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7.7 Sequences of Abelian groups, complexes

We summarize in this section elementary notions of the homological
algebra of sequences of Abelian groups such as the complex, the connecting
homorphism, and the long exact sequence.

A family A*={A',d'},.,, of Abelian groups and their morphisms
d' :A"— A" indexed with the integers i € Z , is called a sequence of Abe-
lian groups. The family of the group morphisms in this sequence is denoted
by {d'},., . We usually write A* in the form

di—] . di di+]

(1) A A A

Note that the asterisk in the symbol A* of the sequence refers to the posi-
tion of indices in the sequence.

A sequence of Abelian groups may begin or end with an infinite string
of trivial, one-element Abelian groups 0, and their trivial group morphisms.
If A'=0 forall i <0, then the sequence A* is said to be non-negative, and

is written as A*={A’,d'},. , with indexing set the non-negative integers, or

d° d' d* 4’

) 0 A° Al A? A?
In this notation the mapping 0 — A° is the trivial group morphism. If there
exist the smallest and greatest integer r and s) such that A" #0 and A* 20,
then the sequence A* is said to be finite, and A" (resp. A’) is called its first
(resp. last) element. In this case we write A* as

r r+l1 s—1 s
3 00— L, g 4y

with trivial group morphisms 0 - A" and A’ —> 0.

To simplify notation, we sometimes omit the indexing set and write just
A*={A",d'} ,or A*={A',d} for the sequence (3) when no misunderstand-
ing may arise.

A sequence of Abelian groups A*={A’,d'} is said to be exact at the
term A?,if Kerd? =Imd?"'. A* is an exact sequence, if it is exact in every
term. Exact sequence of the form

@  0——a-tsB_&,c_30

is called a short exact sequence.
The following are elementary properties of short exact sequences.

Lemma 9 (a) The sequence (4) is exact at C if and only if the group
morphism g is surjective.
(b) The sequence (4) is exact at A if and only if the f is injective.
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(c) A sequence of Abelian groups

1 T

5) 0 A B B/A—0

in which ACB, 1:A— B is inclusion and ©w:B— B/ A is the quotient
projection, is a short exact sequence.
(d) Suppose we have a diagram

0 1
O AO f Al f A2 0

(6) Lo 0 Lo' |
0 BO 8 Bl g B2 0

where the horizontal sequences are short exact sequences of Abelian groups,
¢’ and @' are morphisms of Abelian groups, and the first square com-
mutes,

(7) gOO(P():q)logl.

Then there exists a unique morphism of Abelian groups @ :A> — B* such
that the second square of the diagram

O AO fo Al fl A2 O
)] Lo 0 Lo | Lo?

0 BO 8 Bl g B2 0
commutes.

(e) Consider the exact sequence of Abelian groups (4) and the quotient
projection w:B— B/ f(A). There exists a unique group isomorphism
¢ :C— B/ f(A) such that the diagram

0 ALy B 8, ¢ o
©) lid,, lid, Lo

0 A L5 B T, BIfA)— 0
commutes.

Proof 1. Assertions (a), (b), and (c) are immediate consequences of def-
initions.

2. Consider the diagram (6). We first construct a morphism of Abelian
groups ¢ :A*> — B” and then prove its uniqueness. Let a” € A* be a point.
We set

(10)  @*(@)=g'9' (@),
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where @’ € A' is any element such that f'(a’)=a” . We shall show that this
equation defines a point ¢’(a”)€ B> independently of the choice of a’. Let
al,a, € A' be any two points such that f'(a))=a” and f'(a;)=a”. Then
f'(a —a,)=0 hence a/—a, = f’(a) for some ac A' (exactness of the first
row). Then, however, g'(¢'(a))=g'(9'(@)+¢'(9'(f"(@)=g'(@'(a)))
because g'(@'(f’(a))=g'(g"(¢°(a)))=0 (exactness of the second row).
Therefore, formula (10) defines a mapping ¢ : A> — B*, and the same for-
mula immediately implies that ¢ satisfies the condition ¢’ o f'=g'o@".
This means that the second square of the diagram (6) commutes.

To show that the mapping ¢ is a group morphism, take a’,a)€ A’
and af,a,€A' such that f'(a))=a and f'(a})=a}. Then we have
fl(a@ +a,)=a’+al , therefore

(1) @*(a’+a))=g' @' (a/+a)) =@’ (a))+¢*(a))

since both g' and @' are group morphisms. This proves existence of the
group morphism ¢ . Its uniqueness follows from the surjectivity of f'.
3. To prove (e) we combine (c) and (d).

A sequence of Abelian groups A*={A",d'} is called a complex of Abe-
lian groups, or just a complex, if

(12) d*ed =0

for all i. The family of group morphisms d*={d'} is called the differential
of the complex A*. Condition (12) is equivalent to saying that the kernel
Kerd™' and the image Imd' satisfy Imd' C Kerd™' . To simplify notation,
we usually denote the Abelian group morphisms d' by the same letter, d;
condition (12) then reads dod =0.

