A!1
I1
! 2
I2 …! q"1

Iq"1
iq  are traceless components of the 

coefficients 
 
B!1
I1
i2i3…iq

, 
 
B!1
I1
! 2
I2
i2i3…iq

,  … , 
 
B!1
I1
! 2
I2 …! q"1

Iq"1
iq .  

 Proof  Applying the trace decomposition theorem (Appendix 9) to the 
coefficients 

 
B!1
I1
i2i3…iq

, 
 
B!1
I1
! 2
I2
i2i3…iq

,  … , 
 
B!1
I1
! 2
I2 …! q"1

Iq"1
iq  in (3), we get  

(7)  

 

B!1
I1
i2i3…iq

= A!1
I1
i2i3…iq

+C!1
I1
i2i3…iq

,

B!1
I1
! 2
I2
i3i4…iq

= A!1
I1
! 2
I2
i3i4…iq

+C!1
I1
! 2
I2
i3i4…iq

,

…

B!1
I1
! 2
I2 …! q"2

Iq"2
iq"1iq

= A!1
I1
! 2
I2 …! q"2

Iq"2
iq"1iq

+C!1
I1
! 2
I2 …! q"2

Iq"2
iq"1iq
,

B!1
I1
! 2
I2 …! q"2

Iq"2
iq"1iq

= A!1
I1
! 2
I2 …! q"2

Iq"2
iq"1iq

+C!1
I1
! 2
I2 …! q"2

Iq"2
iq"1iq
,
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where the systems 
 
A!1
I1
i2i3…iq

, 
 
A!1
I1
! 2
I2
i2i3…iq

,  … , 
 
A!1
I1
! 2
I2 …! q"1

Iq"1
iq  are traceless and 

 
C!1

I1
i2i3…iq

, 
 
C!1

I1
! 2
I2
i2i3…iq

,  … , 
 
C!1

I1
! 2
I2 …! q"1

Iq"1
iq  are of Kronecker type. Thus, writing 

the multi-index Il  as Il = Jl jl , we have  

(8)  

 

C!1
I1
i2i3…iq

= " i2
j1D!1

J1
i3i4…iq

Alt(i2i3i4…iq ) Sym(J1 j1),

C!1
I1
! 2
I2
i3i4…iq

= " i3
j1D!1

J1
! 2
I2
i4i5…iq

Alt(i3i4i5…iq ) Sym(J1 j1) Sym(J2 j2 ),

…

C!1
I1
! 2
I2 …! q#2

Iq#2
iq#1iq

= " iq#1
j1 D!1

J1
! 2
I2

! 3
I3 …! q#2

Iq#2
iq

Alt(iq#1iq ) Sym(J1 j1)

Sym(J2 j2 ) … Sym(Jq#2 jq#2 ),

C!1
I1
! 2
I2 …! q#1

Iq#1
iq
= " iq

j1D!1
J1
! 2
I2

! 3
I3 …! q#1

Iq#1 Sym(J1 j1) Sym(J2 j2 )

… Sym(Jq#2 jq#2 ).

 

Then  

(9)  

  

µ = Ai1i2…iq
dxi1 !dxi2 !…!dxiq

+ A!1
I1
i2i3…iq

dyI1
!1 !dxi2 !dxi3 !…!dxiq

+ A!1
I1
! 2
I2
i3i4…iq

dyI1
!1 !dyI2

! 2 !dxi3 !dxi4 !…!dxiq

+…+ A!1
I1
! 2
I2 …! q"1

Iq"1
iq
dyI1

!1 !dyI2
! 2 !…!dyIq"1

! q"1 !dxiq

+ A!1
I1
! 2
I2 …! q

Iq dyI1
!1 !dyI2

! 2 !…!dyIq
! q

+# i2
j1D!1

J1
i3i4…iq

dyJ1 j1
!1 !dxi2 !dxi3 !…!dxiq

+# i3
j1D!1

J1
! 2
I2
i4i5…iq

dyJ1 j1
!1 !dyI2

! 2 !dxi3 !dxi4 !…!dxiq

+…+# iq
j1D!1

J1
! 2
I2

! 3
I3 …! q"1

Iq"1 dyJ1 j1
!1 !dyI2

! 2 !…!dyIq"1
! q"1 !dxiq ,

 

and now our assertion follows from formula (2).  

 The following theorem generalizes Lemma 2 to arbitrary forms on open 
sets in the r-jet prolongation J rY .  

 Theorem 3 (The trace decomposition theorem)  Let q be any positive 
integer, and let  ! !"q

rW  be a q-form. Let (V ,! ) , ! = (xi , y" ) , be a fibered 
chart on Y, such that  V !W . Then !  has on V r  an expression  

(10)  ! = !0 + "! ,  

with the following properties:  
 (a) !0  is generated by the 1-forms ! J

"  with 0 ! | J | ! r "1 , and 2-
forms d! I

"  where | I | = r !1 .  
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 (b) !"  has an expression  

(11)  

  

!" = Ai1i2…iq
dxi1 !dxi2 !…!dxiq

+ A#1
I1
i2i3…iq

dyI1
#1 !dxi2 !dxi3 !…!dxiq

+ A#1
I1
# 2
I2
i2i3…iq

dyI1
#1 !dyI2

# 2 !dxi3 !dxi4 !…!dxiq

+…+ A#1
I1
# 2
I2 …# q$1

Iq$1
iq
dyI1

#1 !dyI2
# 2 !…!dyIq$1

# q$1 !dxiq

+ A#1
I1
# 2
I2 …# q

Iq dyI1
#1 !dyI2

# 2 !…!dyIq
# q ,

 

where 
 
| I1 |,| I2 |,…,| Iq!1 | = r , and all coefficients 

 
A!1
I1

i2i3…iq
, 
 
A!1
I1

! 2
I2

i2i3…iq
,  … , 

 
A!1
I1

! 2
I2…! q"1

Iq"1
i2i3…iq  are traceless.  

 Proof  To prove Theorem 3, we express !  in the contact basis. Then 
! = !1 + µ , where !1  is generated by contact 1-forms ! J

" , 0 ! | J | ! r "1 , 
and µ  does not contain any factor ! J

" . Thus, µ  has an expression (3), and 
can be decomposed as in Lemma 2, (4). Using this decomposition we get 
formula (10).  

  Theorem 3 is the trace decomposition theorem for differential forms; 
formula (10) is referred to as the trace decomposition formula. The form !0  
in this decomposition (1) is contact, and is called the contact component of 
! ; the form !"  is the traceless component of !  with respect to the fibred 
chart (V ,! ) .  

 Lemma 3  Let  ! !"q
rW  be a q-form, and let (V ,! ) , ! = (xi , y" ) , and 

(V ,! ) , ! = (x i , y" ) , be two fibred charts such that   V !V !Ø . Suppose 
that we have the trace decomposition of the form !  with respect to (V ,! )  
and (V ,! ) , respectively,  

(12)  ! = !0 + "! = !0 + "! .  

Then the traceless components satisfy  

(13)  !" = !" +#,  

where !  is a contact form on the intersection  V !V .  
 Proof  Lemma 3 can be easily verified by a direct calculation. Consider 
for instance the term 

  
A!
I
i2i3…iq

dyI1
! !dxi2 !dxi3 !…!dxiq  in formula (11), and 

the transformation equation  

(14)  
 

!yi1i2…ir
!

!yj1 j2… jr
" = !y

!

!y"
!x j1

!xi1
!x j2

!xi2
…
!x jr

!xir
Sym( j1 j2… jr ).  

Denote 
 
! j1 j2… jk

" = dyj1 j2… jk
" # yj1 j2… jkl

" dx l . Then we have  
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(15)  

  

A!
i1i2…ir

s2s3…sq
dyi1i2…ir

! !dxs2 !dxs3 !…!dxsq

= A!
i1i2…ir

s2s3…sq

!xs2

!x l2
!xs3

!x l3
…
!xsq

!x lq

"
!yi1i2…ir

!

!x p +
!yi1i2…ir

!

!yj1 j2… jk
# yj1 j2… jk p

#

0$k$r%1
&'

()
*
+,
dx p +

!yi1i2…ir
!

!yj1 j2… jk
# - j1 j2… jk

#

0$k$r%1
&'

()

+
!yi1i2…ir

!

!yj1 j2… jr
# dyj1 j2… jr

# *
+,
!dx l2 !dx l3 !…!dx lq .

 

Consequently, the last summand in (15) implies  

(16)  
 
A!

j1 j2… jr
l2l3…lq

= A"
i1i2…ir

s2s3…sq

!xs2

!x l2
!xs3

!x l3
…
!xsq

!x lq
!yi1i2…ir

"

!yj1 j2… jr
! .  

Substituting from (14) in this formula we see that the trace of 
 
A!

j1 j2… jr
l2l3…lq

 
vanishes if and only if the same is true for the trace of 

 
A!
i1i2…ir

s2s3…sq
. Thus, 

the decomposition (13) is valid for the summand (14). The same applies to 
any other summand.  

 Following Theorem 3, we can write the q-form !  in the contact basis as 
! = !1 + !2 + "! , where !1  is generated by the forms ! J

" , 0 ! | J | ! r "1 , 
!2  is generated by d! I

" , | I | = r !1 , and does not contain any factor ! J
" , 

and the form !"  is traceless. Thus 

(17)  
 
!1 = " J

# !$#
J

0% |J | %r&1
' , !2 = d" I

# !(#
I

|I | =r&1
'  

for some forms !"
J  and !"

I . Then  

(18)   ! =" J
# !$#

J +" I
# !d%#

I + d(" I
# !%#

I )+ &! .  

Setting  

(19)   P! =" J
# !$#

J +" I
# !d%#

I , Q! =" I
# !%#

I , R! = &! ,  

we get the following version of Theorem 3.  

 Theorem 4  Let q be arbitrary, and let  ! !"q
rW  be a q-form. Let 

(V ,! ) , ! = (xi , y" ) , be a fibered chart on Y such that  V !W . Then !  can 
be expressed on V r  as  

(20)  ! = P! + dQ! + R!.  

 Proof  This is an immediate consequence of definitions and Theorem 3.  
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 In the following two examples we discuss the trace decomposition for-
mula and the transformation equations for the traceless components of some 
differential forms on 1-jet prolongation of the fibred manifold Y. The aim is 
to illustrate the decomposition methods, which can be applied to lower de-
gree differential forms.  

 Example 1  We find the trace decomposition of a 3-form µ , written in 
a fibred chart (V ,! ) , ! = (xi , y" ) , as  

(21)  
 

µ = Aijkdx
i !dx j !dxk + B!

p
jkdyp

! !dx j !dxk

+ B!
p
"
q
kdyp

! !dyq
" !dxk + A!

p
"
q
#
r dyp

! !dyq
" !dyr

# .
 

Decomposing B!
p
jk , we have B!

p
jk = A!

p
jk +" j

pC! k +" k
pD! j , where A!

p
jk  is 

traceless. Then the condition B!
p
jk = "B!

p
kj  yields  

(22)  
B!

p
pk = " p

pC! k +" k
pD! p = nC! k + D! k

= #B!
p
kp = #" k

pC! p #" p
pD! k = #C! k # nD! k ,

 

hence C! k = "D! k . Thus,  

(23)  B!
p
jk = A!

p
jk +" j

pC! k #" k
pC! j .  

Decomposing B!
p
"
q
k , we have B!

p
"
q
k = A!

p
"
q
k +# k

pC!"
q +# k

qD!
p
" . Now the condi-

tion B!
p
"
q
k = #B"

q
!
p
k  yields  

(24)  
B!

p
"
q
p = # p

pC!"
q +# p

qD!
p
" = nC!"

q + D!
q
"

= $B"
q
!
p
p = $# p

qC"!
p $# p

pD"
q
! = $C"!

q $ nD"
q
! ,

 

hence nC!"
q +C"!

q = #nD"
q
! # D!

q
" . It can be easily verified that this condi-

tion implies  

(25)  C!"
q = #D"

q
! .  

