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Theorem 8 Let pc QW be a Lepage form. Let v :U — W a section,
and QCU be a piece of X. The following conditions are equivalent:

(a) vy isanextremal on Q.

(b) For every m -vertical vector field 2 defined on a neighbourhood of
Y), such that supp(Ecy) CQ,

(5) Jy*i, dp=0.

.(c) The EuleL—Lagrange form associated with the Lagrangian /lp =hp
vanishes along J™"v ,i.e.,

(6) E, o Jy=0.

(d) For every fibred chart (V,W), l//:(xi,y"), such that ©1(V)CU
and y(m(V))CV , v satisfies the system of partial differential equations

(7) E (£ ,)eJ"y=0, 1<c<m.

Proof 1. We show that (a) implies (b). By Theorem 7, (d), for any piece
Q of X and any 7 -vertical vector field = such that supp(E0y)CQ,

®  [ryea,.p=[ryi, dp,
Q Q
because the vector field J'Z vanishes along the boundary d<2 . Then

) JJ Y*i,dp= JJ My H(rtY i, dp = JJ "y *iL.pdp,
Q Q Q

where pdp=E,, is the Euler-Lagrange form.

If Q is contained in a coordinate neighbourhood, the support
supp(Bcy)CQ lies in the same coordinate neighbourhood. Writing
E=E?-9/9y’ and pdp=E (¥ )0’ Nw, then i . _pdp=E (¥ )=Z°0,
and

jr+l-:

(10)  Jy*i,_dp=(E, (L ,)°]""y)-(E%o7)-a,.

Now supposing that J'y *i,_dp#0 for some 7 -vertical vector field
= , the first variation formula

() [Iyridp=[(E,(L,)e)"7)(E o) 0,
Q Q
would give us a contradiction

(12)  [Jy*0,.p=0.
Q
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Thus, (a) implies (b).
2. (c¢) is an immediate consequence of condition (b). Indeed, we can
write for = 7 -vertical

Jr,y * ierdp — (TL_rH,r ° Jr+l,y) * ij,—Edp — Jr+1,y *(nr+l,r) * ij,—Edp

(13) r+l,, k. r+lry sk r+l,, k. r+l,y, % s
=J7y R, () dp =Ty R, pdp =Ty L E,
3. (d) is just a restatement of (b) for the components of the form E
4. We apply Theorem 7, (d).

Equations (7) are called the Euler-Lagrange equations; these equations
are indeed related to the chosen fibred chart (V,y), v =(x',y°). However,
since the Euler-Lagrange expressions are components of a (global) differen-
tial form, the Euler-Lagrange form, the solutions are independent of fibred
charts.

If a Lagrangian A € Q) ,W is given and p is a Lepage equivalent of A4
of order s=2r—-1 (4.5, Theorem 5), then the Euler-Lagrange equations are
of order <2r.

Remark 12 For a fixed fibred chart (V,y), w=(x',y°), the Euler-
Lagrange equations represent a system of partial differential equations of
order r+1 for unknown functions (x')— y° (x'), where 1<i<n and
1<0 <m. This fact is due to the origin of the Lagrange function & that
comes from a Lepage form, which is of order r. If we start with a given La-
grangian of order r, then the Euler-Lagrange equations are of order 2r . To
get an extremal ¥ on a piece £2C X we have to solve this system for every
fibred chart (V,y,), v =(x,y), from a collection of fibred charts, such
that the sets m(V,) cover Q; then the solutions (x;)— y’(x;) should be
used to find a section y such that y° =y yp." for all indices 1.

Remark 13 Properties of nonlinear equations (7) depend on the form
p; their global structure is can also be understood by means of condition
(5). This condition says that a section 7y is an extremal if and only if its r-jet
prolongation is an integral mapping of an ideal of forms generated by the
family of n-forms i, dp . Using fibre chart formulas one can find explicit
expressions for local generators of the ideal.

4.8 Trivial Lagrangians

Consider the Euler-Lagrange mapping, assigning to a Lagrangian its
Euler-Lagrange form

(1) QWA E, e W

(Section 4.5, (16)). The domain and the range of this mapping have the
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structure of Abelian groups (and real vector spaces), and the Euler-Lagrange
mapping is a homomorphism of these Abelian groups. The purpose of this
section is to describe the kernel of the Euler-Lagrange mapping. Elements of
the kernel are the Lagrangians A € Q, W such that

2) E, =0,

are called (variationally) trivial, or null.
Trivial Lagrangians can locally be characterised as formal divergences
or some closed forms.

Theorem 9 Let A € Q) \W be a Lagrangian. The following conditions
are equivalent:

(@) A is variationally trivial. .

(b) For any fibred chart (V,w), w=(x',y%), there exist functions
g V' =R, suchthaton V', A=%Lw,, where

(3) $=dg'.

(c) For every fibred chart (V,yW), v = (x',y°), such that V. C W , there
exists an (n—1) -form we€ Q"\V such that on V'

(4) A=hdpu.

Proof 1. We show that (a) is equivalent with (b). Suppose that we have
a variationally trivial Lagrangian A €Q W . Write for any fibred chart
V), w=("y"), A=%wo,. Since by hypothesis the Euler-Lagrange ex-
pressions E_(£) vanish, consequently, by Section 3.2, Theorem 1, £=d,g'
for some functions g' on V' . The converse follows from the same Theorem.
2. Equivalence of (a) and (c) follows from Section 3.3, Theorem 3.

In general, Theorem 9 does not ensure existence of a globally defined
form u or du . However, for first order Lagrangians local triviality already
induces global variationality.

Corollary 1 A first order Lagrange form /IEQL’XW is variationally
trivial if and only if there exists an n-form 1€ QW such that

®)) A=hn
and
(6) dn=0.

Proof By Theorem 9, for any two points y,,y, €W there exist two
(n—1) -forms p,,u, €Y, defined on a neighbourhood of y, and y,, such
that hdy, = A and hdu, = A, respectively. Then hd(u, —p,)=0 on the in-
tersection of the corresponding neighbourhoods in W'. But the horizontali-
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zation h, considered on forms on JY =Y , is injective. Consequently, condi-
tion hd(u,—u,)=0 implies d(y,—u,)=0, so there exists an n-form
n € QW whose restriction agrees with du, and dp, . Clearly, dn=0.

4.9 Source forms and the Vainberg-Tonti Lagrangians

A l-contact (n+1)-form £€Q,  ,W , where s is a non-negative inte-
ger. is called a source form (Takens [T]). From this definition it follows that
€ has in a fibred chart (V,y), v =(x',y%), an expression

(1) eE=¢,0° Na,,

where the components €, depend on the jet coordinates x', y7, y7, y7, ,

..» ¥7,.; - Clearly, every Euler-Lagrange form E, is a source form, thus,
the set of source forms contains the Euler-Lagrange forms as a subset.

We assign to any source form & a family of Lagrangians as follows. Let

£ be defined on W*, and let (V,y), w=(x',y%), be a fibred chart on Y,

such that V. C W, and the set (V) is star-shaped. Denote by / the fibred

homotopy operator on V* (Section 2.7). Then Ie is a m'-horizontal form,
that is, a Lagrangian for Y, defined on V*. This Lagrangian, denoted

) A, =I¢,

is called the Vainberg-Tonti Lagrangian, associated with the source form &
(and the fibred chart (V,y)) (cf. Vainberg [V], Tonti [To]).
Recall that I £ is defined by the fibred homotopy X, :[0,1]xV* =V,

where Xs , (x ’y ’yh ’ymz ojllz )) (x ’ty ’tyh ’tyju > ”yjfz ). Since
X, satisfies y*e=(€,°x, )(ta) +y°dt) Ao, , we have, 1ntegrat1ng the coef-
ficient in this expression at dr ,

3) r.=2.0,,
where
o 1
@ 2=y e 0, di,
or, which is the same,
®) £ (x ’y ’yn ’yua ) y J.g (x ,ty ,tyjl tymz Js )dt.