Let A*={A',d} be a complex. For every index i, the complex A* de-
fines an Abelian group H'A* , the i-th cohomology group of A* by

(13) H'A*=Kerd™' /Imd".

Elements of this group are called i-th cohomology classes of the complex
A*. Note that the complex is exact in the i-th term if and only if the i-th co-
homology group H'A* is trivial.

If A is an Abelian group, then any exact sequence Abelian groups of the
form

£ d d d

(14) 0 A B’ B' B’

is called a resolution of A. A resolution (14) defines a non-negative complex
B*={B',d} as

dB|dedB3d

(15) 0 B°

such that
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(16) H°B*¥*=A, H'B*=0, i>1.
Using this complex the resolution can also be expressed in a shortened form
(17 0—s A% B

Let A*={A",d} and B*={B',d’} be two complexes, and let ®={¢p'}

be a family of Abelian group morphisms ¢’ : A’ — B'. These complexes and
group morphisms can be expressed by the diagram

d d

e — AT 5 A — 5 AT 5
(18) ~L(pi_l , \L(pi , ¢¢i+1
Bi—l d Bi d Bi+l

If all squares in this diagram commute, that is,
(19) (piJrlod:d/o(pi’

then we say that @ is a morphism of the complex A* into B*. Property
(19) can also be expressed by writing @ : A* — B*. The composition of two
morphisms @ and ¥ , defined in an obvious way, and is denoted by Yo ® .
As before, the asterisk in the following lemma denotes position of indi-
ces, labelling different elements of Abelian groups belonging to a complex.

Lemma 10 Let A*={Al.d} and A, ={A/.5]} be two families of
non-negative complexes. Suppose that we have a commutative diagram

0 0 0 0
2 2 2 2
0 1 2
0— Ay~ 4y oy g D 4
162 15! 152 163
0 1 2
(20) Ao A o A
16? Ls! 152 15}
0 1 2
0 L SN Y R BN S SNTY
16! 15! 152 163
0 1 2
0 U SN R SN'E S SNTE
d 2 l 2

such that that all its rows (resp. columns) except possibly the first row (resp.
column) are exact sequences of Abelian groups. Then for each q=0 the
cohomology groups H'A¥ and H qA?l< are isomorphic.
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Proof Let g=0 and let [a]€ H A}, =Ker§, . Then [a]=a, &,(a)=0
hence 8,d, (a)=d, 5y (a)=0 and 1nject1V1ty of 8, implies dy(a)=0, that is,
aEKerd0 °A* Thus, H°AJC H°AY. The opposite inclusion is ob-
tained in the same way.

Consider the case g >1. Let [a]€ H'A} =Kerg, /Im§/, . and let a be
a representatlve of [a]. Then &, (a)=0 hence 8,d,(a)=d, 6,(a)=0, that
is, d(a)eKerd, =ImJ,_, , and Tor some beA,,,

@D d)(@)=6,b).
But 52 dl L) = d5171(b) d do(a) 0 and d1 1(b)EKer52 —Im52
Thus, for some b, = ({1 we have d 1(b) 5 2(b)

Suppose that for some k, 1<k < q-2, and A}, , there exists b, €A,
such that d;_ (b,)=0,",_(b,,,). Then

(22) 6:+Z ldk+l l(bk+1) dk+16k+l l(karl) dk+ldk k(b ) 0
hence d*, (b)) €Kerd,"?, =Imd,"}, . Thus for some b, € A", ,

(23)  d (b)) =06, (b))

The construction is described by the following part of diagram (20):

k+2
by Aq—k—2
\l/5k+2
dk+1 k=2
k+1 q—k—1 k+2
bk+l Aq k-1 > Aq k-1
(24) Lok o
d a- Ples 4
k q—k k+1 q—k k+2
b, Aq,k —— A7 AL
k k+1
T

k q—k+1 k+1
—tr
Aq k+1 Aq k+1

For k=¢q—2 ,formula (23) gives d/”'(b,_,)=5{(b,) hence
(25) 80 dd (b,)=d!oi(b,) = dld"" (b,,)=0,
and injectivity of 87" implies dy(b,)=0 hence b, € Kerdy .
Thus, to a representative a of a class lale H qA we have constructed a
sequence (by,b,,...,b,) such that b, €A . foreachi, b €Kerd] ,and
26)  d)(@)=6,,(b), d,,(b)=8" (b))

Let @’ be another representative of the class [a], and let (b],b],...,b])
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be another sequence satisfying condition (26),
Q7 dja)=8,,(b)), dy (b)=8" (bL,).

We set a”’=a—da’, b'=Db, —b,.’. We wish to show that b’] 0 hence
b’ clmd™ . By definition [¢”]=0 hence a” € Im&" , and a” _50 ' (c,) for
some cleAq But by (26) and (27), 6, (b= d8(6°1(61)) 51 dOI( ),
which implies b” d) (c)€Kerd, , =Im 5 P hence for some c, € Aq )

(28) b’ —d) (c,)=0,,(c,).