Indeed, symmetrization and alternation yield  

(26)  nC!"
q +C"!

q + nC"!
q +C!"

q = #nD"
q
! # D!

q
" # nD!

q
" # D"

q
!  

and  

(27)  nC!"
q +C"!

q # nC"!
q #C!"

q = #nD"
q
! # D!

q
" + nD!

q
" + D"

q
! ,  

hence C!"
q +C"!

q = #D"
q
! # D!

q
"  and C!"

q #C"!
q = #D"

q
! + D!

q
" . These equa-

tions already imply (5). Thus  

(28)  B!
p
"
q
k = A!

p
"
q
k +# k

pC!"
q $# k

qC"!
p .  
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 Summarizing (23) and (28), we get  

(29)  

 

µ = Aijkdx
i !dx j !dxk + A!

p
jkdyp

! !dx j !dxk + A!
p
"
q
kdyp

! !dyq
" !dxk

+# j
pC! kdyp

! !dx j !dxk $# k
pC! jdyp

! !dx j !dxk

+# k
pC!"

qdyp
! !dyq

" !dxk $# k
qC"!

pdyp
! !dyq

" !dxk

+ A!
p
"
q
%
r dyp

! !dyq
" !dyr

%

= Aijkdx
i !dx j !dxk + A!

p
jkdyp

! !dx j !dxk

+ A!
p
"
q
kdyp

! !dyq
" !dxk + A!

p
"
q
%
r dyp

! !dyq
" !dyr

%

+C! kdyp
! !dx p !dxk $C! jdyp

! !dx j !dx p

+C!"
qdyp

! !dyq
" !dx p $C"!

pdyp
! !dyq

" !dxq

= Aijkdx
i !dx j !dxk + A!

p
jkdyp

! !dx j !dxk

+ A!
p
"
q
kdyp

! !dyq
" !dxk + A!

p
"
q
%
r dyp

! !dyq
" !dyr

%

$ 2C! kd&
! !dxk + 2C!"

pd&! !dyp
" .

 

 Thus, applying formula (9) to any 3-form !  on V 1  we get the decom-
position  

(30)  ! = !1 + !2 + "! ,  

where !1  is generated by !" , that is  !1 = d"
# !$# , !2  is generated by the 

contact 2-forms d!" ,  !2 = d"
# !$# , where the 1-forms !"  do not con-

tain any factor !" , and !"  is traceless.  

 Example 2 (Transformation properties)  Consider a 2-form on the 1-
jet prolongation J1Y , expressed in two fibred charts (V ,! ) , ! = (xi , y" ) , 
and (V ,! ) , ! = (x i , y" ) , as  

(31)  ! = !1 + !2 + "! = !1 + !2 + "! ,  

where according to Theorem 3  

(32)  
 

!1 ="
# !P# , !2 =Q#d"

# ,
$! = Aijdx

i !dx j + A%
i
jdyi

% !dx j + A%
i
&
jdyi

% !dyj
& ,

 

and  

(33)  
 

!1 ="
# !P# , !2 =Q#d"

# ,
$! = Aijdx

i !dx j + A% j
i dyi

% !dx j + A%
i
&
l dyi

% !dyl
& .

 

We want to determine transformation formulas for the traceless components 
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A!
i
"
j , A!

i
j , and Aij . Transformation equations are of the form  

(34)  x i = x i (x j ), y! = y! (x j , y" ), y j
! = !y!

!xl
+ !y

!

!y"
yl
"#

$%
&
'(
!xl

!x j ,  

and imply  

(35)  dyi
! = !yi

!

!x p
+ !yi

!

!y"
yp
"#

$%
&
'(
dx p + !yi

!

!y"
)" + !y

!

!y"
!xs

!x i
dys

" .  

Then a direct calculation yields  

(36)  

 

A!
i
"
l dyi

! !dyl
" = A!

i
"
l !yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
!yl

"

!xq
+ !yl

"

!y*
yq
*$

%&
'
()
dx p !dxq

+ A!
i
"
l !yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
!yl

"

!y*
dx p !+ *

+ A!
i
"
l !yi

!

!y#
!yl

"

!x p
+ !yl

"

!y*
yq
*$

%&
'
()
+# !dxq

+ A!
i
"
l !yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
!y "

!y*
!x j

!x l
dx p !dyj

*

+ A!
i
"
l !y!

!y#
!xs

!x i
!yl

"

!x p
+ !yl

"

!y*
yq
*$

%&
'
()
dys

# !dxq + A!
i
"
l !yi

!

!y#
!yl

"

!y*
+# !+ *

+ A!
i
"
l !yi

!

!y#
!y "

!y*
!x j

!x l
+# !dyj

* + A!
i
"
l !y!

!y#
!xs

!x i
!yl

"

!y*
dys

# !+ *

+ A!
i
"
l !y!

!y#
!xs

!x i
!y "

!y*
!x j

!x l
dys

# !dyj
* .

 

Similarly  

(37)  

 

A! j
i dyi

! !dx j = A! j
i !x j

!xl
!yi

!

!x p
+ !yi

!

!y"
yp
"#

$%
&
'(
dx p !dxl

+ A! j
i !x j

!xl
!yi

!

!y"
)" !dxl + A! j

i !x j

!xl
!y!

!y"
!xs

!x i
dys

" !dxl ,
 

and  

(38)  
 
Aijdx

i !dx j = Aij
!x i

!x p
!x j

!xl
dx p !dxl .  

To determine the traceless components A!
i
"
j , A!

i
j  and Aij  from the formulas 

(36), (37) and (38) we need the terms not containing !" ; we get 
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(39)  

 

A!
i
"
l !yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
!yl

"

!xq
+ !yl

"

!y*
yq
*$

%&
'
()
dx p !dxq

+ A!
i
"
l !yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
!y "

!y*
!x j

!x l
dx p !dyj

*

+ A!
i
"
l !y!

!y#
!xs

!x i
!yl

"

!x p
+ !yl

"

!y*
yq
*$

%&
'
()
dys

# !dxq

+ A!
i
"
l !y!

!y#
!xs

!x i
!y "

!y*
!x j

!x l
dys

# !dyj
*

+ A! j
i !x j

!xl
!yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
dx p !dxl

+ A! j
i !x j

!xl
!y!

!y#
!xs

!x i
dys

# !dxl

+ Aij
!x i

!x p
!x j

!xl
dx p !dxl .

 

Now it is immediate that  

(40)  

Apq = A!
i
"
l !yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
!yl

"

!xq
+ !yl

"

!y*
yq
*$

%&
'
()

+ 1
2
A! j
i !x j

!xq
!yi

!

!x p
+ !yi

!

!y#
yp
#$

%&
'
()
+ !x

j

!x p
!yi

!

!xq
+ !yi

!

!y#
yq
#$

%&
'
()

$
%&

'
()

+ Aij
!x i

!x p
!x j

!xq

 

and  

(41)  A!
s
"
j = 1

2
A#
i
$
l !y#

!y!
!xs

!x i
!y $

!y"
!x j

!x l
% !y

#

!y"
!x j

!x i
!y $

!y!
!xs

!x l
&
'(

)
*+
.  

The remaining terms should determine A!
s
q  as the traceless component of the 

expression  

(42)  
!A"

i
#
l !yi

"

!xq
+ !yi

"

!y$
yq
$%

&'
(
)*
!y #

!y+
!xs

!x l
+ A"

i
#
l !y"

!y+
!xs

!x i
!yl

#

!xq
+ !yl

#

!y$
yq
$%

&'
(
)*

+ A" j
i !x j

!xq
!y"

!y+
!xs

!x i
.

 

Recall that the traceless component Wk
i  of a general system Pk

i , indexed 
with one contravariant and one covariant index, is defined by  
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(43)  Wq
s = Pq

s ! 1
n
" q
sP,  

where P = Pj
j  is the trace of Pk

i . To apply this definition we first calculate 
the trace of (42) in s and q. We get  

(44)  
!A"

i
#
l !yi

"

!xs
+ !yi

"

!y$
ys
$%

&'
(
)*
!y #

!y+
!xs

!x l
+ A"

i
#
l !y"

!y+
!xs

!x i
!yl

#

!xs
+ !yl

#

!y$
ys
$%

&'
(
)*

+ A" j
i !x j

!xs
!y"

!y+
!xs

!x i
.

 

Now we can determine the traceless component of (42). Since the resulting 
expression must be equal to A!

s
q , we get the transformation formula  

(45)  

A!
s
q = A" j

i !x j

!xq
!y"

!y!
!xs

!x i

# A"
i
$
l !yi

"

!xq
+ !yi

"

!y%
yq
%&

'(
)
*+
!y $

!y!
!xs

!x l
+ A"

i
$
l !y"

!y!
!xs

!x i
!yl

$

!xq
+ !yl

$

!y%
yq
%&

'(
)
*+

+ 1
n
, q
sA"

i
$
l !yi

"

!xm
+ !yi

"

!y%
ym
%&

'(
)
*+
!y $

!y!
!xm

!x l
# !y

"

!y!
!xm

!x i
!yl

$

!xm
+ !yl

$

!y%
ym
%&

'(
)
*+

&
'(

)
*+

 

as desired. It is straightforward to verify that the expression on the right-
hand side is traceless.  
 

2.3  The horizontalisation 

 We extend the horizontalisation  !1
rW ! "# h" "!1

r+1W , introduced in 
Section 2.1, to a homomorphism h :!rW "!r+1W  of exterior algebras.  
 Let  ! !"q

rW  be a q-form, where q !1 ,  Jx
r+1! !W r+1  a point. Consider 

the pull-back (! r+1,r )*"  and the value 
 
(! r+1,r )*"(Jx

r+1# )($1,$2 ,…,$q )  on any 
tangent vectors !1 , !2 ,  … , !q  of J r+1Y  at the point Jx

r+1! . Decompose 
each of these vectors into the horizontal and contact components,  

(1)  T! r+1 "#l = h#l + p#l ,  

and set  

(2)  
 
h!(Jx

r+1" )(#1,#2 ,…,#q ) = !(Jx
r" )(h#1,h#2 ,…,h#q ).  

This formula defines a q-form  h! !"q
r+1W . This definition can be extended 

to 0-forms (functions); we set for any function f :W r ! R   

(3)  hf = (! r+1,r )* f .  
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 It follows from the properties of the decomposition (1) that the value 

 
h!(Jx

r+1" )(#1,#2 ,…,#q )  vanishes whenever at least one of the vectors !1 , !2 , 
 … , !q  is ! r+1 -vertical (cf. Section 1.5). Thus the q-form h!  is ! r+1 -
horizontal. In particular, h! = 0  whenever q ! n +1 . Sometimes h!  is 
called the horizontal component of ! .  
 Formulas (2) and (3) define a mapping h :!rW "!r+1W  of exterior 
algebras, called the horizontalisation. The mapping h satisfies  

(4)  h(!1 + !1) = h!1 + h!1, h( f !) = (" r+1,r )* f #h!  

for all q-forms !1 , !1 , !  and all functions f. In particular, restricting these 
formulas to constant functions f we see that the horizontalisation h is linear 
over the field of real numbers.  

 Theorem 5  The mapping h :!rW "!r+1W  is a homomorphism of ex-
terior algebras.  
 Proof  This assertion is a straightforward consequence of the definition 
of exterior product and formula (2) for the horizontal component of a form 
! . Indeed,  

(5)  

  

h(!!")(Jx
r+1# )($1,$2 ,…,$q ,$ p+1,$ p+2 ,…,$ p+q )

= (!!")(Jx
r# )(h$1,h$2 ,…,h$ p ,h$ p+1,h$ p+2 ,…,h$ p+q )

= sgn% &
%
' !(Jx

r# )(h$% (1),h$% (2),…,h$% ( p) )

&"(Jx
r# )(h$% ( p+1),h$% ( p+2),…,h$% ( p+q) )

= sgn% &
%
' h!(Jx

r# )($% (1),$% (2),…,$% ( p) )

&h"(Jx
r# )($% ( p+1),$% ( p+2),…,$% ( p+q) )

= (h!(Jx
r+1# )!h"(Jx

r+1# ))($1,$2 ,…,$q ,$ p+1,$ p+2 ,…,$ p+q )

 

(summation through all permutations !  of the set  {1,2,…, p, p +1,…, p + q}  
such that  ! (1) < ! (2) <…< ! (p) , and  ! (p +1) < ! (p + 2) <…< ! (p + q) ). 
This means, however, that  

(6)   h(!!") = h!!h".  

 The following theorem shows that the horizontalisation is completely 
determined by its action on functions and their exterior derivatives.  