We can find the chart expression for the Euler-Lagrange form E, of
the Vainberg-Tonti Lagrangian A, ; recall that '

(6) E, =E.(£,)0° N0,
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where
(7 E(£,)= 2(—1)%1,,161,,’ .d, aage £
1=0 ) ayplpz»--p;

To this purpose we derive two formulas for the formal derivative operator
d; . The formulas are completely parallel with the well-known classical
Leibniz rules for partial derivatives of the product of functions.

Lemma 7 (a) For every function fon V*
®) d(fox,)=dfo Xy

(b) For every function fon V° and a collection of functions g""" on
V?*, symmetric in the superscripts,

dpldpz o 'dl’k (f . g!’ll’z---m)

- z(l]'()dpldpz "'dp,vf'dp,ﬂdp,»z _'.dpkgplpzu-p,p,ﬂpm--pk :

k
i=0

©)

Proof (a) Formula (8) is an easy consequence of definitions.
(b) The proof is standard. We have

d,(f-g")=d,f-g"+f-d,g"
=(o)d, 15" +(1)s-d,g".

10  d,d, (f-g"")=d, d,f-g""+[f-d,g"")
=d,d,f-g""+d,f-d, g""+d, f-d,g""+f-d,d, g"”
(310,05 b+ 37 0,0,

Then, supposing that

dpldpz o 'dp,(_l (f : gl’lI’zu.pk,l )

(11D k=1 e o
:ZO( i )dpldl’z "'def.dP,Hdp,u,z "'dpk,lg il
we have (8)
dpldpz .”dpk—ldpk (f gp1p2"'pk7117k)
(1) =fdyd,d, d g

) 5o,
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(( ) ( )) d, fd,d,..d,g" """

+
=
(k + )dd d

-d ghreren
and
o L)
thus,
d,d,..d, d,(fg"""")

(S)f d,d, ...d, d, g"ren

({C)d fod,d, ..d g
B 8 s dd, ., g

ok )dd d, -d, ghmr

Pi-1

+(K)a,d,d,

P1P2---Pr-1Pk

8

which is formula (8).

The Vainberg-Tonti Lagrangian A, =< @, allows us to assign to any
source form €=¢,0° A@, a variational functional and the corresponding
Euler-Lagrange form of this functional, with the Euler-Lagrange expressions
E_(Z£,) . We shall determine the functions E_(£,) and compare them with
the components €, of the source form.

Theorem 10 The Euler-Lagrange expressions of the Vainberg-Tonti
Lagrangian A, of a source form € =€,0° N®, are

1
15) E, (‘SB )= €, _zythz qAI qlqz (&) Xy ctl,

where for every k=0,1,2,...,s

ae

H )= (e)= —(= )a(y

G929k Gk

_2( 1)( ) pk+l pm“‘d CTL

P
[=k+1 ayql‘h~~‘Ikl’k+1l7k+2»-~l’1

(16)
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Proof We find a formula for the difference €, —E_(Z£,). To simplify
the formulas, we denote the homotopy y,,,; simply by yx . Calculating the
derivatives we have

e [ v 1()8v .
a7 9y _J.Oggox-dt+y -[an" x-tdt,

and, by Lemma 7, (8) and (9), forevery [, I<[<s,

9L
I S0 yplpzmp’
—d ..dd[y[ 2% d
=d,...d,a, y -[06 ;p ) o%-[ t

(18)

Il
.MN

(. d, ...d,y" dpﬂdm...dp’J.olagLox-tdt

=0 yplPZ"'piprpr'“Pl
]
l) v J'l d€,
= L TV sy
(l yPl[’Z'“p: 0 dP,+1dI’,+2 o 'dpl a o X tdt‘
i=0 yP|P2»~PiP1+1Pi+z»~PI

Then by (17) and (18),

E(£,)= jeoxdﬁyj o) tdt

(19)
d
+2( D z( )yp'pz J.o P+ldﬂ+z "dp/o#ol'tdt.
ayplp2'“pfpi+]p,‘+2<up/
On the other hand,
€= Jli(sa oy -t)dt
d
(20) J'; (Edt Xx) th’j £, o -di
_ZJ. ag °X- y,,l,,2 l‘dl‘+J. 0" dr,
P1P2
hence
&, —E(£,)= Z-[oa o X Yy, 1AL j v oytdt
(21) . P]Pz -Di a
s ) 1 .
_Z‘(_l)lgo‘(g)yp]pzmpiJ.Odpi"'dp'*?”.dp’mol‘tdt
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06"

—Z( D)y [ d,d,. d, ey tdi

Pip2---P;

oy -y’ tdt—y_[ —oox-tdt

d v
+ZJ0 dJ Vg Ox'yﬁll’z---m ‘tdt

s ; 1 ; v
_;(_l)lg(g)yl’mz”.p[ JO dl’,ﬂdl’[u "'dp, ao_;o% tdt

yP1P2~-P,Pi+1Pi+2~-P1

We change summation in the double sum, replacing the summation through
the pairs (/,i) with the summation through (7,/). Summation through (/,7)
can be expressed by the scheme

1,1
(2,1),(2,2)
(22)  (3.1.(3.2).3.3)

(s,1),(5,2),(s,3),...,(s = 1,5),(s,s)

Then it is easily seen that the same summation, but represented by the pairs,
(i,1), is expressed by the scheme

(1,1),1,2),,3),...,(,s —1),(1,s)

(2,2),(2,3),...,(2,5-1),(2,s)
(23) .
(s—1,s—=1),(s—1,s)
(s,5)

Consider the double sum in (21) (the summation through now becomes

z( 1Y) 2( )yplpz J.O P+ldp+2'.'dplao'a#ox.tdt

yplPZ'“pipH-lpHZ'“pl

_z( ) 2( )yplpz J.o P+|d17+2"'d oa#oxjdt

(24) ag " ayplpzmpil’inpuz-upz
_Z( Dy La "oy -td

Pll’z -Pi

+2( 1) z( )ympu-p _[0 p+1dp+ d O'LO%‘tdt'

P
I=itl ayl’ll’2~~-[’il’z+|/’i+2~~l’1
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Returning to (21) we get

10g, v , [10€,
80—E6(§E£)—J.08yv oy -y -tdt—y '[an” oy -tdt

—§<—l> fld,d,.
ZI

d
—Z( P AL

Plpz P
€

_22( 1)( )ypupz ,[0 P+|dp+2"'d T ex-tdt

P
i=l I=itl aympz'-ﬁil’inl’nz-upl

v (1 0, d€,
_y .[o(ayv a p PPyt P/a o JOX'ICZ[

Yoipsoi
a2, [ o

[711’2 P

oy -tdt

pip2---Pi

v
°X Yoipse; tdt

Ypipse;

(25)

€

_2( 1)() Pini Pw" dp,aa—VJOX'tdL

[=i+l P11’7 PiPit1Pis2---Pi

This formula proves Theorem 10.

The functions H_ %% (g) (16) are called the Helmholtz expressions,
associated with the source form € .
It will be instructive to write up the Helmholtz expressions for lower-

order source forms.

Remark 14 The Helmholtz expressions for the source forms of order
s =3 with components &, are

68

”k( )_ — ’
Zk " Vi
H (e )_ _ dg, d, Je,
y,, ay; ay,,k
(26) o€,
H (&)= ,
(&) ; ayz'g ]ayy 8 ;k
Hoy (@)= % - 28 g B8 g s g a, 2
0 ay° ay’ /8 “dy Vi
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Remark 15 Theorem 10 describes the difference between the given
source form and the Euler-Lagrange form of the Vainberg-Tonti Lagrangian;
we see, in particular, that responsibility for the difference lies on the proper-
ties of the source form, and is characterized by the Helmholtz expressions.