Now suppose that for some k=1 and some c¢, €A, there exists
Cen €A, such that b7 —d\" (c,)=0, ,_(c,,). Using (26), (27) and (28),

(29) :Jr/i (Ol = k(b”) dk k(5 i1 (Cra) T4, 5 (c)

_dk 5k ()= 6?11 1dk 1 (Crin)s
so that b7, —d,__(c,,,)€Kerd,",  =Im&,", , . Thus, for some c,,, €A,
(30) b, _dk 1 (G = 5k+1 2 (Ch0)-

The derivation of this formula includes the following part of diagram
(20) of Lemma 10:

k+1
Crt2 Aq—k—Z
k+1
J’(Sq k=2
dt,
k a- K+
Cr+l Aq—k—l > Aq k-1
31 k K+
€29) 18, Lok,
dk—l k
k-1 q—k k q—k k+1
Cr+1 Aq—k > Aq—k > Aq—k
k-1 k
Lot 18,
dk—l
k-1 q—k+1 k
—
Aq k+1 Aq—k—l

If k=g—-2,formula (30) gives for some ¢, € AJ"™
(32) b, -di(c,)=80"(c,).
Then by (26), (27), and (32)

8i(b)=di' (b)) =d (8¢ (¢ )+ d(c,.)

(33) — J9-154-1 — 549,491
_dl 50 (Cq)_aodo (Cq)’
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that is, b7 —dg ' (c,)=0 because 8¢ is injective. Therefore, b € Imd ™" .
Consequently, equation

G4 filah=I10b,]

defines a mapping f?:H‘A}— H?A¥ which is a morphism of Abelian
groups. In the same way we define a morphism of Abelian groups
f, H ‘A¥— H'A,, and it remains to verify that the morphism Jf, is the in-
verse of f7.

Let [b]€ H'A be a class, represented by an element b. There exists a
sequence (a,,d,.,...,a,) , Where a, € A", such that

(35) 56] (b)= dlq_l(al)’ 61‘3_k (@)= dl?;lk_l(akﬂ)’
where k=1,2,...,q—1. By definition,
(36) Jf,(bh=la,l.

Let [b]= [bq] , where [bq] is determined by (34). Taking q, = b‘F1 , A, = b‘F2 s
> 4, =b;, a,=a we get from (21) and (23) that (35) is satisfied. Conse-
quently, [a,]=[a] proving that f, is the inverse of f*.
This completes the proof of Lemma 10.

Now we consider three complexes A*={A',d'}, B*={B',6'} and
C*={C',A'} and two morphisms of complexes ®:A*— B* 6 ®={¢p'},
and W:B*— C*, ¥ ={y'} between them. The composition of these mor-
phisms yields a morphism of complexes ¥ o ®:A* — C*, defined by

@7 (Yed) =y’og’

We show that under some exactness hypothesis these morphisms induce an
exact sequence of Abelian groups, formed by cohomology groups of these
complexes.

Note that the morphism @ induces the diagrams

0 — Imd™ —— Kerd' H'A* 0
(38) ¢(Pi \L(pi. ‘L‘P"
0 — Imdé™' —— Kerd’ H'B* 0

where the first two vertical arrows are the restrictions of the morphism ¢’ to
the subgroups of A', the mappings Imd™ — Kerd' and Imd"™" — Keré'
are the canonical inclusions, and ¢, is the unique morphism of Abelian
groups for which the second square in the diagram (38) commutes (Lem-
ma 10, (e)).

The following statement is sometimes referred to as the zig-zag lemma.
Its proof is based on the technique known as the diagram chasing.
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Lemma 11 Let A*={A',d'}, B*={B',6'} and C*={C',A'} be
three non-negative complexes, ®:A*— B*, ®={¢'}, and ¥ :B*— C*,
Y ={y'} morphisms of complexes. Suppose that we have a commutative
diagram

0 0 0
N N l
0 1 2
0 A Lo 4o d
*L(PO \L(pl J/(pz
NI (Y N &
‘LV/O ‘LV’I J/Wz
0 o Ao AL e A
d d l
0 0 0

with exavt columns. Then for every q=0 there exists a morphism of se-
quences of Abelian groups d={0"}, 0: H'C*— H™' A* such that the se-
quence of Abelian groups

0 0 0
“0) 0 HA* — @ 5 gop+ Y, gocx %, H'A*
1 2
O g Y giox 9 goae 9
is exact.

Proof 1.First we construct the group morphisms 9%: H/C* — H*"'A* .
Consider the following commutative diagram

0 0 0 0
2 \! \! \2

-1 dq_l dq +1 dqﬂ +2
Aq N A‘I 5 Aq 5 Aq
\L(qul \L (pq \L(qurl J/(Pq+2

(41) Bq—l 5{171 Bq 5!1 Bq+l 6q+1 Bq+2
Jy! Jya Jy !
AT A?

crt S 1 2 ¢

\2 l l

0 0 0

Let [c]e H'C*=KerA?/ImA? be a class, represented by an element
ceKerA?. Since y? is surjective, there exists an element b € B? such that
vi(b)=c. But yw*'§(b)=Aw(b)=0 so that §?(b) € Kery*"' and by
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exactness of the third column, there exists an element a € A" such that
8'(b)= @™ (a). Since @"7?d"'(a)=5""¢"" (a)=56"6%(a)=0, and since
@ is injective, d*"'(a)=0 and a € Kerd”" . Thus, given ¢ € Ker A?, there
exists b€ B and a € Kerd’" such that

42)  c=yi(b), §'()=¢"(a).