 Theorem 6  Let W be an open set in the fibred manifold Y. Then the 
horizontalisation  !

rW ! "# h" "!r+1W  is a unique R -linear, exterior-
product-preserving mapping such that for any function f :W r ! R , and 
any fibred chart (V ,! ) , ! = (y" ) , with  V !W , 
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(7)   hf = f !! r+1,r , hdf = di f "dx
i ,  

where 

(8)  
 
di f =

! f
!xi

+ ! f
!yj1 j2… jk

! yj1 j2… jki
!

j1" j2"…" jk
# .  

 Proof  The proof that h, defined by (2) and (3), has the desired proper-
ties (7) and (8), is standard. To prove uniqueness, note that (7) and (8) imply  

(9)  
 
hdxi = dxi , hdyj1 j2… jk

! = yj1 j2… jki
! dxi .  

It remains to check that any two mappings h1 , h2  satisfying the assumptions 
of Theorem 6 that agree on functions and their exterior derivatives, coincide. 

 We determine the kernel and the image of the horizontalisation h. The 
following are elementary consequences of the definition.  

 Lemma 4  (a) A function f satisfies hf = 0  if and only if f = 0 .  
 (b) If q ! n +1 , then every q-form  ! !"q

rW satisfies h! = 0 .  
 (c) Let 1! q ! n , let  ! !"q

rW  be a form. Then h! = 0  if and only if  

(10)  J r! *" = 0  

for every Cr section !  of Y defined on an open subset of W.  
 (d) If h! = 0 , then also the exterior derivative hd! = 0 .  
 Proof  (a) This is a mere restatement of the definition.  
 (b) This is an immediate consequence of the definition. 
 (c) Choose a section !  of Y, a point x from the domain of definition of 
!  and any tangent vectors 

 
!1,! 2 ,…,! q  of X at x. Then  

(11)  
 

J r! *"(x)(#1,# 2 ,…,# q )

= "(Jx
r! )(TxJ

r! $#1,TxJ
r! $# 2 ,…,TxJ

r! $# q ).
 

Since T! r+1  is surjective, there exist tangent vectors !l  to J r+1Y  at Jx
r+1! , 

such that ! l = T"
r+1 #$l . For these tangent vectors  

(12)  
 

J r! *"(x)(#1,# 2 ,…,# q )

= "(Jx
r! )(TxJ

r! $T% r+1 $&1,TxJ
r! $T% r+1 $&2 ,…,TxJ

r! $T% r+1 $&q ).
 

But  h! = TxJ
r" !T# r+1 $!  hence  

(13)  
 

J r! *"(x)(#1,# 2 ,…,# q ) = "(Jx
r! )(h$1,h$2 ,…,h$q )

= h"(Jx
r+1! )($1,$2 ,…,$q ).
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This correspondence already proves assertion (a).  
 (d) This assertion (d) follows from (c).  

 We are now in a position to complete the description of the kernel of the 
horizontalisation h for q-forms such that 1! q ! n .  

 Theorem 7  Let  W !Y  be an open set,  ! !"q
rW  a form, and let 

(V ,! ) , ! = (xi , y" ) , be a fibred chart such that  V !W . 
 (a) Let q = 1 . Then !  satisfies h! = 0  if and only if its chart expres-
sion is of the form  

(14)  ! = "#
J$ J

#

0%|J |%r&1
'  

for some functions !J
" :V r # R . 

 (b) Let 2 ! q ! n . Then !  satisfies h! = 0  if and only if its chart ex-
pression is of the form 

(15)  
 
! = " J

# !$#
J

0%|J |%r&1
' + d" I

# !(#
I

| I |=r&1
' ,  

where !"
J  (resp. !"

I ) are some (q !1) -forms (resp. (q ! 2) -forms) on V r . 

 Proof  Suppose that we have a contact q-form !  on W r , where 
1! q ! n . Write as in Section 2.2, Theorem 3, ! = !0 + "! , where !0  is 
contact and !"  is traceless. But the horizontalisation h preserves exterior 
product and h! = 0  so we get h !" = 0  because !0  is generated by the con-
tact forms ! J

" , d! I
" , which satisfy h! J

" = 0 , hd! I
" = 0 . Now using formu-

la hdyI
! = yIi

!dxi  we get, expressing !"  as in Section 2.2, (11)  

(16)  

  

h !" = (Ai1i2…iq
+ A#1

I1
i2i3…iq

yI1i1
#1 + A#1

I1
# 2
I2
i3i4…iq

yI1i1
#1 yI2i2

# 3

+…+ A#1
I1
# 2
I2 …# q$1

Iq$1
iq
yI1i1
#1 yI2i2

# 3 …yIq$1iq$1
# q$1

+ A#1
I1
# 2
I2 …# q

Iq yI1i1
#1 yI2i2

# 3 …yIqiq
# q )dxi1 !dxi2 !…!dxiq ,

 

where 
 
| I1 |,| I2 |,…,| Iq!1 | = r  and the coefficients 

 
A!1
I1
i2i3…iq

, 
 
A!1
I1
! 2
I2
i3i4…iq

,  … , 

 
A!1
I1
! 2
I2 …! q"1

Iq"1
iq  are traceless. Then  

(17)  

 

Ai1i2…iq
+ A!1

I1
i2i3…iq

yI1i1
!1 + A!1

I1
! 2
I2
i3i4…iq

yI1i1
!1 yI2i2

! 3

+…+ A!1
I1
! 2
I2 …! q"1

Iq"1
iq
yI1i1
!1 yI2i2

! 3 …yIq"1iq"1
! q"1

+ A!1
I1
! 2
I2 …! q

Iq yI1i1
!1 yI2i2

! 3 …yIqiq
! q = 0 Alt(i1i2…iq ).

 

But the expressions on the left-hand sides of these equations are polynomial 
in the variables yK

!  with |K | = r +1 , so the corresponding homogeneous 
components in (17) must vanish separately. Then we have 

 
Ai1i2…iq

= 0 , 
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A!1
I1
! 2
I2 …! q

Iq = 0 , and  

(18)  

 

A!1
I1
i2i3…iq

" i1
l1 = 0 Alt(i1i2…iq ) Sym(I1l1),

A!1
I1
! 2
I2
i3i4…iq

" i1
l1" i2

l2 = 0 Alt(i1i2…iq ) Sym(I1l1) Sym(I2l2 ),

…

 

  
 

A!1
I1
! 2
I2 …! q"1

Iq"1
iq
# i1
l1# i2

l2…# iq"1
lq"1 = 0 Alt(i1i2…iq ) Sym(I1l1)

Sym(I2l2 ) …Sym(Iq"1lq"1).
 

However, since the coefficients 
 
A!1
I1
i2i3…iq

,
 
A!1
I1
! 2
I2
i3i4…iq

,  … , 
 
A!1
I1
! 2
I2 …! q"1

Iq"1
iq are 

traceless, they must vanish identically (see Appendix 9, Theorem 4). Thus, 
we have in (16)  

(19)  
 

Ai1i2…iq
= 0, A!1

I1
i2i3…iq

= 0, A!1
I1
! 2
I2
i3i4…iq

= 0,

…, A!1
I1
! 2
I2 …! q"1

Iq"1
iq
= 0, A!1

I1
! 2
I2 …! q

Iq = 0
 

hence h !" = 0 . Thus ! = !0 , and to close the proof, we just write this result 
for q = 1  and q >1  separately.  

 Corollary 1  If 0 ! q ! n  then a q-form belongs to the kernel of the hor-
izontalisation h if and only if it is a contact form.  

 Corollary 2  Let  W !Y  be an open set,  ! !"q
rW  a q-form such that 

2 ! q ! n , and let (V ,! ) , ! = (xi , y" ) , be a fibred chart such that  V !W . 
Then the form !  satisfies the condition h! = 0  if and only if its chart ex-
pression is of the form 

(20)  
 
! = " J

# !$#
J

0%|J |%r&1
' + d(" I

# !(#
I )

| I |=r&1
' ,  

where !"
J  are (q !1) -forms, and !"

I  are (q ! 2) -forms) on V r , which do 
not contain ! J

" , 0 ! | J | ! r "1 .  
 Proof  We write (15) as 

(21)  
 
! = " J

# !$#
J

0%|J |%r&1
' & " I

# !d(#
I

| I |=r&1
' + d(" I

# !(#
I )

0%| I |%r&1
' .  

 The image of the horizontalisation h is characterized as follows.  

 Lemma 5 Let  ! !"q
rW be a form.  

 (a) If q = 0 , then h! = (" r+1,r )*!.  
 (b) If 1! q ! n , then  

(22)  h! = h "! .  
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 (c) If q ! n +1 , then h! = h "! = 0.  
 Proof  This assertion is an immediate consequence of the definition of 
the horizontalisation h.  

2.4  The canonical decomposition 

 Beside the horizontalisation of q-forms !q
rW , introduced in Section 2.1 

and Section 2.3, the vector bundle morphism h :TJ r+1Y ! TJ rY  also induces 
a decomposition of the modules of q-forms !q

rW . Let  ! !"q
rW  be a q-

form, where q !1 ,  Jx
r+1! !W r+1  a point. Consider the pull-back (! r+1,r )*"  

and the value 
 
(! r+1,r )*"(Jx

r+1# )($1,$2 ,…,$q )  on any tangent vectors !1 , !2 , 
 … , !q  of J r+1Y  at the point Jx

r+1! . Write for each l,  

(1)  T! r+1 "#l = h#l + p#l ,  

and substitute these vectors in the pull-back (! r+1,r )*" . We get  

(2)  
 

(! r+1,r )*"(Jx
r+1# )($1,$2 ,…,$q )

= "(Jx
r# )(h$1 + p$1,h$2 + p$2 ,…,h$q + p$q ).

 

We study in this section, for each  k = 0,1,2,…,q , the summands on the 
right-hand side, homogeneous of degree k in the contact components p!l  of 
the vectors !l , and describe the corresponding decomposition of the form 
(! r+1,r )*" . Using properties of ! , we set 

(3)  
 

pk!(Jx
r+1" )(#1,#2 ,…,#q )

= $ j1 j2… jk jk+1… jq!(Jx
r" )(p# j1

, p# j2
,,…, p# jk

,h# jk+1
,h# jk+2

,…,h# jq
)% ,

 

where the summation is understood through all sequences  j1 < j2 <…< jk  
and 

 
jk+1 < jk+2 <…< jq . Equivalently, pk!(Jx

r+1" )  can also be defined by  

(4)  

 

pk!(Jx
r+1" )(#1,#2 ,…,#q )

= 1
k!(q$k)!

% j1 j2… jk jk+1… jq!(Jx
r" )(p# j1

, p# j2
,…, p# jk

,h# jk+1
,…,h# jq

)
 

(summation through all values of the indices j1 , j2 ,  … , jk , jk+1 ,  … , jq ).  
 Note that if k = 0 , then p0!  coincides with the horizontal component 
of ! , defined in Section 2, (2),  

(5)  p0! = h!.  

We also introduce the notation  
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(6)  
 
p! = p1! + p2! +…+ pq!.  

These definitions can be extended to 0-forms (functions). Since for a func-
tion f :W r ! R , hf  was defined to be (! r+1,r )* f , we set  

(7)  pf = 0.  

With this notation, any q-form  ! !"q
rW , where q ! 0 , can be expressed as 

(! r+1,r )*" = h" + p" , or  

(8)  
 
(! r+1,r )*" = h" + p1" + p2" +…+ pq".  

This formula will be referred to as the canonical decomposition of the form 
!  (however, the decomposition concerns rather the pull-back (! r+1,r )*"  
than !  itself).  

 Lemma 6  Let q !1 , and let  ! !"q
rW  be a q-form. In any fibred chart 

(V ,! ) , ! = (xi , y" ) , such that  V !W , pk!  has a chart expression  

(9)  

  

pk! = P"1
J1
" 2
J2 …" k

Jk
ik+1ik+2…iq

# J1
"1 !# J2

" 2 !…!# Jk
" k

0$|J1|,|J2|,…,|Jk |$r
%

!dxik+1 !dxik+2 !…!dxiq ,
 

where the components 
 
P!1
J1
! 2
J2 …! k

Jk
ik+1ik+2…iq

 are real-valued functions on the set 
 V

r !W r .  
 Proof  We express the pull-back (! r+1,r )*"  in the contact basis on 
W r+1 . Write in a fibred chart  

(10)  
 
! = dxi !"i + # J

$ !%$
J

0<|J |<r&1
' + dyI

$ !($
I

|I |=r
'  

for some (q !1) -forms !i , !"
J , and !"