Lemma 8 Let A=Y, be a Lagrangian, and let ©, be its principal
Lepage equivalent. Then the Vainberg-Tonti Lagrangian of the Euler-
Lagrange form E, =E_(£)0° Ao, ,

Q7 A, =IE,,

satisfies

28) A, =A—hd(I©, + ).

Proof Using the fibred homotopy operator I, we can express the princi-
pal Lepage equivalent ©, of A as ©, =1dO, +dIO, + 0O, . Then the hori-
zontal component is

h®, = hid®, + hdI©, + h©, = hip,d®, + hd(IO, + i)

(29)

=[E, +hd(I10, + u,)
for some (n—1)-form p, on X such that ® =du, , where A =h0O, and IE,
is the Vainberg-Tonti Lagrangian.

Note that, in particular, formula (28) shows that the Vainberg-Tonti La-
grangian differs from the given Lagrangian A by the term hd(1©; + u,)
that belongs to the kernel of the Euler-Lagrange mapping. This demonstrates
that the Euler-Lagrange forms of A and the Vainberg-Tonti Lagrangian A,
coincide. )

Remark 16 (Euler-Lagrange source forms) Using homotopies and
properties of formal divergence expressions (Chapter 3), we can give an el-
ementary proof of Lemma 8, based on direct calculations. Namely, we prove
that the Vainberg-Tonti Lagrangian of a source form &=E_(£)0° Ao,
which is the Euler-Lagrange form of a Lagrangian A = %@, , is given by

(B0) Y[ E(D)oy-di=F+d ¥

First note that for any family of functions g' on V°, the formal diver-
gence d.g' satisfies the integral homotopy formula

1 i 1 ;
Bl [ dglox-di=d,] g'ox-dr.

Indeed, we have
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i a ° o
d(g )= (g x) 2 (s x) S
P1P2 -Pr

g ~ 98
=[axi+2 c yplPZ"‘plkjol’

=0 ayﬂ.pz-»-pl

(32)

and formula (31) arises by integration.
Consider the Euler-Lagrange expressions E_(¥) of a Lagrangian of
order r expressed as A =%, ,

0L < &
E($)=— -"d,d,..d, —;
33) 0 N 8; 4 o 0¥
z—a_dp.—a +dp|dpz—a -+ (=D'd, dz...dp —_—,
ay aym Pip2 ' yl’ll’2~~/’r
and set
=t -d, -
ayll " a llp2 e ayilpzps
- ..+(—1)’_1dp2dp3...dpr3i,
yilequ-Pr
o= 0Ly 0E 0
ayiliz " ayilizpz e ayiclfizpspz:
—H(-d d, ...dprfi,
yi1i2P3P4---P,
34
34) P — 0L _ 0F _ —8§£
)’,»,,»2“_,; Pis1 yi(lriz“_ikpk“ Piv1 Pra2 yi,izmikpk“pku
. 0L
_"'+(_1) ldeH P2 "Dy (o} >
yi]"z-»»ikpkﬂpmzmp,—
ayi,iz.,,i,,,l ' ayi,iz...i,,,lp,
q)i]yiz...ir — a$ .
IV,

It is immediately seen that these functions, entering the Euler-Lagrange ex-
pression E_(£) (33), satisfy the recurrence formula
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<

(35) q)gi?“ik —

— iy Pt
o dl’k+1 (I)a :

Using properties of the homotopy y ,

r

d¥o 0¥ -
N B
dt dy = dy

P1p2---P1

(36)

o
oy -
Z yl’][’z~~~1’lk :

Hence, denoting £,(x',y%.y.y7, ....y7, ;)=L(x',0,0,0....,0), we get
for the Vainberg-Tonti Lagrangian

1
¥ | En(B)oy-dr

o a$ o ! i
=¥y gy ot A=y [ @l ox-dr
(37) d%oy r EE . o [
J.( aypp . %.yplpz...plk dt_y J.Odi(DO.OX‘dt

0L ;
—¢-2, 2 ¥, pljoa 0L o ydi=yd [ o y-d

Plp -Pr

1 &
=+- °(£ 2 Yoipa.. p;J. ay 0}('(11‘

0

P1P2---P;
+y qu oy-dt—d ( jcb' oy dt)
o (Y +i 0L
z$—$0+yi JO[(DU—ay?jo%-dt
0¥
_zymp P1J y OX‘d[.

PiP2---Pr

The symbol =, replacing the equality sign =, means that we have omitted a
formal divergence expression, annihilating the Euler-Lagrange expressions
of the Vainberg-Tonti Lagrangian.

In formula (37)

RRTSY Y
¥ Jo(qno—aycjox-dt—y,,ﬂ,gjoayg ox-dt

i

(38)

=—y?’f(jdp‘1’ii’°l‘df‘y;pzr

0 ayo'
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o ! ij o ! a$
=—y7d,[ ®bey-di-y;, | 5y°

pipa

oy -dt

o ! ij o ! ip o ! a$
:_d[’(yi .l.oq)gox'dt)-i_yiﬁjoq)éo%.dt_ypll’z,l.oayffox'dt

pip2
o [ ; 0L
= Yours .[0 (q)é]pz _(:)G]O%.dt
pip2
thus,
o o ;i 0L
o R L P
| a$ r 1 8.55
_yU’ o Ox'dt— y(j] 2:+-P1 o O%.dt
PP JO ayplpz ; PiP2-P JO ayp]pz_,.p,
(39)

o ! a$
~ PP, +y,,.pzjo(q’gm2 oy’ ]ox.dt

P12

" o 10
_éypll’r--pl J.O ay()' Ox'dt'

Pip2---P1

Repeating these decompositions we finally get the terms

o [ s 9L o 10f
ysz--»PH _[0 [CI)g_p~ = ayo ]o%-dt_yplpT”pr J.O ayO' OX'dt

Pipy---Pry pipa---pr

= _yp]pg.--p,f]dm J‘O (I)g/’ P OZ 'dt_yp]pz,,,p, J.O ayo. *OZ -dt

PiP2---Pr
1 1
(40) = _dpr (y;pz...p,,l .[0 (I)g]pzm[’,. °X dt)+ y.:ll’z...[’r JO q)glh..p, °x -dt
o 1 0Z
~Youpsn, J.o aygp ) oy -dt

1
=—d, (yplpzmp'_] [ oy dt).

Since £, is always, as a function of x' only, of the formal divergence type,
this proves that

1
@) Y| E(B)ey-di=*,

proving formula (30).
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4.10 The inverse problem of the calculus of variations

Our objective in this section is to study the image of the Euler-Lagrange
mapping Q) W34 —E, cQ W, considered as a subset of the set of
source forms £€€; W (Section 4.9). The problem is to find a criterion
for a source form to belong to the subset of the Euler-Lagrange forms.

First we show that the image of the Euler-Lagrange mapping is closed
under the Lie derivative with respect to projectable vector fields.

Theorem 11 (Invariance of the image) Ler A € Q) W . Then for any
T -projectable vector field Z on W the Lie derivative 0 j,.E), belongs to the
module Q; W and
€)) d..E,=E, ;.

Jrs

Proof Since A1€€Q W, then 9, A€Q W . If p, is a Lepage
equivalent of A, and Ps, 2 is a Lepage equlvalent of the Lagrangian d,_4,
both defined on the set’W*, then, with the notation of Section 4.3, Theo-
rem3, p, =0, +dn+p, p, ;=0, ,+dn'+y’, and

(2) d,.0;,=0,.0,+dd, _n+9,_L.