If ¢’ is some other representative of the class [c], then there exist
b eB?, a eKerd”™ and d € C*" such that

(43) =yib), 8= (@), =c-A"'(d).

We show that [a]=[a’]. We have d =y (b,) for some b, € B*" (by sur-
jectivity of w’™"). Thus, w6 (b))=A""y"" (b,)=A""(d), and the third
formula (41) gives w’(b’—=b+6"(b,)) =0, that is, by exactness of the col-
umn, b’ —b+8"(b,)€Im@?. Thus, b'—b+35"(b,)=¢'(a,) for some
a, €A”. But §°(b'=b+686""(b,))= 69" (a,)=¢@""'d(a,) by commutativity
of the diagram (41). Applying (42) and (43) and the property §¢"'8? =0 of
the complex B* one obtains ¢**'(a’)—¢""(a)=¢""'d’(a,) . Finally, inject-
ivity of @' yields a’—a=d(a,) . This proves that [a]=[a’].

Now since the class [a] is defined independently of the choice of the
representative ¢ of the class [c], we may define a mapping 9 of HIC*
into H*"'A* by the formula

@4 d(ch=lal

It is easily verified that this mapping is an Abelian group morphism. Let
¢, be a representative of a class [¢,] in H?C* . There exists b, € B and
a, € Kerd™' such that ¢, =y (b,), §°(b,)=¢""(a,). Similarly, let ¢, be a
representative of a class [c,] in H?C * . There exist elements b, € B and
a, € Kerd"' such that ¢, =y?(b,), 6%(b,) ="' (a,). Then

45 ¢ +c,=yl(b +b,)), 8'(b+b)=0""(a +a,),

proving that 97 is a group morphism.

2. Now we prove exactness of the sequence of Abelian groups (40). We
proceed in several steps.

(a) Exactness at H’A*=Kerd’ is obvious: Since H’B*=Kerd" and
the commutativity of the left upper square in the diagram (39) implies
¢’ (Kerd’) C Ker8’ , exactness at H A * follows from injectivity of ¢°.

(b) We verify exactness at the term H°B*.Let b€ H°B*=Kerd" and
beKery" . Then b=¢’(a) for some a€ A, = H’A*, and we want to show
that a € Kerd’. But ¢'d’(a)=359"(a)=56°(h)=0 hence d’(a)=0 (injec-
tivity of ¢'). and a € Kerd” = H°A* . Thus Kery’ =Im¢"’.

(c) We prove exactness at H’C*. Consider an element c€ H’C*
such that ¢ € KerA’, that is, 9°c=0. We want to show that ¢=y"(b) for
some b€ H'B*=Kerd’. By definition, 0°c=[a], where a € Kerd' is an
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arbitrary point such that for some '€ B°, c=y’(’) and 8°(b')=¢'(a)
(42). But [a]=0 hence acImd’ and a=d"(a’) for some a’ € A°. Conse-
quently, 8°(b")=¢'d"(a’)=8¢°(a’) . We set b=b"—¢"(a’) . Then

(46) 8°(b)=6"(b")-6%°(a")=0,
that is, b € Ker8° . Moreover,
@n  y'O)=y'0)-y e’ @)=y’ () =c,

thus Kerd” C Imy°.

Conversely, if c€Imy”, then ¢c=y°(b) for some bc H’B*=Kerd’,
and 9°(c)=[a], where c=y (') and 8°(b’)=¢'(a) for some b’cB’,
acKerd' (42). But y’(b—b")=0 hence b—b"=¢’(a’), where a’c A°.
Now ¢'d’(@’)=8"(a’)=6"°(b—b")=-8°(b")=—¢'(a) that is, by injec-
tivity, d’(a’)=—a . Hence [a]=—[d’(a’)]=0 and we get Imy°’ C Kerd’.

Summarizing, Imy° = Kerd® as required.

(d) We check exactness at H'A*, where ¢>0. Let [ale H’A* and
@,([a])=0. Since @ ([a])=[¢?(@)]=0, we have @'(a)cImd’". Thus,
there exists b€ B such that 5q "(b)=¢"(a). We set c=y "' (b). Then by
definition, d([c]) =[a], therefore Ker¢, CIm 97!

Conversely, consider a class [c]€ "H'C* Then 0,0 ([cD=0,(al),
where ¢ = l//q‘ (b), 8" (b)=¢@"(a) for some bc B"", a€Kerd’ . But then

0,0 ([cD=[¢"(@)]=[6""(b)]=0 since H'B*=Kerd’/Imé"" .