I . But dyI
! =" I

! + yIi
!dxi  hence  

(11)  

 

(! r+1,r )*" = dxi ! (! r+1,r )*#i + yIi
$ (! r+1,r )*%$

I

|I |=r
&'

()
*
+,

+ - J
$ ! (! r+1,r )*.$

J

0<|J |<r/1
& + - I

$ ! (! r+1,r )*%$
I

|I |=r
& .

 

Thus, the pull-back (! r+1,r )*"  is generated by the form dxi , ! I
" , where 

0 < | J | < r !1 , and ! I
" , | I | = r . The same decomposition can be applied to 

the (q !1) -forms !i , !"
J , and !"

I . Consequently, (! r+1,r )*"  has an ex-
pression  

(12)  
 
(! r+1,r )*" = "0 + "1 + "2 +…+ "q  

where  
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(13)  

  

!0 = Ai1i2…iq
dxi1 !dxi2 !…!dxiq ,

!k = B"1
J1
" 2
J2 …" k

Jk
ik+1ik+2…iq

# J1
"1 !# J2

" 2 !…!# Jk
" k

0$|J1|,|J2|,…,|Jk |$r
%

!dxik+1 !dxik+2 !…!dxiq , 1$ k $ q &1,

!q = B"1
J1
" 2
J2 …" q

Jq
iq
# J1

"1 !# J2
" 3 !…!# Jq

" q

0$|J1|,|J2|,…,|Jq |$r
% .

 

Theorem 1, Section 2.1, implies that the decomposition (12) is invariant.  
 We prove that !k = pk! . It is sufficient to determine the chart expres-
sion of pk! . Let !  be a tangent vector,  

(14)  
 

! = ! i !
!xi

"
#

$
% Jxr+1&

+ ' j1 j2… jk
(

j1) j2)…) jk
*

k=0

r+1

* !
!yj1 j2… jk

(

"
#+

$
%, Jxr+1&

.  

From Section 1.5, (5)  

(15)  
 

h! = ! i !
!xi

"
#

$
% Jxr&

+ yj1 j2… jki
' !

!yj1 j2… jk
'

"
#(

$
%) Jxr&j1* j2*…* jk

+
k=0

r

+
"

#
(

$

%
) ,  

and  

(16)  
 

p! = (" j1 j2… jk
# $ yj1 j2… jki

# ! i )
j1% j2%…% jk
&

k=0

r

& !
!yj1 j2… jk

#

'
()

*
+, Jxr-

.  

If h! = 0 , then ! i = 0  and we have  

(17)  
 

p! = " j1 j2… jk
#

j1$ j2$…$ jk
%

k=0

r

% !
!yj1 j2… jk

#

&
'(

)
*+ Jxr,

.  

If p! = 0  then 
 
! j1 j2… jk

" = yj1 j2… jki
" # i  hence  

(18)  
 

h! = ! i !
!xi

"
#

$
% Jxr&

+ yj1 j2… jki
' !

!yj1 j2… jk
'

"
#(

$
%) Jxr&j1* j2*…* jk

+
k=0

r

+
"

#
(

$

%
) .  

We substitute from these formulas to expression (3). Consider the expression 

 
pk!(Jx

r+1" )(#1,#2 ,…,#q )  for !1 , !2 ,  … , !q  such that h!1 = 0 , h!2 = 0 ,  … , 
h!k = 0  and p!k+1 = 0 , p!2 = 0 ,  … , p!q = 0 . Then (3) reduces to  

(19)  
 

pk!(Jx
r+1" )(#1,#2 ,…,#q )

= !(Jx
r" )(p#1, p#2 ,,…, p#k ,h#k+1,h#k+2 ,…,h#q ).
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Writing  

(20)  

 

p!l =
(l )" j1 j2… jk

#

j1$ j2$…$ jk
%

k=0

r

% !
!yj1 j2… jk

#

&
'(

)
*+ Jxr,

, 1$ l $ k,

h!l =
(l )! i !

!xi
&
'

)
* Jxr,

+ yj1 j2… jki
# !

!yj1 j2… jk
#

&
'(

)
*+ Jxr,j1$ j2$…$ jk

%
k=0

r

%
&

'
(

)

*
+ ,

k +1$ l $ q,

 

with l indexing the vectors !l , and substituting into (19) we get  

(21)  
 

pk!(Jx
r+1" )(#1,#2 ,…,#k ,#k+1,#k+2 ,…,#q ),

= C$1
I1
$ 2
I2 …$ k

Ik
ik+1ik+2…iq

1%I1
$1 2%I2

$ 2… k%Ik
$ k k+1# ik+1 k+2# ik+2… q# iq .

 

But  

(22)  l!I
" =# I

" (Jx
r+1$ ) %&l ,

l& i = dxi (Jx
r+1$ ) %&l  

Therefore, pk!(Jx
r+1" )  must be of the form (9).  

 Formula (9) implies that for any k !1  the form pk!  is contact; pk!  is 
called the k-contact component of the form ! .  
 If (! r+1,r )*" = pk"  or, equivalently, if pj! = 0  for all j ! k , then we 
say that !  is k-contact, and k is the degree of contactness of ! . The degree 
of contactness of the q-form ! = 0  is equal to k for every  k = 0,1,2,…,q . 
We say that !  is of degree of contactness ! k , if p0! = 0 , p1! = 0 ,  … , 
pk!1" = 0 . If k = 0 , then the 0-contact form p0! = h!  is ! r+1,r -horizontal. 

The mapping  !q
rW ! "# h" "!q

r+1W  is called the horizontalisation.  
 The following observation is immediate.  

 Lemma 7  If q ! k > n , then  

(23)  
 

h! = 0,
p1! = 0, p2! = 0, …, pq"n"1 = 0.

 

 Proof  Expression 
 
!(Jx

r" )(p# j1
, p# j2

,…, p# jk
,h# jk+1

,h# jk+2
,…,h# jq

)  in (4) 
is a (q ! k) -linear function of vectors ! jk+1

= T" r+1 #$ jk+1
, ! jk+2

= T" r+1 #$ jk+2
, 

 … , ! jq
= T" r+1 #$ jq

, belonging to the tangent space TxX . Consequently if 
q ! k > n = dim X , then the skew-symmetry of the form pk!(Jx

r+1"  implies 

 
pk!(Jx

r+1" )(#1,#2 ,…,#q ) = 0 .  

 To complete the local description of the decomposition (8), we express 
the components 

 
P!1
J1
! 2
J2 …! k

Jk
ik+1ik+2…iq

 (9) of the k-contact components pk!  in 
terms of the components of ! .  
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 Lemma 8  Let W be an open set in Y, an integer,  !!"q
rW  a form, and 

let (V ,! ) , ! = (xi , y" ) , be a fibred chart on Y such that  V !W . Assume 
that !  has on V r  a chart expression 

(24)  

  

! = 1
s!(q"s)!

A#1
I1

# 2
I2…# s

Is
is+1is+2…iq

s=0

q

$ dyI1
#1 !dyI2

# 2 !…!dyIs
# s

!dxis+1 !dxis+2 !…!dxiq ,
 

with multi-indices I1 , I2 ,  … , Is  of length r. Then the k-contact component 
pk!  of !  has on V r+1  a chart expression  

(25)  

  

pk! = 1
k!(q"k)!

B#1
I1

#1
I1…# k

Ik
ik+1ik+2…iq

$ I1
#1 !$ I2

# 2 !…!$ Ik
# k

!dxik+1 !dxik+2 !…!dxiq ,
 

where  

(26)  

 

B!1
I1

! 2
I2…! k

Ik
ik+1ik+2…iq

= q"s
q"k( )A!1

I1
! 2
I2…! k

Ik
! k+1

Ik+1
! k+2

Ik+2…! s

Is
is+1is+2…iq

yIk+1ik+1
! k+1 yIk+2ik+2

! k+2 …yIsis
! s

s=k

q

#
Alt(ik+1ik+2…isis+1…iq ).

 

 Proof  To derive formula (25), we pull-back the form !  to V r+1  and 
express the form (! r+1,r )*"  in terms of the contact basis; in the multi-index 
notation the transformation equations are 

(27)  dxi = dxi , dyI
! =" I

! + yIi
!dxi , | I | = r  

(Section 2.1, Theorem 1, (a)). Thus, we set in (24) dyIl
! l =" Il

! l + yIlil
! l dxil , and 

consider the terms in (24) such that s !1 . Then the pull-back of the form 

  
dyI1

!1 !dyI2
! 2 !…!dyIs

! s  by ! r+1,r  is equal to  

(28)  
  
(! I1

"1 + yI1i1
"1 dxi1 )! (! I2

" 2 + yI2i2
" 2 dxi2 )!…! (! Is

" s + yIsis
" s dxis ).  

Collecting together all terms homogeneous of degree k in the contact 1-
forms ! Il

" l  we get k
s( )  summands with exactly k entries the contact 1-forms 

! Il
" l . Thus, using symmetry properties of the components 

 
A!1
I1
!1
I1 …! s

Is
is+1is+2…iq

 in 
(24) and interchanging multi-indices, we get the terms containing k entries 
! Il

" l , for fixed s and each  k = 1,2,…,s , 

(29)  

  

1
s!(q!s)! k

s( )A"1
I1
" 2
I2 …" s

Is
is+1is+2…iq

yIk+1ik+1
" k+1 yIk+2ik+2

" k+2 …yIsis
" s# I1

"1 !# I2
" 2 !…!# Ik

" k

!dxik+1 !dxik+2 !…!dxis !dxis+1 !dxis+2 !…!dxiq .
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Writing the factor as  

(30)  1
s!(q!s)! k

s( ) = 1
k!(q!k)! q!s

q!k( ),  
we can express (29) as  

(31)  

  

1
k!(q!k)! q!s

q!k( )A"1
I1
" 2
I2 …" s

Is
is+1is+2…iq

yIk+1ik+1
" k+1 yIk+2ik+2

" k+2 …yIsis
" s# I1

"1 !# I2
" 2

!…!# Ik
" k !dxik+1 !dxik+2 !…!dxis !dxis+1 !dxis+2 !…!dxiq .

 

 Formula (29) is valid for each  s = 1,2,…,q  and each  k = 1,2,…,s , and 
includes summation through all these terms to get expression (24). The 
summation through the pairs (s,k) , is given by the table  

(32)  
 

s 1 2 3 … q !1 q
k 1 1,2 1,2,3 … 1,2,3,…,q !1 1,2,3,…,q

 
It will be convenient to pass to the summation over the same written in the 
opposite order. The summation through the pairs (k,s)  is expressed by the 
table  

(33)  
 

k 1 2 3 … q !1 q
s 1,2,3,…,q 2,3,…,q 3,4,…,q … q !1,q q

 
 Now we can substitute from (31) back to (24). We have, with multi-
indices of length r,  

(34)  

  

! = 1
q!
Ai1i2…iq

dxi1 !dxi2 !…!dxiq

+ 1
k!(q"k)! q"s

q"k( )A#1
I1
# 2
I2 …# s

Is
is+1is+2…iq

yIk+1ik+1
# k+1 yIk+2ik+2

# k+2 …yIsis
# s

k=1

s

$
s=1

q

$
%& I1

#1 !& I2
# 2 !…!& Ik

# k !dxik+1 !dxik+2 !…!dxis !dxis+1 !…!dxiq

 

hence  

(35)  

  

pk! = 1
q!
Ai1i2…iq

dxi1 !dxi2 !…!dxiq

+ 1
k!(q"k)! q"s

q"k( )A#1
I1
# 2
I2 …# s

Is
is+1is+2…iq

s=k

q

$ yIk+1ik+1
# k+1 yIk+2ik+2

# k+2 …yIsis
# s

%
&'

(
)*k=1

q

$
+, I1

#1 !, I2
# 2 !…!, Ik

# k !dxik+1 !dxik+2 !…!dxiq .
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This proves formulas (25) and (26).  

 Remark 5  Formulas (24) and (25) are not invariant; the transformation 
properties of the components are determined in Section 2.1, Theorem 1, (b)).  

 Lemma 8 can now be easily extended to general q-forms. It is sufficient 
to consider the case of q-forms generated by p-forms 

  
! J1

"1 !! J2
"2 !…!! J p

" p  
with fixed p, 1! p ! q " p . The proof then consists in a formal application of 
Lemma 8.  

 Theorem 8  Let W be an open set in Y, q a positive integer,  ! !"q
rW  a 

q-form, and let (V ,! ) , ! = (xi , y" ) , be a fibred chart on Y such that 
 V !W . Assume that !  has on V r  a chart expression  

(36)  

  

! = 1
s!(q" p"s)!