The form d,._p, has the horizontal component hd,_p, =9d,._.hp, =9 .4,

and is a Lepage form, because p,dd,_p,=pdd, .0, plé X_d@ and the
Lie derivative o = breserves contact forms (Sectlon 2 5, Theorem 9). Thus,
the forms p, , and d,_p, are both Lepage forms, and have the same La-

grangians. Cdnsequently, their Euler-Lagrange forms agree, E)JZ,EE =E;, ;.

Rephrasing formula (1) we see that the Lie derivative of an Euler-
Lagrange form by a vector field J”’Z, where Z is a 7 -projectable vector
field, permutes the set of Euler-Lagrange forms; the corresponding Lagran-
gians are also related by the Lie derivative operation.

Consider a source form € €Q, , W . We say that € is variational, if
3) e=E,

for some Lagrangian A € Q) W . € is said to be locally variational, if there
exists an atlas on Y, consisting of fibred charts, such that for each chart
V), w= (x',y°), from this atlas, the restriction of € to V* is variational.

The inverse problem of the calculus of variations, or the variationality
problem for source forms, consists in finding conditions under which there
exists a Lagrangian A , satisfying equation (3); if these conditions are satis-
fied, then the problem is to find al/l Lagrangians for the source form & . The
local inverse problem, or local variationality problem, for a source form &
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consists in finding existence (integrability) conditions and solutions & of
the system of partial differential equations

0 < ; 0¥
4 e, = -d d, ..d ———
( ) o ayO' Zt( ) PP P 0 ;']pzmp[

with given functions &, =€, (x",y%,y7.¥7; .....¥7, . ;) on the left-hand side
(cf. Section 4.4, Theorem 4).

Let r be a fixed positive integer. We shall characterize the subspace of
the vector space of source forms, which is in general larger than the image of
the Euler-Lagrange mapping, namely, the subspace of locally variational
forms (Krupka [K11]). Our next theorem states the relationship between the
exterior derivative operator and the concept of variationality. It also indi-
cates the meaning of Lepage forms for the inverse problem.

Theorem 12 (Local variationality od source forms) Let €€ Q, W
be a source form. The following two conditions are equivalent:

(a) € islocally variational.

(b) For every point yeW there exist an integer r, a fibre chart
V), w=(x',y"),aty and a form FE€Q. V of order of contactness 2
such thaton V'

5) d(e+F)=0.

Proof 1. Suppose that € is locally variational, and choose a fibred
chart (V,y), v = (x',y°), such that & is variational on V; then &= E, for
some Lagrangian 1 €Q/ ,V .Let O, denote the principal Lepage equivalent
of A ,andset F = p,dO®, .Then d(e+F)=dd®, =0.

2. Conversely, if for some fibred chart (V,y), v =(x',y°), condition
d(e+F)=0 holds on V', then e+F=dp for some p. p is obviously a
Lepage form, hence &€= p,dp ,so € is a locally variational form whose La-
grangian is hp.

Remark 17 Theorem 12 indicates possible geometric interpretation of
the exterior derivative de. Namely, formula (5) says that the variationality
condition means that the class of de modulo (n+2)-forms whose order of
contactness is greater than 1, vanishes if and only if € is locally variational.
Developing this point of view to g-forms of any degree g leads to an idea to
characterize the Euler-Lagrange mapping as a morphism in a sutable sheaf
sequence of classes of forms (a “variational sequence”).

Properties of the form F in Theorem 1 can be further specified. Namely,
for a given Lagrangian A of order r, F can be determined from the exterior
derivative of the principal Lepage equivalent ©, (Section 4.5, (8)), and is
7>~ _horizontal.

The following lemma is needed in the proof of another theorem on the
local inverse of the calculus of variations.
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Lemma9 Let U be an open set in R" such that for each point
Xy = (X),X0 ..., X)) the segment {(tx},tx; ,....,tx) |t €[0,1]} belongs to U. Let
f:U— R be a function such that

1 1 2 n

(6) [ Fex . de =0
for all points (xy,x;,...,x;) €U . Then F=0.

Proof If (6) is true, then for any s €[0,1], (sx(lJ ,sxg,. ..,sx;) €U , thus,

1
) [ Fasx a5 ...155)dt = 0.

Differentiating with respect to s

®) j'(aF) sxt dr =0,

ol ax*
soat s=1

aa
9) | (axk) xktdt=0.
On the other hand,

d
E(tF(tx(l, X s o 1X0)
d
(10) = F(tx},1x; ... 10 )+ tEF(txg X e X))

v (OF
:F(txé,txj,...,txo)+(—k) xit.
0x" /i

0

Integrating we have
F(X),X0 50 0X))

(1) :J‘(:F(txé,txé,...,txg)dt+J.O](::TIZJ Xot dt

x,

=0.

Consider now the local inverse problem of the calculus of variations.
We wish to find integrability conditions for the system of partial differential
equations (4) and describe all solutions & of this system in an explicit form.
To characterize locally variational forms, we need the Helmholtz expressions
H 1% (g) (Section 4.9, (16) and Remark 14)). Recall that
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€ de
H i (e) = o= (=) =
(12) 0429k ayqlqzmqk
B 2 (_l)l (]lc)dl”kﬂdpmz o 'dP, ao-a#,
I=k+1 y‘]l‘]2~~~qk/’k+1/’k+z-~l7/

where k=0,1,2,...,s , and s is the order or € .

Theorem 13 Let V be an open star-shaped set in the Euclidean space
R", and let €, :V’ — R be differentiable functions. The following two con-
ditions are equivalent:

(a) Equation

L &
(13) g, =_o+2(-Dd,d, ..d —
ay =1 e "o PiPa---Py

has a solution £:V°* - R..
(b) Forall k=0,1,2,...,s, the function €, satisfy

(14) H_ M (g)=0

Proof 1. Suppose that the system (13) has a solution & , defined on the
set V". Then € is the Euler-Lagrange form E_(£)0° A®, of the Lagrangi-
an A =Zw,; we may suppose without loss of generality that the Helmholtz
expressions (12) are of order s=2r. Since the Lagrangian A and the Vain-

berg-Tonti Lagrangian have the same Euler-Lagrange form (Section 4.9,
Lemma 8), the Helmholtz expressions satisfy

1 2r
(as) .[og(y;qzmquczlqzmqk(8))°}C'dt=O
(Section 4.9, Theorem 10) hence, from Lemma 9,
2r
(16) Zy“;lqzmquo_zlqz-uqk (E)ZO.
k=0

Since by hypothesis € is variational, that is, € = E, for some Lagrangi-
an A, then for any 7 -projectable vector field Z, E)Jz,:s =d,_E,=E, L
(Theorem 11) hence the form 9 ,,_€ is also variational. Thus, the HelmHoftz
expressions satisfy for all projectable vector fields Z ,

2r
(17) Zy“l/lqz»»ﬂkHO'z]qzmqk (812'38) =0
k=0

We shall show that this condition implies H "% (g)=0.
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Consider condition (17) for different choices of the vector field = . It is
sufficient to consider m -vertical vector fields, whose components do not
depend on y*, that is,

, @
dy

(18) E=E

o b
where Z° = Z°(x") . Then the components of the r-jet prolongation J'Z are

akEG
(19 Shizeis = Ix? dx” .. .9xM

Writing € =¢,0° A®, and using properties of the vector field =, the Lie
derivative 9 ,_¢ , standing in (17), is given by

J¥E

2
o€
o — o ':'K . o
€ 0° ANWy =Y — B 0% Ny

k=0 ayj1]z---jk

(20) 812,.35 = 812‘

We denote

2r
, ’ aga =K
@D &=0,.6 £=2 ST

Choose the vector field = in the form

(22) == i,,
dy

where 7T is any fixed integer. In components,

1, o=r,
(23) =0 =

0, o#7.
Then the r-jet prolongation J'E has the components Z7, . =0, and the
expression
24 J'E= .
(24) 3y