(e) We prove exactness at H'B*, g>0. Let [b]€ H'B* be a class
such that v ([b])= [l// (0)]=0. Then y(b)cImA?" hence there exists
ceCc”! such that w?(b)=A""(c). But c=y"'(b’) for some b’ cB"";
applying A’ we have A”'w ' (b") =y 5" (b'), that is, w?(b) =y 5% l(b’)
hence w(b—38"'(b"))=0 and b—35*"'(b")=¢@"(a) for some ac A’. Now
0™'d"(a)= 69" (a)=8(b—y 5% (b'))=0 because 6%(a)=0, 56" =0.
Hence d?(a)=0 and a € Kerd?. Now

(48) ¢,([al)=[9"(a)]=[b—6""(b")]=[b]
so we get the inclusion Kery, CImg, .
The inverse inclusion follows from the equality ¥ o@?=0 and from

the diagram (38), which implies

0 — Imd*! —— Kerd? —— HIA* —— 0

l(pq igo" J«(pq
(49) 0 —> Imé*" —— Kerd? —— HIB* —— 0
Ly Lya J/y/q

0 — ImAY™ —— Kerd? —— HIC* —— 0

in which the group morphisms ¢, and y, are unique, and the composition
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law (Yo @) =y o¢p? (37) holds.

(f) We prove exactness at HC* , where ¢ >0 . Let [c]€ H'C* be a
class such that d?([c])=0. We want to show that there exists [b]€ H'B*
such that [c]=y ([b]) . Let ¢ be a representative of [c]. By (42) there exist
an element b€ B’ and a<€Kerd*' such that c=y'(b), 6'(b)=¢""(a).
From the condition 9?([c])=0 it follows that [a]=0 hence a €Imd’ and
a=d(a’) for some a’€A’. Then §%(b)=@""'d'(a’)=8%"(a’) hence
b—@?(a’)eKerd?. Setting b’ =b—@?(a’) we have 67(b")=0, b’ €Kerd’.
Moreover, /(b )=y (b—¢@(a’))=y*(b) = c, therefore

50)  y (&'D=y®)]=[cl.

This implies that Kerd’C Imy, .

Conversely, let [c] € Imy, . Then [c] =I//q([b]) =[y?(b)] for some ele-
ment [b]€ H'B*. Thus 9’([c])=[a], where c=w’(b"), 8'(b")= ¢ (a)
for some b’ € B?. But w/(b—b")=0 so that b—b"=¢(a’), where a’ € A?.
Now

(51) e™'d(a’)=8%"(a’)=8(b-b")=-8(D’)

hence ¢*"'(a)=—@™'d"(a’) , "' (a+d?(a’))=0 ,and a+d?(a’)=0.Hence
[a]=~[d?(a’)]=0, therefore Imy C Ker 0’ . This completes the proof.

The exact sequence of Abelian groups (40) is referred to as the long ex-
act sequence, associated with the morphisms of complexes @ : A* — B* and
Y :B*— C*. The family of Abelian group morphisms d={d’}, where
0" H'C*— H*"'A*, is called the connecting morphism, associated to the
morphisms @ and ¥ .

The following two corollaries follow from the long exact sequence (40).

Corollary 4 Suppose that in the commutative diagram of morphisms of
Abelian groups

0 0 0
l ) d
0 A’ Al A® 0
2 \2 l
(52) 0 B’ B' B’ 0
d \’ l
0 c’ C' c’ 0
l ) l
0 0 0

all columns are exact. Then if two rows are exact, the third row is also exact.
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Corollary 5 Let A*, B* and C* be three non-negative complexes,
O:A*—> B* and Y : B* — C* morphisms of complexes. Suppose that the
diagram (39) commutes and all its columns are exact. Then if any two of the
complexes A*, B*,and C* are exact, the third is also exact.

Proof This follows from the long exact sequence (40).

7.8 Exact sequences of Abelian sheaves

The concepts we have introduced for sequences of Abelian groups apply
to sequences of Abelian sheaves. First we briefly formulate the definitions,
and describe basic properties of exact sequences. Then we study the canoni-
cal resolution of an Abelian sheaf, an exact sequence, relating properties of a
sheaf with topological properties of its base space.

A family S*={S',f'},_, of Abelian sheaves S’ over the same base, and
their morphisms f':S"— S™', indexed with the integers i€ Z, is called a
sequence of Abelian sheaves. The family of sheaf morphisms in this se-
quence is denoted by {f'},, . The sequence S* is called a non-negative, if
S'=0 for all i<0. Then the sequence S* is usually written as
S*={8'f'},« , with indexing set the non-negative integers N, or just as

fO f! f?

(1) 0 S° S S?

In this notation the mapping 0 — S’ is the trivial sheaf morphism. If there
exist the smallest and greatest integers r and s such that S"#0 and S*#0,
then the sequence S* is said to be finite, and S" (resp. S*) is called its first
(resp. last) element. In this case we write S* as

fr+1 f.\'—]

", g s 0

2) 0 N

with trivial sheaf morphisms 0 — S” and S* — 0. To further simplify nota-
tion, we sometimes omit the indexing set and write just S*={S',f'}, or
S*={S',f} instead of S*={S',f'}, .