A#1
J1
#2
J2…# p

J p
$1
I1
$ 2
I2 …$ s

Is
is+1is+2…iq"p

s=0

q" p

% & J1
#1 !& J2

#2 !…!& J p
# p

!dyI1
$1 !dyI2

$ 2 !…!dyIs
$ s !dxis+1 !dxis+2 !…!dxiq"p ,

 

with multi-indices 
 
J1, J2 ,…, J p  of length r !1 and multi-indices  I1, I2 ,…, Is  

of length r. Then the k-contact component pk!  of !  has on V r+1  the chart 
expression  

(37)  

  

pk! = 1
(k" p)!(q" p"k)!

B#1
J1
#2
J2…# p

J p
$1
I1
$1
I1 …$ k"p

Ik"p
ik"p+1ik"p+2…iq"p

% J1
#1 !% J2

#2

!…!% J p
# p !% I1

$1 !% I2
$ 2 !…!% Ik"p

$ k"p !dxik"p+1 !dxik"p+2 !…!dxiq"p ,
 

where  

(38)  

 

B!1
J1
!2
J2…! p

J p
"1
I1
"1
I1 …" k#p

Ik#p
ik#p+1ik#p+2…iq#p

= q#p#s
q#k( )A!1

J1
!2
J2…! p

J p
"1
I1
" 2
I2 …" k#p

Ik#p
" k#p+1

Ik#p+1
" k#p+2

Ik#p+2 …" s

Is
is+1is+2…iq#p

s=k# p

q# p

$
% yIk#p+1ik#p+1

" k#p+1 yIk#p+2ik#p+2
" k#p+2 …yIsis

" s Alt(ik# p+1ik# p+2…isis+1…iq# p ).

 

 Proof  !  can be expressed as  

(39)  
  
! =" J1

#1 !" J2
#2 !…!" J p

# p !$#1
J1
#2
J2…# p

J p ,  

where  

(40)  

  

!"1
J1
"2
J2…" p

J p = 1
s!(q# p#s)!

A"1
J1
"2
J2…" p

J p
$1
I1
$ 2
I2 …$ s

Is
is+1is+2…iq#p

s=0

q# p

%
!dyI1

$1 !dyI2
$ 2 !…!dyIs

$ s !dxis+1 !dxis+2 !…!dxiq#p .
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We can apply to 
 
!"1
J1
"2
J2…" p

J p  formula (25). Replacing q with q ! p  and k with 
k ! p ,  

(41)  

  

pk! p"#1
J1
#2
J2…# p

J p = 1
(k! p)!(q! p!k)!

B#1
J1
#2
J2…# p

J p
$1
I1
$1
I1 …$ k!p

Ik!p
ik!p+1ik!p+2…iq!p

%& I1
$1 !& I2

$ 2 !…!& Ik!p
$ k!p !dxik!p+1 !dxik!p+2 !…!dxiq!p ,

 

where  

(42)  

 

B!1
J1
!2
J2…! p

J p
"1
I1
"1
I1 …" k#p

Ik#p
ik#p+1ik#p+2…iq#p

= q#p#s
q#k( )A!1

J1
!2
J2…! p

J p
"1
I1
" 2
I2 …" k#p

Ik#p
" k#p+1

Ik#p+1
" k#p+2

Ik#p+2 …" s

Is
is+1is+2…iq#p

s=k# p

q# p

$
% yIk#p+1ik#p+1

" k#p+1 yIk#p+2ik#p+2
" k#p+2 …yIsis

" s Alt(ik# p+1ik# p+2…isis+1…iq# p ).

 

 The following two corollaries are immediate consequences of Theo-
rem 8 and Section 2.1, Theorem 1. The first one shows that the operators pk  
behave like projectors operators in linear algebra. The second one is a con-
sequence of the identity d(! r+1,r )*" = (! r+1,r )*d"  for the exterior derivative 
operator, the canonical decomposition of forms on jet manifolds, applied to 
both sides, as well as the formula  

(43)  
 
d! J

" = #! Jj
" !dx j .  

 Corollary 1  For any k and l  

(44)  pk pl! =
(" r+2,r+1)* pk!, k = l,
0, k # l.

$
%
&

'&
 

 Corollary 2  For every k !1   

(45)  (! r+2,r+1)* pk" = pkdpk#1" + pkdk".  

 Remark 6  According to Section 2.3, Theorem 5 the horizontalisation 
h :!rW "!r+1W  is a morphism of exterior algebras. On the other hand, if k 
is a positive integer, then the mapping pk :!

rW "!r+1W  satisfies  

(46)   pk (! +") = pk! + pk", pk ( f !) = ( f !#
r+1,r )pk!  

for all ! , !  and f. However, pk :!
rW "!r+1W  are not morphisms of exte-

rior algebras.  
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2.5  Contact components and geometric operations 

 In this section we summarize some properties of the contact components 
and the differential-geometric operations acting on forms, such as the wedge 
product  ! , the contraction i!  of a form by a vector ! , and the Lie deriva-
tive !"  by a vector field ! .  

 Theorem 9  Let W be an open set in Y.  
 (a) For any two forms !  and !  on  W

r ! J rY ,  

(1)  
 
pk (!!") = pk!! pk"

i+ j=k
# .  

 (b) For any form !  and any ! r+1 -vertical, ! r+1,r -projectable vector 
field !  on W r+1 , with ! r+1,r -projection ! ,  

(2)  i!pk" = pk#1i$ ".  

 (c) For any form !  and any automorphism !  of Y, defined on W,  

(3)  pk (J
r! *") = J r+1! * pk".   

 (d) For any form !  and any ! -projectable vector field on Y on W 

(4)  pk (!J r" #) = !J r+1" pk#.  

 Proof  (a) The exterior product  (!
r+1,r )*("!#)  commutes with the 

pull-back, so we have  (!
r+1,r )*("!#) = (! r+1,r )*"! (! r+1,r )*# . Applying 

the trace decomposition formula (Section 2.2, Theorem 3) to (! r+1,r )*"  and 
(! r+1,r )*" , and comparing the k-contact components on both sides we ob-
tain formula (1).  
 (b) To prove formula (2) we use the definition of the k-contact compo-
nent of a form (Section 2.4, (3)) and the identity p!(Jx

r+1" ) = #(Jx
r" )  (Sec-

tion 1.5, Remark 2). Set !1 = "(Jx
r+1# ) . Then h!1 = 0  and p!1 = !(Jx

r" ) . By 
definition,  

(5)  

 

i!pk"(Jx
r+1# )($2 ,$3,…,$q )

= pk"(Jx
r+1# )(!(Jx

r+1# ),$2 ,$3,…,$q )

= pk"(Jx
r+1# )($1,$2 ,$3,…,$q )

= % j1 j2… jk jk+1… jq"(Jx
r# )(p$ j1

, p$ j2
,,…, p$ jk

,h$ jk+1
,h$ jk+2

,…,h$ jq
)&

 

with summation through the sequences  j1 < j2 <…< jk , 
 
jk+1 < jk+2 <…< jq  

(Section 2.4, (3)). On the other hand  
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(6)  

 

pk!1i" #(Jx
r+1$ )("2 ,"3,…,"q )

= % i2i3…ikik+1… jq i" #(Jx
r$ )(p"i2 , p"i3 ,,…, p"ik ,h"ik+1 ,h"ik+2 ,…,h"iq )&

= % i2i3…ikik+1… jq#(Jx
r$ )(p"1, p"i2 , p"i3 ,,…, p"ik ,h"ik+1 ,h"ik+2 ,…,h"iq )&

 

(summation through  i2 < i3 <…< ik , 
 
ik+1 < ik+2 <…< iq ). Since h!1 = 0 , the 

summation in (6) can be extended to the sequences  1< i2 < i3 <…< ik  and 

 
1< ik+1 < ik+2 <…< iq , therefore (6) coincides with (5).  
 (c) Formula (3) follows from the commutativity of the r-jet prolonga-
tion of automorphisms of the fibred manifold Y and the canonical jet projec-
tions, (! r+1,r )* J r" *# = J r$1" *(! r+1,r )*# , and from the property of the 
contact 1-forms 

 
! i1i2…ip

"  

(7)  
 
J r! *" j1 j2… jk

# =
!(yj1 j2… jk

# ! J r! )
!yi1i2…ip

$ " i1i2…ip
$

i <i2<…<ip
%  

(Section 2.1, Theorem 1, (c)).  
 (d) Formula (4) is an immediate consequence of (7).  

 Remark 7  If k = 0 , (1) reduces to the condition  h(!!") = h(!)!h(")  stating that h is a homomorphism of exterior algebras (Section 2.3, Theo-
rem 5).  

2.6  Strongly contact forms  

 Let  ! !"q
rW  be a q-form such that n +1! q ! dim J rY . Since h! = 0  

and also p1! = 0 , p2! = 0 ,  … , pq!n!1" = 0  (Section 2.4, Theorem 8), !  is 
always contact, and its canonical decomposition has the form  

(1)  
 
(! r+1,r )*" = pq#n" + pq#n+1" +…+ pq".  

We introduce by induction a class of q-forms, imposing a condition on the 
contact component pq!n" . If q = n +1 , then we say that !  is strongly con-
tact, if for every point  y0 !W  there exist a fibred chart (V ,! ) , ! = (xi , y" ) , 
at y0  and a contact n-form ! , defined on V r , such that  

(2)  p1(! " d# ) = 0.  

If q > n +1 , then we say that !  is strongly contact, if for every  y0 !W  
there exist (V ,! ) , ! = (xi , y" ) , at y0  and a strongly contact n-form ! , de-
fined on V r , such that  

(3)  pq!n (" ! d# ) = 0.  



Global Variational Geometry 
 

64 

 Lemma 9  The following conditions are equivalent: 
 (a) !  is strongly contact.  
 (b) There exist a q-form !  and a (q !1) -form !  such that 

(4)  ! =" + d# , pq$n" = 0, pq$n$1# = 0.  

 Proof  If !  is strongly contact and we have !  such that (3) holds, then 
we set ! = " # d$ . The converse is obvious.  

 In view of part (b) of Lemma 9, to study properties of strongly contact 
forms we need the chart expressions of the q-forms pq!n"  and pq!n!1" = 0 . 
We also need, in particular, the chart expressions of the forms !  whose 
(q ! n) -contact component vanishes,  

(5)  pq!n" = 0.  

To this purpose we use the contact basis. The formulas as well as the proof 
the subsequent theorem are based on the complete trace decomposition theo-
ry and are technically tedious because we cannot avoid extensive index nota-
tion. We write  

(6)  
  

! = A"1
J1
"2
J2…" p

J p
# p+1

I p+1
# p+2

I p+2 …# p+s

I p+s
ip+s+1ip+s+2…iq

$ J1
"1 !$ J2

"2 !…!$ J p
" p%

!dyIp+1
# p+1 !dyIp+2

# p+2 !…!dyIp+s
# p+s !dxip+s+1 !dxip+s+2 !…!dxiq ,

 

where summation is taking place through the multi-indices 
 
J1, J2 ,…, J p  of 

length less or equal to r !1  and the multi-indices 
 
I p+1, I p+2 ,…, I p+s  of length 

equal to r. Applying the trace decomposition theorem (Appendix 9, Theo-
rem 1) as many times as necessary we can write  

(7)  

  

! = B"1
J1
"2
J2…" l

Jl
# l+1
Kl+1

# l+2
Kl+2…# l+p

Kl+p
$ l+p+1

Il+p+1
$ l+p+2

Il+p+2 …$ l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ%

&' J1
"1 !' J2

"2 !…!' Jl
" l !d'Kl+1

# l+1 !d'Kl+2

# l+2 !…!d'Kl+p

# l+p

!dyIl+p+1
$ l+p+1 !dyIl+p+2

$ l+p+2 !…!dyIl+p+s
$ l+p+s

!dxil+p+s+1 !dxil+p+s+2 !…!dxiQ ,

 

where  

(8)  

 

0 ! | J1 |, | J2 |,…, | Jl | ! r "1,
|Kl+1 |, |Kl+2 |,…, |Kl+ p | = r "1,
| Il+ p+1 |, | Il+ p+2 |,…, | Il+ p+s | = r,

 

and the coefficients are traceless. The number Q in (7) is not the degree of 
! ; it is related with the degree q by l + 2p + s +Q ! l ! p ! s = q , that is,  
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(9)  p +Q = q.  