The Lie derivative (20) yields

€ €
(25) £€=—"2Z"0° No,=—20° \o,.
dy

K T

Thus, for the vector field (22),
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9
26) g ="
dy

The Helmholtz expression H #%%(g’) for the source form &” can be writ-
ten as

d 0g, Jd d€

N T L e
aylh‘h-»»% ay ay‘II‘IZ---‘Ik ay
2r
1 0 de,
(27) - z (_1) (k)dl’k+1d17k+2 "'dpl pa o T
I=k+1 y111112~-<1/\1’k+11’k+2~»P1 y
B aH63192~~~qk (8)

dy

because the differential operators d/dy’ and d, commute. Condition (17)
now implies

2r 2r aH 9192---qk (8)
v @24 - v oy 7
zy‘h‘hm‘ﬂ HO'V] ' (alz"Eg) - zy‘h‘hwa\ ayf
k=0

k=0
2r a v H D492---4k £
(28) — Z (y%‘12~~~qk UTV ) _ Ho-r(g)
k=0 dy
= —H,(e)=0.

Consequently, (17) reduces to
2r
(29) Zy“;lqzmquo_zlqz-uqk (£)= 0
k=1
Then by Theorem 11
2r
(30) Zy;qzmquczlqz...qk (ajhsg) =0.
k=1

Now consider equation (17) for the vector field

d

T

(31  E=X

where i and T are fixed integers. In components,

e | X, o=1,
(32) =0 =
0, o=#1.
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Then the r-jet prolongation J"= has the components

(33) E9=dE°={0, o=1,j#i, EJ, , =0, k22,

Jia---Jk

hence

0 d

34 JE=x' )
G ay"  dy/

The Lie derivative (20) yields

9 de, ;0
35  e=| Loz Loz |50 pp,=| Lo+ %o |7 g,
Jdy ay; dy ay,

Consequently, using the vector field (31),

de, , 0
(36) g ="Fe i %%
dy dy;

The Helmholtz expressions for €, become

Hazlqz---’h (8’)

d o€, iy J€, Jde, ;  Og,
=0y oy oy )Y oy Tyt
ylﬂ‘lv Ak y y’ y‘ll‘h Gk y yi

_2( 1)( ) pkﬂ pk+2“'dp,%(a—%xi+a—e‘;]

I=k+1 y‘I1QZ~~~‘1kPk+1l”k+z~-«l’t ay ayl
d | 0 e
I el e J
ay ay‘h’hm‘h ay‘h’hm‘h-
; deg,
_2( 1) ( ) Pk+1 I’k+2 . dP/ (x e )j
I=k+1 yq1¢12---‘1k1’k+11’k+2---/’1
Jd O Jd d€
v (D :
ayqnfh Gk ayl ayqlqz-»»qk ay’
0 J€,
- 2 ( 1) ( ) Pk+| Pk+2 "'dpl 9v° T
I=k+1 yqqu“-ql\pkakJrT“pl Vi

In this expression
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; tor
d d ..d|xX————-
Prr1 Pra2 P ayc
91492 - Gk Pk+1Pr+2---P1

(38) —d, d, .d,

Pr2 " Pra3 y
D492+ AktPi+2Pievs---P1

; €
+d, d ...d (x’d —V]
P2 Pis3 P Pr+ ayﬁ
G492+ Gk Pk+1Prs2---P1
Note that for any function f, the formal derivative satisfies

ad )
39 d a{ 9d,f _of =Lst
Pay, oyl 9yt ’

1

Applying this rule we find

d de,
P Pr " ay’T yq]‘lz~-%Pk+|Pk+2mP/
d Jg,
(40) == ps T dPA+3de+4 o 'dl’/ di’k+2 dﬂm yo'—
i 9192+ Ak Prs1Prs2---P1
Je
-2 a a . d,

T 1’L+z Pi+3
a y‘11‘12 QiPr2Prs3e--Pi

Returning to (37)

Ho_?’]qz.”qk (81) — aT xi 68 J
ay ay‘h‘h Gk ay‘h’h Gk
2r agv
( z (_1) ( )(l k)dl’k+2 Prs3 " 'd/’l (:)G—
I=k+1 y‘Il‘Iz---‘IkiI’k+2l’k+3-»-Pl

; Jde
+x'd d ..d ———
Pr1 Prs2 12 ayo'
D492+ Gk Pk+1Pk+2---P1

a 860 k agv ]
+ T \Y - _1 o
ady; ay G- ayq 9.4y

- 2( 1)( )( m+1 I’k+2d1’1<+3 -d O'L

P
I=k+1 ay111‘12---11kl’k+1l7k+2~-1’!

Je,
Pk+zd1’k+3 "dl’t 9v° J

yl{l‘IZ--»‘Ikiszl’ku-»ﬁ/

(41)
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Therefore

aH %llzu-qk(e) aH ‘11‘124--‘1k(£)
42)  H % () =x'—= +—= :

ay" ay;
Now (17) is expressed as
i ) ( i aHo_zl‘h““Ik (€) aHﬁzlqu»-qk (8)]
y 1929k X T + T
rea dy a9y,
2r y : (:)Ho_zlqz-»»‘h (8) 2r y aHo_‘q/lqz“-‘h (8)
= Zy‘h‘]z»»ﬂkx ayT + zy‘hqzm‘h ay‘!'
(43) k=1 k=1 i
) a 2r
=X =2 Vuar o Hor ™ (&)
dy g 0924,

< a \% i i
+ oy O o0 Hel 0 (€))— H, (€)= —H,,.(€)=0.
k=1 i

The proof can be completed by induction. To this purpose one should
assume that H,, =0, H =0, H =0, ..., H "™ =0 for some p
(induction hypothesis). Then conditions (29) and (30) are replaced with

2r
(44) Z yt‘]/lqg.,.quo\(i]qzmqk (8) =0
k=p+1
and
2r
(45) Z y(‘;}qzmquczqu“qk (aJZ'Eg) = O’
k=p+1

where the vector fields = are of the form

k
4g) zo=l XA O=T,
0, o#7.

2. We prove that (b) implies (a). Suppose that a system of functions &,
satisfies conditions (14) and denote by €=€,0° Aw, the corresponding
source form. Then the Euler-Lagrange expressions of the Vainberg-Tonti
Lagrangian A, =% o, ,

@) E(E)=g,— 2 [, o Hom " (€)ey-dt,
k=0

reduce to €, (Section 4.9, Theorem 10). Thus A, =< ., .
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Remark 18 One can easily prove condition H_,(¢€)=0 (48) in Theo-
rem 13 by means of the integrability criterion for formal divergence equa-
tions (Section 3.2, Theorem 1). Consider the inverse problem equation

=00 g 9T 44 T
ay 4 ayp PP aypp7
(49) ' o
—et (_l)r_l dpldl’z o .dprfl o‘ai-l- (_1)rd1’1d[72 o .dl’r fg
d PiP2-+-Pro1 yP]I’zu-I’r

and suppose it has a solution &£ . Denoting

<I)p'=§+d ﬁ—...+(—1)’*‘d d ..d o
) a o} P2 a (o} P2 p3 Pra a o
yp, yp]pz ympz»»ﬁm
(50) 9
+(_1)rdpzdpw“dp,07’
) yP]I’z---I’r

we get the formal divergence equation

CEAS ”

o ao’ 12 (o

(51) £

Since by hypothesis there exists a solution, the integrability condition for
this equation is satisfied, that is,

(52) E,(sa - a‘% ] =0.
dy

Explicitly, since the derivative d; and the partial derivative d/dy" commute,

ET(SU—aij_% g %o g 0

o) oy My,
9
(53) ) d, d, e
ayP1P2~-Pr~4
r(-1yd,d, ..d —2fe O g

o ay;ﬂ’z---Pr ay
Comparing this formula with (12) we see we get exactly H_ (£)=0.