Let S*={S',f'} be a family of sheaves of Abelian groups over a topo-
logical space X, x € X a point. Denote by S’ =(GermS”)_ the fibre of the
sheaf space GermS” over x, and by 7 :S” — S§”*' the restriction to the fibre
of the morphism f':S"— S™'. Restricting all the sheaf morphisms to the
fibres S” we get a sequence of Abelian groups

3 0 AN R HNY S

This sequence is called the restriction of the sequence (1) to the point x.
The sequence S* (1) is said to be exact at the term S? over x, if the
restricted sequence (3) is exact as the sequence of Abelian groups, that is, if
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Kerf? =Imf?". S* is said to be exact at the term S? if it is exact at x for
every x€ X . We say that S* is an exact sequence, if it is exact in every
term S?.

A sequence of Abelian sheaves S*={S',f'} , such that

4) frlof?=0

for all g is called a differential sequence. An exact sequence is a differential
sequence.
Let S be an Abelian sheaf. An exact sequence of the form

fO T] fl T2 f2

5) 0 N

is called a resolution of S . The resolution defines a non-negative differential
sequence T*={T',f'}. To shorten notation we sometimes write the se-
quence (5) as

6) 058§ I Tx

the mappings being understood.
An exact sequence of the form

fos 9,7 1o

@) 0 R

where 0 > R and T — 0 are trivial sheaf morphisms, is called a short exact
sequence.

Let Y be a subspace of the topological space X. Denote by S, the re-
striction of the Abelian sheaf S to Y and by f; the restriction of the sheaf
morphism f':S" — §™' to Y. We obtain a sequence of sheaves
fy

fy fy

®) 0 Sy S, S?
called the restriction of the sequence S*={S',f'} to the subspace Y.
The following are elementary properties of exact sequences.

Lemma 12 (a) A sequence of Abelian sheaves S*={S',f'} is exact at
S if and only if Kerf? =Imf*" .

(b) If a sequence of Abelian sheaves S*={S',f'} over a topological
space X is exact at the term S, then its restriction to a subspace Y C X is
exact at S} .

(¢) A sequence of sheaves of the form (7) is exact at T if and only if the
sheaf morphism @ is surjective.

(d) A sequence of sheaves of the form (7) is exact at R if and only if
the sheaf morphism f is injective.

(e) A sequence of Abelian sheaves
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9) 0 R—5S "5 snuR —s 0

where RCS is a subsheaf, 1:R— S its inclusion, S/UR) the quotient
sheaf and 1 :S — S/1(R) the quotient projection, is a short exact sequence.
(f) Suppose we have a diagram

f f!

0 R, RR — R, —> 0
(10) lo, Lo,
0 0
0 s, -2 5 935, 0

such that the horizontal sequences are short exact sequences of sheaves, @,
and @, are sheaf morphisms and

(11) goo(p():(plofo‘

Then there exists a unique Abelian sheaf morphism @, :R* — S* such that
the second square of the diagram

f° f!

0 R, R, R, 0
(12) Lo° 1o Lo?
0 1
0 s, 455 9 5 0

commutes.

(g) Consider the exact sequence of Abelian sheaves (7), the quotient
sheaf S/f(R) and the quotient projection 1 :S— S/f(R). There exists a
unique sheaf isomorphism @ :T — S/f(R) such that

£ f!
0 R S — T —0
(13) Lid, 1 idg Lo
0
0 R 9 S T, S/fR) — 0

commutes.
Proof 1. We prove assertion (a). Suppose that S* is exact at S?. Then
by definition Kerf? =Imf’" for every x, where f is the restriction of the

sheaf space morphism f?:GermS? — GermS?", associated with f?, to x.
Thus

(14)  Kerf'=|JKer ! =JIm /" =Im f7.

xeX xeX
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Then Kerf?=Sec” Ker f¢ =Sec'”Im f*"' =Imf?" as required. The con-
verse is obvious.

2. Assertions (b), (c), (d) and (¢) of Lemma 12 are immediate conse-
quences of definitions.

3. To prove (f) we apply (b) and Lemma 9, (d).

4. To prove (g) we apply (b) and Lemma 9, (e).

A sequence of Abelian sheaves (1) over a topological space X induces,
for every open set U in X, the Abelian groups S'U of continuous sections
and their morphisms f; :S'U — S™'U . We usually denote these morphisms
by the same letters, f'. The sequence of Abelian groups is then denoted by
f2

f f!

S'U S’U

(15) 0 SU

and is said to be induced by the sequence of sheaves (1). In particular, if
U = X , the sequence of Abelian groups

f° S'X f S’x f’

(16) 0 S'x

is referred to as the sequence of global sections, associated with the se-
quence of Abelian sheaves (1).

Exactness of the sequence (1) does not imply exactness of (15). This is
demonstrated by the following example.

7.9 Cohomology groups of a sheaf

In this section we construct a resolution of an Abelian sheaf, known as
the canonical, or Godement resolution (Godement [G]). We also introduce
canonical morphisms of the canonical resolutions, and study properties of
the corresponding diagrams.