 Theorem 10  Let  W !Y  be an open set, q an integer such that 
n +1! q ! dim J rY ,  !!"q

rW  a form, and let (V ,! ) , ! = (xi , y" ) , be a fi-
bred chart such that  V !W . Then pq!n" = 0  if and only if 

(10)  

  

! = " J1
#1 !" J2

# 2 !…!" Jl
# l !d" I1

$1 !d" I2
$2 !…!d" I p

$ p

q%n+1&l+ p
'

!(#1
J1
# 2
J2 …# l

Jl
$1
I1
$2
I2 …$ p

I p ,
 

where 
 
!"1

J1
" 2
J2…" l

Jl
#1
I1

#2
I2…# p

I p  are some (q ! l ! 2p) -forms on V r , and the multi-
indices satisfy  0 ! | J1 |,| J2 |,…,| Jl | ! r "1 , 

 
| I1 |,| I2 |,…,| I p | = r !1 .  

 Proof  Expression (7) for !  can be written as ! =!0 +!1 , where  

(11)  

  

!0 = B"11
J1
"2
J2…" l

Jl
# l+1
Kl+1

# l+2
Kl+2…# l+p

Kl+p
$ l+p+1

Il+p+1
$ l+p+2

Il+p+2 …$ l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ

l+ p%q&n
'

() J1
"1 !) J2

"2 !…!) Jl
" l !d)Kl+1

# l+1 !d)# l+2
Kl+2 !…!d)# l+p

Kl+p

!dyIl+p+1
$ l+p+1 !dyIl+p+2

$ l+p+2 !…!dyIl+p+s
$ l+p+s !dxil+p+s+1 !dxil+p+s+2 !…!dxiQ

 

and  

(12)  

  

!1 = B"11
J1

"2
J2…" l

Jl
# l+1
Kl+1

# l+2
Kl+2…# l+p

Kl+p
$ l+p+1

Il+p+1
$ l+p+2

Il+p+2…$ l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ

l+ p<q%n
&

'( J1
"1 !( J2

"2 !…!( Jl
" l !d(Kl+1

# l+1 !d(# l+2
Kl+2 !…!d(# l+p

Kl+p

!dyIl+p+1
$ l+p+1 !dyIl+p+2

$ l+p+2 !…!dyIl+p+s
$ l+p+s !dxil+p+s+1 !dxil+p+s+2 !…!dxiQ .

 

We want to show that the condition pq!n" = 0  implies !1 = 0 .  
 To determine pq!n"1 , we need the pull-back (! r+1,r )*"1 ; this can be 
obtained by replacing dyI

!  with  

(13)  dyI
! =" I

! + yIi
!dxi .  

Then the corresponding expressions on the right-hand side of formula (12) 
arise by substitution  

(14)  

  

dyIl+p+1
! l+p+1 !dyIl+p+2

! l+p+2 !…!dyIl+p+s
! l+p+s

= (" Il+p+1
! l+p+1 + yIl+p+1il+p+1

! l+p+1 dxil+p+1 )! (" Il+p+2
! l+p+2 + yIl+p+2il+p+2

! l+p+2 dxil+p+2 )

!…! (" Il+p+s
! l+p+s + yIl+p+sil+p+s

! l+p+s dxil+p+s ).

 

Computing the right-hand side we obtain  
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(15)  

  

dyIl+p+1
! l+p+1 !dyIl+p+2

! l+p+2 !…!dyIl+p+s
! l+p+s =" Il+p+1

! l+p+1 !" Il+p+2
! l+p+2 !…!" Il+p+s

! l+p+s

+ syIl+p+sil+p+s
! l+p+s " Il+p+1

! l+p+1 !" Il+p+2
! l+p+2 !…!" Il+p+s#1

! l+p+s#1 !dxil+p+s

+ 2
s( )yIl+p+s#1il+p+s#1! l+p+s#1 yIl+p+sil+p+s

! l+p+s " Il+p+1
! l+p+1 !" Il+p+2

! l+p+2

!…!" l+ p+s#2
! l+p+s#2 !dxil+p+s#1 !dxil+p+s

+…+ syIl+p+2il+p+2
! l+p+2 …yIl+p+s#1il+p+s#1

! l+p+s#1 yIl+p+sil+p+s
! l+p+s " Il+p+1

! l+p+1

!dxil+p+2 !…!dxil+p+s#1 !dxil+p+s

+ yIl+p+1il+p+1
! l+p+1 …yIl+p+s#1il+p+s#1

! l+p+s#1 yIl+p+sil+p+s
! l+p+s dxil+p+1 !…!dxil+p+s#1 !dxil+p+s .

 

Now consider a fixed summand in expression (12), with given l, p, and s,  

(16)  

  

B!11
J1

!2
J2…! l

Jl
" l+1
Kl+1

" l+2
Kl+2…" l+p

Kk+p
# l+p+1

Il+p+1
# l+p+2

Il+p+2…# l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ

$% J1
!1 !% J2

!2 !…!% Jl
! l !d%Kl+1

" l+1 !d%Kl+2

" l+2 !…!d%Kl+p

" l+p

!% Il+p+1
# l+p+1 !% Il+p+2

# l+p+2 !…!% Il+p+s
# l+p+s !dxil+p+s+1 !dxil+p+s+2 !…!dxiQ .

 

Using (16) we get the terms  

(17)  

  

sB!11
J1
!2
J2…! l

Jl
" l+1
Kl+1

" l+2
Kl+2…" l+p

Kk+p
# l+p+1

Il+p+1
# l+p+2

Il+p+2 …# l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ

$ yIl+p+sil+p+s
# l+p+s % J1

!1 !% J2
!2 !…!% Jl

! l !d%Kl+1

" l+1 !d%Kl+2

" l+2 !…!d%Kl+p

" l+p

!% Il+p+1
# l+p+1 !% Il+p+2

# l+p+2 !…!% Il+p+s&1
# l+p+s&1

!dxil+p+s !dxil+p+s+1 !dxil+p+s+2 !…!dxiQ ,

2
s( )B!11

J1
!2
J2…! l

Jl
" l+1
Kl+1

" l+2
Kl+2…" l+p

Kk+p
# l+p+1

Il+p+1
# l+p+2

Il+p+2…# l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ

$ yIl+p+s&1il+p+s&1
# l+p+s&1 yIl+p+sil+p+s

# l+p+s % J1
!1 !% J2

!2 !…!% Jl
! l

!d%Kl+1

" l+1 !d%Kl+2

" l+2 !…!d%Kl+p

" l+p !% Il+p+1
# l+p+1 !% Il+p+2

# l+p+2

!…!% l+ p+s&2
# l+p+s&2 !dxil+p+s&1 !dxil+p+s !dxil+p+s+1 !dxil+p+s+2 !…!dxiQ ,

…

sB!11
J1

!2
J2…! l

Jl
" l+1
Kl+1

" l+2
Kl+2…" l+p

Kk+p
# l+p+1

Il+p+1
# l+p+2

Il+p+2…# l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ

$ yIl+p+2il+p+2
# l+p+2 …yIl+p+s&1il+p+s&1

# l+p+s&1 yIl+p+sil+p+s
# l+p+s % J1

!1 !% J2
!2 !…!% Jl

! l

!d%Kl+1

" l+1 !d%Kl+2

" l+2 !…!d%Kl+p

" l+p !% Il+p+1
# l+p+1

!dxil+p+2 !…!dxil+p+s&1 !dxil+p+s !dxil+p+s+1 !dxil+p+s+2 !…!dxiQ ,

  

and  
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(18)  

  

B!11
J1
!2
J2…! l

Jl
" l+1
Kl+1

" l+2
Kl+2…" l+p

Kk+p
# l+p+1

Il+p+1
# l+p+2

Il+p+2 …# l+p+s

Il+p+s
il+p+s+1il+p+s+2…iQ

$ yIl+p+1il+p+1
# l+p+1 …yIl+p+s%1il+p+s%1

# l+p+s%1 yIl+p+sil+p+s
# l+p+s & J1

!1 !& J2
!2 !…!& Jl

! l

!d&Kl+1

" l+1 !d&Kl+2

" l+2 !…!d&Kl+p

" l+p !dxil+p+1 !…!dxil+p+s%1 !dxil+p+s

!dxil+p+s+1 !dxil+p+s+2 !…!dxiQ .

 

We see that the degrees of contactness of these terms are  

(19)   l + p + s > l + p + s !1> l + p + s ! 2 >…> l + p +1> l + p,  

respectively. Clearly, since we consider the terms where l + p < q ! n , (18) 
does not contribute to pq!n"1 . We claim that among the terms (16) there is 
one whose degree of contactness is q ! n . Suppose the opposite; then 
l + p + s < q ! n , but this is not possible, because the term satisfying this in-
equality would contain more then n factors dxi .  
 Thus, the condition p1!1 = 0  applies to one of the expressions (17) and 
states that the coefficient in this expression vanishes. But the components of 
!1  are traceless, and we have already seen that this is only possible when 
they also vanish. This implies in turn that the forms on the left of (17) all 
vanish, which proves that !1 = 0 . The proof is complete.  

 Corollary 1  Let  W !Y  be an open set, q an integer such that 
n +1! q ! dim J rY ,  !!"q

rW  a form, and let (V ,! ) , ! = (xi , y" ) , be a fi-
bred chart such that  V !W . Then pq!n" = 0  if and only if  

(20)  ! =!0 + dµ,  

where !0  and µ  are ! J
" -generated, 0 ! | I | ! r "1 , such that pq!n"0 = 0  

and pq!n!1µ = 0 .  
 Proof  Write in Theorem 10 ! =!0 + "! , where !0  includes all ! J

" -
generated terms, defined by the condition l !1 , and  

(21)  

  

!" = d# I1
$1 !d# I2

$2 !…!d# I p
$ p !%&1

J1
& 2
J2 …& l

Jl
$1
I1
$2
I2 …$ p

I p

q'n+1(p
)

= d(# I1
$1 !d# I2

$2 !…!d# I p
$ p !%&1

J1
& 2
J2 …& l

Jl
$1
I1
$2
I2 …$ p

I p )
q'n+1(p
)

+ # I1
$1 !d# I2

$2 !…!d# I p
$ p !d(%&1

J1
& 2
J2 …& l

Jl
$1
I1
$2
I2 …$ p

I p )
q'n+1(p
) .

 

Thus, !  can also be written as ! =!0 + dµ , where !0  is ! J
" -generated, and 

µ  is also ! J
" -generated and contains p contact factors ! J

"  and d! I
" ; in par-

ticular, pq!n!1µ = 0 .  

 Remark 8  Note that the summation in Theorem 10 through the pairs 
(l, p)  can also be defined by the inequality q ! n +1! p " l " q ! 2p , where 
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the range of p is given by the conditions  p = 0,1,2,…  and q ! 2p " 0 . 

 Lemma 10  (a) If !  is a strongly contact form such that q ! n + 2 , then 
for any ! -vertical vector field !  the form iJ r!"  is strongly contact.  
 (b) The exterior derivative of a strongly contact form is strongly con-
tact.  
 Proof  (a) We have iJ r!" = iJ r!# + iJ r!d$ = iJ r!# + %J r!$ & diJr!$ . But by 
Section 2.5, Theorem 9 pq!n!1(iJ r"# + $J r"% ) = iJ r+1"pq!n# + $J r+1" pq!n!1%  and 
pq!n!2iJ r"# = iJ r+1"pq!n!1# ; however, these expressions vanish because !  is 

strongly contact. Now we apply Lemma 9.  
 (b) Let the form !  be strongly contact. Then from (4), d! = d" , 
where pq!n" = 0 . We want to show that to any point y0  from the domain of 
definition of !  there exists a fibred chart (V ,! ) , ! = (xi , y" ) , at y0  and a 
q-form ! , defined on V r , such that pq+1!n (d" ! d# ) = 0  and pq!n" = 0 . Tak-
ing ! ="  we get the result.  

 For n +1! q ! dim J rY , strongly contact forms constitute an Abelian 
subgroup !q

rW  of the Abelian group of q-forms !q
rW ; they do not form a 

submodule of !q
rW . It follows from Lemma 10, (b) that the subgroups 

!q
rW  together with the exterior derivative operator define a sequence  

(22)   !n
rW "!n+1

r W "…"!M
r W " 0.  