We end this section with two remarks on the inverse problem for sys-
tems of differential equations.

Remark 19 (Variationality of differential equations) The concept of
local variationality can be applied to the systems of partial differential equa-
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tions. Fixing the functions €, , we sometimes say, without aspiration to rig-
our, that the system of partial differential equations

(54) go-(xi7yr7y;] ’y;ljz 7---ay;'lj2“_jb‘_):0

is variational, it its left-hand sides coincide with the Euler-Lagrange equa-
tions of some Lagrangian. It is clear, however, that this concept of is not
well defined; indeed, setting &, =® ¢, with any functions @ such that
det®! =0, we get two equivalent systems €, =0 and g, =0, but it may
happen that the first one is variational and the second one is not. If (5) is not
variational and there exists @ such that the equivalent system ®_ g, =0 is
variational, we say that ® are variational integrators for the system (5). It
should be noted, however, that this terminology is also used in a different
context of differential equations, expressed in a contravariant form.

Remark 20 (Sonin, Helmholtz, Douglas) The inverse problem of the
calculus of variations was first considered in 1886 for one second-order or-
dinary differential equation by Sonin (see Sonin [So]; for this reference the
author is indebted to V.D. Skarzhinski). He proved that every second order
equation has a Lagrangian. It should be pointed out that in this paper the var-
iational multiplier, in contemporary terminology, was used as a natural fac-
tor ensuring covariance of the considered equation. The variationality of
systems of second-order ordinary differential equations, expressed in the co-
variant form, was studied by Helmholtz in 1887 and subsequently by many
followers (Helmholtz [He]; see also Havas [H], where further references can
be found). The systems of second-order ordinary differential equations,
solved with respect to the second derivatives, were considered by Douglas in
1940 with the techniques of variational multipliers (see Douglas [Do], and
e.g. Anderson and Thompson [AT], Bucataru [Bu], Crampin [Cr], Sarlet,
Crampin and Martinez [SCM]).

4.11 Local variationality of second-order source forms

In this section we shall primarily be concerned with the second-order
source forms and second-order systems of partial differential equations. The
aim is to present a solution of the inverse problem of the calculus of varia-
tions for this class of source forms entirely by means of the theory of Lepage
forms (Section 4.10, Theorem 12), and elementary integration theory of ex-
terior differential systems.

Suppose we are given a second-order source form & on W?CJ?Y,
expressed in a fibred chart (V,y), v =(x',y%), as

(1) E=€,0° N,.

Consider the system of partial differential equations



4 Variational structures 145

0L _ 0L 0L _

p o (o _80'
ay 2 ay P 'Zaypq

p

2)

for an unknown Lagrangian & of order 2. Clearly the left-hand sides of the-
se equations are exactly the Euler-Lagrange expressions E_(¥) of the La-
grangian & . The problem we consider is twofold: (a) to find the variation-
ality (integrability) conditions for € , ensuring existence of a solution &£,
and (b) to find all solutions provided the integrability conditions are satis-
fied.

The following theorem, following from the theory of the Vainberg-
Tonti Lagrangians, states that a second order variational source form always
admits a first order Lagrangian; it seems that this extension of the well-
known statement of the calculus of variations of simple integrals to the gen-
eral multiple-integral problems in new. Note that the result restricts the class
of locally variational forms to the source forms, depending on the second
derivative variables linearly.

Theorem 14 If a second-order source form €, defined on W> C J°Y ,
is locally variational, then for every point y €W there exists a fibred chart
V), w=(',y°), aty and a first order Lagrangian A,= <% @, , defined
on V', such that

3) E(Z,))=¢,.

Proof If ¢ is variational, then by hypothesis the form €,0° A, has a
second-order Lagrangian A= Z%®, (the Vainberg-Tonti Lagrangian). The
Euler-Lagrange form associated with A is then given by

4 E,=E_ ()0’ Nwo,,
where

0L da§£ ddaEB

. +d.d. .
1 I3 / (o2
ay’ oy’ ay;

) & =E ()=

One can find an explicit formula for the Euler-Lagrange expression (5); this
expression does not depend on y; and yg, . Introducing (for this proof) the
cut formal derivative of a function f= f(x',y°,y7,y%) as the function

d of o Of &
= 7fj+7éyj +7]:'yij
dx’ 9y ay;

1

(6) dif

(see Section 3.1), we easily find
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By L _ 9L gy 9L oy TL
’ ay’ oyl ayy o Taygay,
@) +( = ) o ]yl‘:l‘ + s yr 'y;:z‘
ay; dyy  0y7dy, )7 dy; dy dy,, T
’>L

T oo Yui
ayij A “

However, this function does not depend on y,, and y, . Hence & must
satisfy, among others,

9L
ay; Yy

(8) =0 Sym(klij).

But this condition implies

O’ 9L L

o o + o o + o o =
dy; Oyy  0y; 9y Oy dyy

©)

’

then, for any two fixed indices i, j,

2 2 2 2
(10) aagcv:o’ 8036:0’ 66§BG+2 86580':0’
dy; 9y; dy; 9y; ay; 0y 9y, 9y

hence, differentiating,

2 0 R4

(11) o o o =Y, o o o =
dy; dy; dy; ay; 9y; 9yj

In particular, &£ must be a polynomial function of y?, quadratic in each of
the variables y% . We can write

(12) £=L,+2.%,,

p=1

where &£, =%,(x",y°,y7) is a function independent of y; and &£ is a
homogeneous polynomial of degree p,
(13 &, =BT

o, 0, "0,

Substituting from this formula into (7),
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E.(%)= aggao ~ di,ab%go
dy ady;
0% 0% 0% A
(14) +2[ L—d v dd L+ 2d oy,
i\ 9y ay; ayij ayij Yy

+(62§£p azsepJer L, o P, j
Voo a0 a |V G awv ot Vel T o 4 Yuij |
ay_,- Iy ay_/' Iy v a)’,;,- ayklaypq Pk aylj,- A kl'/
But the left-hand side does not depend on y;, and y;, , so setting y;, =0
and y;, =0 we get

0L, d,ageo

ay’ oy

(15) Eo’(i):Ec(‘ggo):

Replacing the cut formal derivative d; with d, , this formula shows that the
Euler-Lagrange expressions E_(¥£,) of the first order Lagrangian
Ay =£,0, coincide with the components &, of the source form & . This
proves Theorem 14.

Corollary 1 Suppose that a second-order source form € =€,0° N, is
variational. Then the components €, depend linearly on the second deriva-
tive variables y;; , that is

_ ij \,V
(16) €, =A,+B,)y;,

oV

where the functions A, and B," do not depend on the variables Vi

Now we wish to find a criterion for a second-order source form £ (1) to
be locally variational. As a main tool in the proof we use the concept of a
Lepage form and the basic theorem on locally variational source forms (Sec-
tion 4.10, Theorem 12).

Theorem 15 (Local variationality of source forms) Ler €€ Q2 W
be a source form. The following two conditions are equivalent:

(a) € islocally variational.

(b) For every point y €W there exist an integer r and a fibred chart
V), y=(x",y°), aty, such that € =€,0° N@,, and the components &€,
satisfy

o _ v fod v _ fod v

dyy dyg T ayl 9yd @ ay;

ij
de, g, 1d/_(6.¢3(r aij_o

>

d€ de 0 d€ d€ di(é)e 38]

A7)
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(c) For every point y€W there exist an integer r, a fibred chart
V), w=(',y"),atyand a form F€Q,,V of order of contactness <2
such thaton V'

(18) d(e+F)=0.