Consider the sheaf space GermS , associated with S and the sheaf of
(not necessarily continuous) sections of the sheaf space GermS , denoted by

(D C’S =SecGerm S

(cf. Section 7.4, Example 17). We have the canonical injective sheaf
morphism 1:Sec'” GermS — C°S . Since Sec'”GermS is canonically iso-
morphic with the Abelian sheaf S, setting

() D'S=C"S/Ime

we get an exact sequence of sheaves

(3) 0 s—t,c's D'S 0.
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The same construction can be repeated for the sheaf D'S . Replacing S with
D'S, we have the Abelian sheaf of (discontinuous) sections of the sheaf
space GermD'S, C’D'S=SecGermD'S, the Abelian sheaf of continuous
sections Sec'” GermD'S , canonically isomorphic with the sheaf D'S, and
the canonical sheaf morphism of continuous sections into discontinuous sec-
tions, 1':Sec'” GermD'S — SecGermD'S . Setting D'(D'S)=C"(D'S)/Ime'
we get an exact sequence

1
(4) 0——D'S—5C°D'S——D'D'S——0.

Combining these two constructions

— N — O

) 0 S c’S D'S 0

0 D'S C'S D'D'S —s 0

Similarly we get, with obvious notation, the commutative diagram

00— S —C"S

d
0 — D'S— C'S
(6) d l
0 —s DS —— C*S

! \!

0 —s DS — C*S

etc. This diagram gives rise to the sheaf morphisms ¢” :C”S — C”*'S | for
every p=>0.We get a sequence of sheaves of Abelian groups

%) 0 s_t,cs ¢, ¢, 5 ¢

Lemma 13 The sequence of sheaves of Abelian group (7) is a resolu-
tion of the sheaf S .

Proof We want to verify exactness. Since € is injective, the sequence
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is exact at S. To check exactness at the term C°S, we use the diagram (7),
where the sheaf morphism ¢:C°S— D'S is the quotient morphism and
h:D'S—C'S is an inclusion. Let acIme. Evidently acKerc® since
¢”=hog and acKerg . Conversely, let a € Kerc’. Then h(g(a))=0 and
since h is injective, g(a)=0 and a€Kerh hence a€Ime. Exactness at
C’S can be proved in the same way.

The resolution (7) of the Abelian sheaf S is called the canonical resolu-
tion. Setting C*S ={C'S,c'} , we can write the sequence (7) as

(8) 0 — S5 C*S

The Abelian sheaves C”S , where p >0, in the sequence (8), have some
specific properties, namely, they belong to the class of soft sheaves. A sheaf
of Abelian groups S over a topological space X is said to be soft if any sec-
tion of the associated sheaf space GermS, defined on a closed subset
Y C X, can be prolonged to a global section of S .

Lemma 14 The sheaves C’S , where p 20, are soft.

Proof It is sufficient to show that the sheaf C’S=SecGermS. is soft;
the same proof applies to C’S , where p>0.Let Y C X be a closed subset,
6 €C’S any section of GermS , defined on Y. By definition, §(x), where x
is a point of Y, is the germ of a (not necessarily continuous) section ¥y € SU ,
where U is a neighbourhood of x in X; thus &(x)=[y], . Consider a family of
(not necessarily continuous) sections y_€ SU_ such that 6(x)=[y ], for all
points x €Y , and set

s [7 ] =l X 6 Y
9 o(x)=< "7
) (x) { 0. xgY
Then § is a global section of the sheaf space GermS . Here 0 is the germ of
the zero section, defined on the open set X\Y C X .

Let v:S—T be a morphism of Abelian sheaves over a topological
space X. We shall construct a family of sheaf morphisms v’ :C’S — C'T ,
p =0, between the canonical resolutions 0 >S —C*S and 0 >T > C*T
of these sheaves, such that the diagram

0 s s, ¢ c'Ss — €S —
(10 v v ! dv?

0 T %7 CT — CT —
commutes.

Let S=GermS and T =GermT be the associated sheaf spaces, ¢ and
T the corresponding sheaf space projections, and let v:S — T be the asso-
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ciated sheaf space morphism. Recall that v is defined as the mapping
Solyl, = v(yl)=[v,(y)], €T , where y € SU is a representative of the
germ [y], (Section 7.5, (10)). We shall consider the Abelian sheaves S and
T as the sheaves of continuous sections of the sheaf spaces S and T.

Then C°S and C°T are the corresponding Abelian sheaves of discontin-
uous sections. We set for any section 6 :U — S

(11) V(8)=Vvod.