The number M labelling the last non-zero term in this sequence is  

(23)  M = m n
n+r!1( ) + 2n !1.  

 Remark 9  If n +1! q ! dim J rY , then by Lemma 1, the canonical de-
composition of a contact form  ! !"q

rW  is  

(24)  
 
(! r+1,r )*" = pq#nd$ + pq#n+1" + pq#n+2" +…+ pq".  

 Remark 10  It is easily seen that the definition of a contact q-form 

 ! !"q
rW  for 1! q ! n  agrees with (3). Indeed, if 1! q ! n , we have for any 

contact form  !" !#q$1
r W , h(! " d #! ) = h!  as (! r+1)*hd "# = hdh "# = 0  

(Corollary 2). Thus if h! = 0  then h(! " d #! ) = 0  for any  !" !#q$1
r W .  

2.7  Fibred homotopy operators on jet prolongations of                  
fibred manifolds 

 In this section we introduce the fibred homotopy operators for differen-
tial forms on jet prolongations of fibred manifolds. We study their relations 
with the canonical decomposition of forms and the exactness problem for 
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contact and strongly contact forms. The general theory of fibred homotopy 
operators is summarized in Appendix 6.  
 The relevant underlying structure we need is a trivial fibred manifold 
W =U !V , where U is an open set in Rn  and V an open ball V in Rm  with 
centre at the origin; the projection is the first the first Cartesian projection of 
U !V  onto U, denoted by ! . The r-jet prolongation J rW  is also denoted 
by W r . By definition  

(1)  
 
W r =U !V ! L(Rn ,Rm )! Lsym

2 (Rn ,Rm )!…! Lsym
r (Rn ,Rm ),  

where Lsym
k (Rn ,Rm )  is the vector space of k-linear symmetric mappings 

from Rn  to Rm . The canonical coordinates on W are denoted by (xi , y! ) , 
and the associated coordinates on W r  are 

 
(xi , y! , yj1

! , yj1 j2
! ,…, yj1 j2… jr

! ) . Any 
Cartesian projections ! r ,s :W r "W s , with 0 ! s < r  defines in an obvious 
way a homotopy ! r ,s  and the fibred homotopy operator I r ,s  (see Appen-
dix 6, (27)), so the Volterra-Poincare lemma holds in these cases.  
 In this section we consider the fibred homotopy operator I = I r ,0 . Recall 
that the homotopy ! = ! r ,s  is a mapping from [0,1]!W r  to W r , defined by 

(2)  
 
!(s,(xi , y" , yj1

" , yj1 j2
" ,…, yj1 j2… jr

" )) = (xi ,sy" ,syj1
" ,syj1 j2

" ,…,syj1 j2… jr
" ).  

It is immediately verified that the pull-back by !  satisfies  

(3)  
 

! *dxi = dxi , ! *dyj1 j2… jk
" = yj1 j2… jk

" ds + sdyj1 j2… jk
" ,

! *# j1 j2… jk
" = yj1 j2… jk

" ds + s# j1 j2… jk
" .

 

In accordance with the general theory, these formulas lead to explicit de-
scription of the operator I . For any q-form !  on W r , ! *"  has a unique 
decomposition  

(4)   ! *" = ds! " (0) (s)+ #" (s)  

such that the (q !1) -form ! (0) (s)  and the q-form !" (s)  do not contain ds . 
Then  

(5)  I! = ! (0) (s)
0

1

" ,  

where the expression on the right-hand side denotes the integration of the 
coefficients in the form ! (0) (s)  over s from 0 to 1.  
 The following is a version of a general theorem on fibred homotopy op-
erators on fibred manifolds. !  stands for the zero section of W r  over U.  

 Theorem 11  (a) For every differentiable function f :W r ! R ,  

(6)  f = Idf + (! r )*" * f .  
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 (b) Let q !1 . Then for every differential q-form !  on W r , 

(7)  ! = Id! + dI! + (" r )*# *!.  

 Proof  Slight modification of Theorem 1, Appendix 6.  

 Theorem 12  Let !  be a contact q-form on W r .  
 (a) The contact components of !  satisfy  

(8)  Ih! = 0, Ipk! = pk"1I!, 1# k # q.  

 (b) If !  is strongly contact, then I!  is strongly contact.  
 Proof  (a) Expressing the forms !  and (! r+1,r )*"  in the basis of 1-
forms (dxi ,dyJ

! ) , 0 ! | J | ! r , we have  

(9)  (! r+1,r )* I" = I (! r+1,r )*".  

The canonical decomposition of the form !  yields  

(10)  (! r+1,r )* I" = I (! r+1,r )*" = I pl"
0#l#q
$%&'

(
)*
= Ipl"
0#l#q
$ .  

But by (5), Ipl!  is (l !1) -contact, thus, applying pk  to both sides of (9) and 
comparing k-contact components we get (8).  
 (b) Let q ! n +1  and suppose we have a strongly contact q-form !  on 
W r . Then ! =" + d#  for some q-form !  and (q !1) -form !  such that 
pq!n" = 0  and pq!n!1" = 0  hence I! = I" + Id# = I" +# $ dI# $# 0 , where 
! 0  is a (q !1) -form on U. If q > n +1  then always ! 0 = 0 . If q = n +1 , then 
always d! 0 = 0  and we may replace !  with ! "! 0 ; then I! = I" +# $ dI# . 
The (q !1) -form I! +"  satisfies  

(11)  pq!n!1(I" +# ) = Ipq!n" + pq!n!1# = pq!n!1# = 0.  

If q ! n + 2 , then q ! n ! 2 " 0  and pq!n!2I" = Ipq!n!1" = 0 , consequently, 
I!  is strongly contact. If q = n +1 , then from (9) h! = 0  as required.  

 Corollary 1 (The fibred Volterra-Poincare lemma)  If d! = 0 , then 
there exists a (q !1) -form !  such that ! = d" .  

 The following two theorems extend the fibred Volterra-Poincare lemma 
to contact and strongly contact forms.  
 The following result extends Corollary 1 to contact forms. Its proof is 
based on the trace decomposition theorem (Section 2.2, Theorem 3), Appen-
dix 9, Theorem 4 and on the fibred Volterra-Poincare lemma.  

 Theorem 13  Let 1! q ! n  and let !  be a contact q-form such that 
d! = 0 . Then ! = d"  for some contact (q !1) -form ! .  
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 Proof  1. Let !  be a contact 1-form, expressed as  

(12)  ! = "#
J$ J

#

0% |J | %r&1
' .  

Then  

(13)  
 
d! = (d"#

J !$ J
# % "#

JdyJj
# !dx j )

0& |J | &r%1
' .  

Condition d! = 0  implies, for | J | = r !1 , !"
J# j

k = 0 Sym(Jk)  and the trace 
operation yields, up to the factor (n + r !1) / r ,  

(14)  !"
J = 0.  

Thus, !  must be of the form  

(15)  ! = "#
J$ J

#

0% |J | %r&2
' .  

Repeating the same procedure we get ! = 0 .  
 2.  Let 2 ! q ! n . We show in several steps that if !  is a contact q-form 
such that d! = 0 , then there exist a contact q-form !  and a contact (q !1) -
form !  such that  

(16)  ! = " + d# , p1" = 0.  

 First, we find a decomposition  

(17)  ! = !0 +" 0 + d# 0 ,  

with the following properties:  
 (a) !0  is generated by the forms ! J

"  such that 0 ! | J | ! r "1 ,  

(18)  
 
!0 = " J

# !$#
J

0%|J |%r&2
' + " J

# !(#
J

|J |=r&1
' ,  

where the (q !1) -forms !"
J  are traceless. 

 (b) ! 0  is generated by  ! J
" !! I

#  and  ! J
" !d! L

# , where | J | = r !1 , 
0 ! | I | ! r "1 , | L | = r !1 .  
 (c) ! 0  is a contact (q !1) -form.  
 Expressing !  as in Section 2.3, Corollary 2, we have  

(19)  
 
! = " J

# !$#
J

0%|J |%r&2
' + " J

# !$#
J

|J |=r&1
' + d( 0 ,  

where ! 0  is a contact (q !1) -form. Decompose the (q !1) -forms !"
J , in-

dexed with multi-indices J of length r !1 , by the trace operation. We get a 
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decomposition 

(20)  !"
J = #"

J +$"
J ,  

where the expression !"
J  is the traceless, and !"

J  is the contact component. 
Then  

(21)  
 
! = " J

# !$#
J

0%|J |%r&2
' + " J

# !(#
J

|J |=r&1
' + " J

# !)#
J

|J |=r&1
' + d* 0 .  

Setting  

(22)  

 

!0 = " J
# !$#

J

0%|J |%r&2
' + " J

# !(#
J

|J |=r&1
' ,

) 0 = " J
# !*#

J

|J |=r&1
' ,

 

we get (17).  
 Second, we show that !  has a decomposition  

(23)  ! = !1 +"1 + d#1  

with the following properties:  
 (a) The form !1  is generated by the contact forms ! J

" , such that 
0 ! | J | ! r " 2 , that is,  

(24)  
 
!1 = " J

# !$#
J

0%|J |%r&3
' + " J

# !(#
J

|J |=r&2
' ,  

where the (q !1) -forms !"
J  are traceless. 

 (b) !1  is generated by  ! J
" !! I

#  and  ! J
" !d! L

# , where | J | = r !1 , 
0 ! | I | ! r "1 , | L | = r !1 .  
 (c) !1  is a contact (q !1) -form.  
 Indeed, we apply condition d! = 0  to expression (17). We have, since 

 
d! J

" = #dyJj
" !dx j ,  

(25)  

 

d(! J
" !#"

J )
0$|J |$r%2
&
% (dyJj

" !dx j !'"
J +! J

" !d'"
J )

|J |=r%1
& + d( 0 = 0.

 

But the terms 
 
dyJj

! !dx j !"!
J  in this expression do not contain any form ! J

"  
or d! J

" , and must vanish separately. Thus  

(26)  
 

dyJj
! !dx j !"!

J

|J | =r#1
$ = 0.  
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The 1-contact component gives  

(27)  
 

! Jj
" !h(dx j !#"

J )
|J | =r$1
% = 0  

hence  

(28)   h(dx
j !!"

J ) = 0 Sym(Jj).  

 The traceless form !"
J  can be expressed as  

(29)  

  

!"
J = A"

J
i2i3…iq

dxi2 !dxi3 !…!dxiq

+ A"
J
# 2
I2
i3i4…iq

dyI2
# 2 !dxi3 !dxi4 !…!dxiq

+ A"
J
# 2
I2

# 3
I3
i4i5…iq

dyI2
# 2 !dyI3

# 3 !dxi4 !dxi5 !…!dxiq

+…+ A"
J
# 2
I2

# 3
I3 …# q$1

Iq$1
iq
dyI2

# 2 !dyI3
# 3 !…!dyIq$1

# q$1 !dxiq

+ A"
J
# 2
I2

# 3
I3 …# q

Iq dyI2
# 2 !dyI3

# 3 !…!dyIq
# q ,

 

where the multi-indices I2 , I3 ,  … , 
 
…Iq  satisfy 

 
| I2 |,| I3 |,…,| Iq | = r , and 

all coefficients 
 
A!
J
" 2
I2
i3i4…iq

, 
 
A!
J
" 2
I2

" 3
I3
i4i5…iq

,  … , 
 
A!
J
" 2
I2

" 3
I3 …" q#1

Iq#1
iq  are traceless in the 

indices 
 
i3,i4 ,…,iq  and the multi-indices 

 
I2 , I3,…, Iq!1 . Then equation (28) 

reads 

(30)  

  

(A!
J
i2i3…iq

+ A!
J
" 2
I2
i3i4…iq

yI2i2
" 2 + A!

J
" 2
I2

" 3
I3
i4i5…iq

yI2i2
" 2 yI3i3

" 3

+…+ A!
J
" 2
I2

" 3
I3 …" q#1

Iq#1
iq
yI2i2
" 2 yI3i3

" 3 …yIq#1iq#1
" q#1

+ A!
J
" 2
I2

" 3
I3 …" q

Iq yI2i2
" 2 yI3i3

" 3 …yIqiq
" q )

$% i1
l dxi1 !dxi2 !dxi3 !…!dxiq = 0

Sym(Jj).