Proof 1.If (a) holds, then (b) is obtained by a direct calculation. In-
deed, suppose that €, = E_(£) are the Euler-Lagrange expressions of a first
order Lagrangian A = £, ; then

A A A -
9y axay’ oy 9y’ ay oy i

J

(19)  E, (&)=

Differentiating we have

o

de, 1( PE P j

=== +
8qu 2 6y;6y5 ay;ay;j
2 2 2
(20) ag(\jz ac:rigv_ K} avgd_ avgo’
dy, 9y’ dy, dy,dy, dy dy,
de, 0% i’

A T

from which we get

de, 9 __1( ’ e 3L j

oy a2l av oy oy oy
Ypq Vg Yp 0¥y Y, 0¥

21 , ,
+1[ ’L oL J_O
209y 9y ayjay,)
and
de, dg, de,
dy, Ay, ”ay;;
2 2 2 2
o) B AN A A

- o v U v s v c + v o
ay° dy, dy, dy; dy dy, 9y dy,
*L R ( R R J
- s o Vv - o v +di’ o v + o Vv
dy, dy, 9y~ dy, dy, dy, dy,dy,

’

and
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ae(,_ai“d ag;—dd 6eg
ay’  dy "oy P Tayn,
2 2 2 2
I A A A
ay"ay® Ty dy] 9y"ay® " ay°ay;
> L 9L 9L
+d - s o v c v
“ay"ay; 7 ady;dy, "9y’ dy,

2 2
+1dpdq[ ag§£v+ Gfgv}zo
2 dy, dy, 9y, 9y,

(23)

2. Suppose that the components €, =E_(¥) of the Euler-Lagrange
expressions of A =%, satisfy condition (b). Setting

oe, 9 5
24) F:—(i[ 2 g;jww ggwj.]Aw"Awi,
dy; 9y, 9y

we get by a straightforward calculation, using the canonical decomposition
of forms into their horizontal and contact components and the identities
do' =-o Ndx", do’ =-0; Adx',and dx' Ao, =50,

dF=—-1q ag‘v’—aif, INOMYN MO
4 \dy, 0y

de, O
= S ——r ldo" Ao’ No,
4\dy; 9y
o€, v o g,
CAO ANOTND, — 2

N 0¢, _ 08, a)V+68‘v’a)Y Ndw’ N,
4\dy;  ay; ay;

de, 0€
=—ldi S ——— 0" N0’ AN,
4 dy; 9y,

1( 0g, O0g, 06, | v . &
H ol e |—d, 2 o] ANo® AN@,
2\ay; 9y, ]ayij

-d

do; No° Ao,

(25)

o€ o€
— S0 N0 N0y =20 NO] N,

\4

95y 9;

o€,
v
i

1 de,  0g, V. oo VoA o0
—pd( - )/\w AN@° ANw, - pd NO;ANO° N,

4 dy; 9y

1
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Consequently, since

de,. ., de. ., 0&.
5 ¢ +a—‘§wi +‘v’wUJAw"/\w0,
y Yi

i

(26) de = (

the exterior derivative d(e+ F) is expressed as

de+Fy="[ % 08 1,108 08 ) v 1o r o,
4lay” ay” 2 '\ay, 9y

+ 1 ag‘j+ag; —d.ag‘v’ [OMYNOMNON

2\ay; 9y ) oy

(27)

1(de, de, ) , &
| -t o Ao} Ao,

20ay; 9y )

1 de, deg, v - JE, v -
——pd| —2——2 N0 NO° \N®,— pd——>N0; N0O° \O,.
4 ayi ayi ij ’

Thus, by hypothesis (b),

de+Fy=—"pd| %o 98 )\ v n® noo,
4 dy, dy;

(28)

JE,

0 y;

—pd ANO;ANO° N\,

2. Suppose that the functions ¢, satisfy condition (b). Substituting
from (17) to de we have

de = lcl. agﬁ—agg a)v+ld. ag%ae; 0N
4 7\ ay; 9y 2 7\ dy; 9y;

de, 9 de, 9
5 Yo
ayi ay,. Ay ayij

)

1 oe, o€, | , 1 oe, 0€, | de, 9g, |
=| 4| oo e || S [ )
4 7 ay;  ay; 20"\ 9y dy; )y ay;

1(de, de, | ., o
| L o) (N0 Aa,.
2\ dy; dy; )"

ij

(29)

On the other hand, we can recognize in formula (29) some terms in the form
of an exterior derivative. Observe that



4 Variational structures 151

de, dg, | , 4 de, dg, | , 4
+ 0 \NO° N, |=d, + o No° AN,

oy; 955 Loy 955

d d d d
+( Eo evjdinAa)"ij—( Eo SvjinAdw"Aa)j

30) ay; Gy,.‘j’ ay; Gyg
Jde,  0g, v o
:d/_ —t— |0, No” A,
de, ode, | , [de, de, | o
=|d| o+ Lo+ 2+ L o) [N Ny,
dy;  9y; dy; 9y
and
d d
p.d gﬁ—i; [OMYNOMYN O
dy, dy;
(31)

de_  d¢ v de_  d¢ v -
=|d| > -——2 0" +2| ———% o [ANo° Nw,.
dy; 9/ dy; 9/

Thus, de is expressible as

d8=lp2d 683 —ai; 0" No° Ao,
4 dy, 9y

1

1 0e, 0€, | . &
+=p,d vt |0 N0 N, |
2 ayl:/. dy, ’

y

(32)

Setting

(33) F:—;(;(ag‘v’—%jwv—[ag‘j+ag;)wivj/\w“/\wj
dy; 9y dy; 9y

)

and p=¢€+F we get assertion (c).

3. To show that condition (c) implies (a) we can repeat the proof of
Theorem 12 for source forms of order 2. Suppose that for some fibred chart
VW), y=(x",y7), on the fibred manifold Y condition d(¢+ F)=0 holds
on V?. Integrating we get £€+F=dn for some n-form 1. But since
€= pdn, the form 7n is a Lepage form, therefore, so € must be a locally
variational form whose Lagrangian is /1 .

Remark 21 In the proof of Theorem 15 we have assigned to a second-
order source form £=¢,0° A, the form p=¢e+F, defined by the re-
quirement dp =0 . The solution
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p=€,0° N,
(34) 1(1(0e, de,\ , [oe, de, | , -
B — o’ - +— |0 NN,
2( 2\ ay! a9y’ ay; 7 !

extends the source form by a form of order of contactness =2 . This con-
struction, involving the exterior derivative operator, is closely related to the
variationality of the form €, and can be considered as a motivation for pos-
sible generalizations of the geometric theory of Lepage differential n-forms
to (n+1)-forms and differential forms of higher degree (cf. Krupka,
Krupkova and Saunders [KKS2]). This notable construction also indicates
the possibility to interpret a source forms an interpretation as a class of
forms modulo contact forms; this idea has been developed by the theory of
variational sequences (Krupka [K19]).

Theorem 16 (First order Lepage forms) Let p€Q.V be an n-form.
The following two conditions are equivalent:

(a) pe€QlV isa Lepage form.

(b) There exists a first order Lagrangian A € QL,XV, an n-form K of
order of contactness 22 and a contact (n—1) -form T, such that

35 p=0, +K+dr.

Proof 1.Let (V,w), v =(x',y°),be afibred chart on ¥, and let p be a
first order Lepage form, defined on the set V'. Then the form €= pdp is a
second-order Euler-Lagrange form, defined on V| associated to the second-
order Lagrangian hp — the horizontal component of p . On the other hand,
it follows from Theorem 14 that € has a first order Lagrangian A ; denoting
by ©, the principal Lepage equivalent of A, we have € = p,d©, hence

(36) pdp=pdo,.

Consequently, p,d(p—©,)=0 and by the theorem on the kernel of the Eu-
ler-Lagrange mapping (Section 4.8, Theorem 9, (¢)), there exists an (n—1) -
form u ,defined on V', such that h(p—©,)=hdu hence

37)  p-©,=n+dy

for some contact form 1 such that p,dn=0. Therefore, 1 satisfies two
conditions

(38) =0, pdn=0.

The first one implies that =’ AD_ +dw’ A, for some forms ®_ and
¥ (Section 2.3, Theorem 7, (b). We can also write

(39 N=w° A(@,+d¥,)+d®° AY,)
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for some forms @, and ¥ . Setting 7, =®_+d¥,, the second condition
(38) implies

(40)

pdn=-w? Ndx' Nht, —®° ANhdt, =0.

We want to show that this condition implies 7, =0 . Indeed, for any 7°°-
vertical vector field

41)

0D o D
Cayt TV ay?

condition (41) yields E7dx' Aht, =0. Writing ht, = Al®,, this condition

implies EJAldx' Aw, =E/Alw,=0 hence A =0. Thus ht, =0 . Substi-

tuting from this result to (40) and (38) we see that assertion (a) implies (b).
2. The converse is obvious.

References

[AD]
[AT]
[B]
(1]

[Bu]

[C]

[Cr]

[CS]

[Do]
[G]
[GS]
[H]

[He]

(K1]

I. Anderson, T. Duchamp, On the existence of global variational principles,
Am.J. Math. 102 (1980) 781-867

I. Anderson, G. Thompson, The inverse problem of the calculus of variations
for ordinary differential equations, Mem. Amer. Math. Soc. 98, 1992, 1-110
D. Betounes, Extension of the classical Cartan form, Phys. Rev. D29 (1984)
599-606

A.Bloch, D. Krupka, Z. Urban, N. Voicu, J. Volna, D. Zenkov, The Inverse
Problem of the Calculus of Variations, Local and Global Theory and Appli-
cations, to appear

I. Bucataru, A setting for higher order differential equation fields and higher
order Lagrange and Finsler spaces, Journal of Geometric Mechanics 5
(2013),257-279

E. Cartan, Lecons sur les Invariants Intégraux, Hermann, Paris, 1922

M. Crampin, On the inverse problem for sprays, Publ. Math. Debrecen 70,
2007, 319-335

M. Crampin, D.J. Saunders, The Hilbert-Carathéodory form and Poincaré-
Cartan forms for higher-order multiple-integral variational problems, Hou-
ston J. Math. 30 (2004) 657—-689

J. Douglas, Solution of the inverse problem of the calculus of variations,
Transactions AMS 50 (1941), 71-128

P.L. Garcia, The Poincare-Cartan invariant in the calculus of variations,
Symposia Mathematica 14 (1974) 219-246

H. Goldschmidt, S. Sternberg, The Hamilton-Cartan formalism in the calcu-
lus of variations, Ann. Inst. H. Poincare 23 (1973) 203-267

P. Havas, The range of applicability of the Lagrange formalism. I, Nuovo
Cimento 5 (1957) 363-383

H.von Helmholtz, Ueber die physikalische Bedeutung des Princips der
kleinsten Wirkung, Journal fur die reine und angewandte Mathematik 100
(1887) 137-166,213-222

D. Krupka, A geometric theory of ordinary first order variational problems in
fibered manifolds, I. Critical sections, II. Invariance, J. Math. Anal. Appl. 49
(1975) 180-206, 469-476



154
(K2]

[K7]

(K8]

K11]

[K12]

[K13]

[K16]

[KKS1]

[KKS2]

[KM]

[KS]

[KrP]

[Le]
[02]

[SCM]

[So]

[To]

[UK2]

[Vl

Global Variational Geometry

D. Krupka, A map associated to the Lepagean forms of the calculus of varia-
tions in fibered manifolds, Czech. Math. J. 27 (1977) 114-118

D. Krupka, Lepage forms in Kawaguchi spaces and the Hilbert form, paper in
honor of Professor Lajos Tamassy, Publ. Math. Debrecen 84 (2014), 147-
164; DOI: 10.5486/PMD.2014.5791

D. Krupka, Lepagean forms in higher order variational theory, in: Modern
Developments in Analytical Mechanics, Proc. IUTAM-ISIMM Sympos., Tu-
rin, June 1982, Academy of Sciences of Turin, 1983, 197-238

D. Krupka, On the local structure of the Euler-Lagrange mapping of the cal-
culus of variations, in: O. Kowalski, Ed., Differential Geometry and its Ap-
plications, Proc. Conf., N. Mesto na Morave, Czechoslovakia, Sept. 1980;
Charles University, Prague, 1981, 181-188; arXiv:math-ph/0203034

D. Krupka, On the structure of the Euler mapping, Arch. Math. (Brno) 10
(1974) 55-61

D. Krupka, Some Geometric Aspects of Variational Problems in Fibered
Manifolds, Folia Fac. Sci. Nat. UJEP Brunensis, Physica 14, Brno, Czech
Republic, 1973, 65 pp.; arXiv:math-ph/0110005

D. Krupka, The Vainberg-Tonti Lagrangian and the Euler-Lagrange map-
ping, in: F. Cantrijn, B. Langerock, Eds., Differential Geometric Methods in
Mechanics and Field Theory, Volume in Honor of W. Sarlet, Gent, Academ-
ia Press, 2007, 81-90

D. Krupka, O. Krupkovd, D. Saunders, Cartan-Lepage forms in geometric
mechanics, doi: 10.1016/j.ijnonlinmec.2011.09.002, Internat. J. of Non-linear
Mechanics 47 (2011) 1154-1160

D. Krupka, O. Krupkové, D. Saunders, The Cartan form and its generalisa-
tions in the calculus of variations, Int. J. Geom. Met. Mod. Phys. 7 (2010)
631-654

D. Krupka, J. Musilovd, Trivial Lagrangians in field theory, Diff. Geom.
Appl. 9 (1998) 293-305; 10 (1999) 303

D. Krupka, D. Saunders, Eds., Handbook of Global Analysis, Elsevier, 2008
O. Krupkovd, G. Prince, Second order ordinary differential equations in jet
bundles and the inverse problem of the calculus of variations, in Handbook of
Global Analysis, Elsevier, 2008, 837-904

Th.HJ. Lepage, Sur les champs géodésiques du calcul des variations, I, II,
Bull. Acad. Roy. Belg. 22 (1936), 716-729, 1036-1046)

P.J. Olver, Equivalence and the Cartan form, Acta Appl. Math. 31 (1993) 99-
136

W. Sarlet, M. Crampin, E. Martinez, The integrability conditions in the in-
verse problem of the calculus of variations for second-order ordinary differ-
ential equations, Acta Appl. Math. 54 (1998) 233-273

N.J. Sonin, About determining maximal and minimal properties of plane
curves (in Russian), Warsawskye Universitetskye Izvestiya 1-2 (1886) 1-
68; English translations, Lepage Inst. Archive No. 1,2012

E. Tonti, Variational formulation of nonlinear differential equations, I, II,
Bull. Acad. Roy. Belg. C. Sci. 55 ((1969) 137-165,262-278

Z. Urban, D. Krupka, The Helmholtz conditions for systems of second order
homogeneous differential equations, Publ. Math. Debrecen 83 (1-2) (2013),
71-84

M. M. Vainberg, Variational Methods for the Study of Nonlinear Operators,
(in Russian), Gostekhizdat, Moscow, 1956; English translation: Holden-Day,
San Francisco, 1964