 

Setting  

(31)  

 

B!
Jl
i1i2i3…iq

= A!
J
i2i3…iq

" i1
l Sym(Jl) Alt(i1i2i3…iq ),

B!
Jl
# 2
I2
i1i3i4…iq

= A!
J
# 2
I2
i3i4…iq

" i1
l Sym(Jl) Alt(i1i3i4…iq ),

B!
Jl
# 2
I2

# 3
I3
i1i4i5…iq

= A!
J
# 2
I2

# 3
I3
i4i5…iq

" i1
l Sym(Jl) Alt(i1i4i5…iq ),

…

B!
J
# 2
I2

# 3
I3 …# q$1

Iq$1
i1iq

= A!
J
# 2
I2

# 3
I3 …# q$1

Iq$1
iq
" i1
l Sym(Jl) Alt(i1iq ),

B!
Jl
# 2
I2

# 3
I3 …# q

Iq
i1
= A!

J
# 2
I2

# 3
I3 …# q

Iq " i1
l Sym(Jl),
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we get the system  

(32)  

 

B!
Jl
i1i2i3…iq

= 0,

B!
Jl
" 2
I2
i1i3i4…iq

# i2
j2 = 0 Sym(I2 j2 ) Alt(i1i2i3…iq ),

B!
Jl
" 2
I2

" 3
I3
i1i4i5…iq

# i2
j2# i3

j3 = 0 Sym(I2 j2 ) Sym(I3 j3) Alt(i1i2i3…iq ),

…

B!
Jl
" 2
I2

" 3
I3 …" q$1

Iq$1
i1iq
# i2

j2# i3
j3…# iq$1

jq$1 = 0 Sym(I2 j2 ) Sym(I3 j3)

… Sym(Iq$1 jq$1) Alt(i1i2i3…iq ),

B!
Jl
" 2
I2

" 3
I3 …" q

Iq
i1
# i2

j2# i3
j3…# iq

jq = 0 Sym(I2 j2 ) Sym(I3 j3)

… Sym(Iq jq ) Alt(i1i2i3…iq ).

 

Since the unknown functions 
 
B!
Jl
" 2
I2
i1i3i4…iq

, 
 
B!
Jl
" 2
I2

" 3
I3
i1i4i5…iq

,  … , 
 
B!
Jl
" 2
I2

" 3
I3 …" q#1

Iq#1
i1iq , 

 
B!
Jl
" 2
I2

" 3
I3 …" q

Iq
i1 , are traceless, for each fixed multi-index I = Jl  and each index 

! , this system has only the trivial solution (see Appendix 9), and we have 
from (31)  

(33)  

 

A!
J
i2i3…iq

" i1
l = 0 Sym(Jl) Alt(i1i2i3…iq ),

A!
J
# 2
I2
i3i4…iq

" i1
l = 0 Sym(Jl) Alt(i1i3i4…iq ),

A!
J
# 2
I2

# 3
I3
i4i5…iq

" i1
l = 0 Sym(Jl) Alt(i1i4i5…iq ),

…

A!
J
# 2
I2

# 3
I3 …# q$1

Iq$1
iq
" i1
l = 0 Sym(Jl) Alt(i1iq ),

A!
J
# 2
I2

# 3
I3 …# q

Iq " i1
l = 0 Sym(Jl).

 

The solutions of this system is of Kronecker type; we have, denoting the 
multi-index J as J = Kk ,  

(34)  

 

A!
Kk
i2i3…iq

= C!
K
i3i4…iq

" i2
k Sym(Kk) Alt(i2i3i4…iq ),

A!
Kk

# 2
I2
i3i4…iq

= C!
K
# 2
I2
i4i5…iq

" i3
k Sym(Kk) Alt(i3i4i5…iq ),

A!
Kk

# 2
I2

# 3
I3
i4i5…iq

= C!
K
# 2
I2

# 3
I3
i5i6…iq

" i4
k Sym(Kk) Alt(i4i5i6…iq ),

…

A!
Kk

# 2
I2

# 3
I3 …# q$1

Iq$1
iq
= C!

K
# 2
I2

# 3
I3 …# q$1

Iq$1 " iq
k Sym(Jl),

A!
Kk

# 2
I2

# 3
I3 …# q

Iq = 0.

 

Consequently,  
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(35)  

  

! J
" !#$

J

|J |=r%1
& =!Kk

" ! (C$
K
i3i4…iq

' i2
kdxi2 !dxi3 !…!dxiq

+C$
K
" 2
I2
i4i5…iq

' i3
kdyI2

" 2 !dxi3 !dxi4 !…!dxiq

+C$
K
" 2
I2

" 3
I3
i5i6…iq

' i4
k dyI2

" 2 !dyI3
" 3 !dxi4 !dxi5 !…!dxiq

+…+C$
K
" 2
I2

" 3
I3 …" q%1

Iq%1 ' iq
kdyI2

" 2 !dyI3
" 3 !…!dyIq%1

" q%1 !dxiq )

= d!K
" ! (%C$

K
i3i4…iq

dxi3 !dxi4 !…!dxiq

+C$
K
" 2
I2
i4i5…iq

dyI2
" 2 !dxi4 !dxi5 !…!dxiq

%C$
K
" 2
I2

" 3
I3
i5i6…iq

dyI2
" 2 !dyI3

" 3 !dxi5 !dxi6 !…!dxiq

+…+ (%1)q%1C$
K
" 2
I2

" 3
I3 …" q%1

Iq%1 dyI2
" 2 !dyI3

" 3 !…!dyIq%1
" q%1 ).

 

This expression splits in two terms,  

(36)  

  

d(!K
" ! (#C$

K
i3i4…iq

dxi3 !dxi4 !…!dxiq

+C$
K
" 2
I2
i4i5…iq

dyI2
" 2 !dxi4 !dxi5 !…!dxiq

#C$
K
" 2
I2

" 3
I3
i5i6…iq

dyI2
" 2 !dyI3

" 3 !dxi5 !dxi6 !…!dxiq

+…+ (#1)q#1C$
K
" 2
I2

" 3
I3 …" q#1

Iq#1 dyI2
" 2 !dyI3

" 3 !…!dyIq#1
" q#1 )),

 

and  

(37)  

  

!"K
# !d(!C$

K
i3i4…iq

dxi3 !dxi4 !…!dxiq

+C$
K
# 2
I2
i4i5…iq

dyI2
# 2 !dxi4 !dxi5 !…!dxiq

!C$
K
# 2
I2

# 3
I3
i5i6…iq

dyI2
# 2 !dyI3

# 3 !dxi5 !dxi6 !…!dxiq

+…+ (!1)q!1C$
K
# 2
I2

# 3
I3 …# q!1

Iq!1 dyI2
# 2 !dyI3

# 3 !…!dyIq!1
# q!1 ),

 

which can be distributed to the terms d! 0  and !0  in the decomposition (21). 
Therefore, !  can be written as  

(38)  

  

! = " J
# !$#

J

0% |J | %r&2
' + " J

# !(#
J

|J | =r&1
' + " J

# !)#
J

|J | =r&1
' + d* 0

= " J
# ! !$#

J

0% |J | %r&2
' + " J

# !)#
J

|J | =r&1
' + d*1

= " J
# ! !$#

J

0%|J |%r&3
' + " J

# ! !$#
J

|J | =r&2
' + " J

# !)#
J

|J | =r&1
' + d*1
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= ! J
" ! !#"

J

0$|J |$r%3
& + ! J

" ! !#"
J

|J | =r%2
& + ! J

" !'"
J

|J | =r%1
& + d(1

= ! J
" ! !#"

J

0$|J |$r%3
& + ! J

" !)"
J

|J | =r%2
& + ! J

" !'"
J

|J | =r%2
&

+ ! J
" !'"

J

|J | =r%1
& + d(1

 

where we use the trace decomposition  
!!"
J = #"

J +$"
J  for | J | = r !1 .  

 Summarizing and replacing for simplicity of notation  
!!"
J  with !"

J , we 
get the decomposition (23).  
 Third, we construct as in the second step the decompositions  

(39)  

  

!0 = " J
# !$#

J

0%|J |%r&2
' + " J

# !(#
J

|J |=r&1
' ,

!1 = " J
# !$#

J

0%|J |%r&3
' + " J

# !(#
J

|J |=r&2
' ,

…

!r&2 ="
# !$# + " j

# !(#
j

j
' ,

!r&1 ="
# !(# ,

 

and  

(40)  
 

! = !0 +" 0 + d# 0 = !1 +"1 + d#1 = !2 +" 2 + d# 2

…= !r$2 +" r$2 + d# r$2 = !r$1 +" r$1 + d# r$1.
 

Note, however, the different meaning of the symbols !"
J  and !"

J  in the 
lines of expressions (39), which are defined in the construction.  
 Finally, we show that !  has a decomposition  

(41)  ! = " r#1 + d$ r#1,  

where ! r"1  is generated by the contact forms  ! J
" !! I

#  and  ! J
" !d! L

# , 
| J | = r !1 , 0 ! | I | ! r "1 , | L | = r !1 , and ! r"1  is a contact (q !1) -form.  
 It is sufficient to show that in the decomposition ! = !r"1 +# r"1 + d$ r"1  
(40) the form !r"1  vanishes. Condition d! = 0  implies  

(42)   d!
" !#" $!" !d#" + d% r$1 = 0.  

The 1-contact component yields  !" l
# !dxl !h$# !"# !hd$# = 0  hence  

(43)   h(dx
l !!" ) = 0.  

Writing the traceless form !"  as  
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(44)  

  

!" = A" i2i3…iq
dxi2 !dxi3 !…!dxiq

+ A"# 2
I2
i3i4…iq

dyI2
# 2 !dxi3 !dxi4 !…!dxiq

+ A"# 2
I2

# 3
I3
i4i5…iq

dyI2
# 2 !dyI3

# 3 !dxi4 !dxi5 !…!dxiq

+…+ A"# 2
I2

# 3
I3 …# q$1

Iq$1
iq
dyI2

# 2 !dyI3
# 3 !…!dyIq$1

# q$1 !dxiq

+ A"# 2
I2

# 3
I3 …# q

Iq dyI2
# 2 !dyI3

# 3 !…!dyIq
# q ,

 

we have  

(45)  

  

h(dxl !!" ) = (A" i2i3…iq
+ A"# 2

I2
i3i4…iq

yI2i2
# 2 + A"# 2

I2
# 3
I3
i4i5…iq

yI2i2
# 2 yI3i3

# 3

+…+ A"# 2
I2

# 3
I3 …# q$1

Iq$1
iq
yI2i2
# 2 yI3i3

# 3 …yIq$1iq$1
# q$1 + A"# 2

I2
# 3
I3 …# q

Iq yI2i2
# 2 yI3i3

# 3 …yIqiq
# q )

%dxl !dxi2 !dxi3 !…!dxiq = 0,

 

which implies, because the coefficients are traceless,  

(46)  
 

A! i2i3…iq
= 0, A!" 2

I2
i3i4…iq

= 0, A!" 2
I2

" 3
I3
i4i5…iq

= 0,

… A!" 2
I2

" 3
I3 …" q#1

Iq#1
iq
= 0, A!" 2

I2
" 3
I3 …" q

Iq = 0.
 

Consequently, !r"1 = 0  proving (41).  
 4.  To conclude the proof we apply the contact homotopy decomposition 
to the form ! r"1  (Theorem 11). We have ! r"1 = Id! r"1 + dI! r"1 . But d! r"1 = 0 , 
thus ! r"1 = dI! r"1 , and since the order of contactness of ! r"1  is ! 2 , we have 
hI! r"1 = Ihp1! r"1 = 0 , so I! r"1  is contact. Then, however,  

(47)  ! = Id" r#1 + dI" r#1 + d$ r#1 = d(I" r#1 + d$ r#1).  

Setting ! = I" r#1 + d$ r#1  we complete the proof.  

 Theorem 14  If !  is strongly contact and d! = 0 , then there exists a 
strongly contact (q !1) -form !  such that ! = d" .  
 Proof  We express !  as ! = Id! + dI! . But by hypothesis d! = 0 , 
thus setting ! = I"  we have ! = d" ; now our assertion follows from 
Therem 12, (b).  
 
 Remark 11  The concept of a strongly contact form, used in Theo-
rem 14, has been introduced by means of the exterior derivative d and the 
pull-back operation by the canonical jet projection ! r+1,r : J r+1Y " J rY . The 
decompositions of the forms on J rY , related with this concept, represent a 
basic tool in the higher-order variational theory on the jet spaces J rY . A 
broader concept of a strongly contact form is considered in Chapter 8.  
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