This formula defines the first square in the diagram (10). If § is a continu-
ous section of C”S, we have v°(i4(y))=Voig(y)
(V15 (Y))(x) = V(a5 (Y )(x) = V(¥ (x) = V([ 7],)

(12)
=[vy],=vey(x)=1(Veoy)(x),

proving the commutativity.
Consider the next squares in the diagram (10)

0 S c’s D'S 0
(13) by e Lt
0 T cT D'T 0

defining v' (Lemmal2, (f)). If we replace S (resp. T) with D'S (resp.
DT ), where i 21, we get the diagram

0 D'S c'S D*'S — 0
(14) v v Ly
0 DT CT D*'T — 0

We show that the i-th square also commutes. Combining (6) and (14) and
using a suitable temporary notation we get the commutative diagrams

c's 4, ps ¢'s —f,¢s DS 2, cis
a9 Ly Ly L e Lt Ly

o't Ly pr o't ot pT 4 o7

Combining these diagrams with (2) we obtain

(16) g=boa, dovVi=Viob, Vica=cov™, h=doc,

which implies V' og=V'oboa=dov' ca=docov™ =hov"". Since i>1,
this proves commutativity of all squares in the diagram (10).

The family of sheaf morphisms {v,v’,v',v?,...} is called the canonical
morphism of the canonical resolutions 0 >S—C*S and 0 >T —>C*T,
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associated with the Abelian sheaf morphism v:S—T .
Elementary properties of the canonical resolutions are formulated in the
following lemma.

Lemma 15 (a) The canonical resolution of a trivial Abelian sheaf 0,
over a topological space X consists of the trivial sheaves C'0, =0, .

(b) The canonical resolution associated with the identity sheaf
morphism idg is the identity morphism {ids,idCO ’idcls’idcﬁs""} .

(¢) If the Abelian sheaf morphism v :S —>$T is injective (resp. surjec-
tive), then each v" :S* — T" is injective (resp. surjective).

(d) Let R, S,and T be three Abelian sheaves with base X, L:R— S,
v:S—T two Abelian sheaf morphisms, and M=vo . Then the diagram

0 R C°R C'R C*R —
du Ly’ du du?

a7) 0 S c’s C's s —
Lv Ly Ly Ly

0 T cT C'T CcT —

satisfies, for every p =0,
(18) n'=vou”.

(e) Suppose that the first column of the diagram

0 0 0 0
l l l \2
0 S C’S C'S Cc’S —
l l l \2
0 S C’S C'S c’S —
19
(1 L L ! L
0 T c'T C'T C’T —
2 l l \2
0 S? c’s® c's® c’s’ —
\! \! l l
consists of the resolution
20) 0 sty g Tyg I

of the sheaf S, the rows are formed by the canonical resolutions, and the
columns are the canonical morphisms of the canonical resolutions. Then this
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diagram commutes, and all its columns are exact.
Proof (a) This follows from formulas (2) — (4).
(b) Wesetin (10) S=T, v=idg. Then v’ :C’S — CS satisfies

0 _
Q) V' =idy,

and (13) implies

.
(22) vo=id,.
hence v' =id,; and by induction V' =id, forall i >1.

(¢) This follows from (11).

(d) Denote by fi (V, resp. 1) the sheaf space morphism associated
with u (v, resp. n). Since n=vou, we have =vof (Section7.7,
Lemma 9, (b)). Thus, using (11) we get for every section 6 :U — GermS
N,(8)=Tod=Voflod =Vol,(0)=V,(l,(6)) proving (d) for p=0. Re-
peating this procedure we get ' =v'ou’ forall i=1.

(e) Commutativity is ensured by diagram (10). We want to prove ex-
actness of the p-th column of the diagram (19). Consider the second column

0

COsl flO C082 f2

f00

23) 0 c's —£& 5 ¢8°

Exactness at the term C’S follows from the injectivity off:0 (see (c)). Now
let §:U— GermC’S” be a section such that f®(8)=f"c8=0. Then if
8(x)=[y,], for some continuous section ¥, :U, —>GermC"S’, we have
f°(ly.1,)=0 and [y,] €Kerf’=1Im&, . Therefore, § is a section of Ime,
proving exactness at cbse. Continuing in the same way we get exactness of
the first column. Exactness in the next columns can be proved by induction.

Corollary 6 Suppose that we have a commutative diagram

0 R S T 0
(24) \J 3 \J
0 R’ N T 0

with exact rows. Then for every i 20 the diagram

0 C'R C'S CT — 0
(25) \2 \2 \2
0 C'R c's’ CT — 0

commutes, and has exact rows.

Proof To prove commutativity of the diagram (25) we use commuta-
tivity of the square
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R I, s
(26) du v
RI k S/
in (24) and formulas (2) — (4). Exactness of the rows follows from Lem-

ma 15, (e).

Corollary 7 For any isomorphism of Abelian sheaves f:R—S the
sheaf morphisms f” :C’"R — C’S are isomorphisms.

Proof This follows from Lemma 15, (b) and(d).

Let S be an Abelian sheaf over a topological space X. Consider the ca-
nonical resolution of S

27 0 S _t,cs ¢, 05

Taking global sections of every term we obtain a complex of Abelian groups

0 — SX —15 (C°S)x —, (C'$)X
(28)

2, esx —s
where the induced Abelian group morphisms in this diagram are denoted by
the same letters as in the sequence (27). Denote by (C*S)X the non-

negative complex

29) 0 c's ¢, s ¢, 05 2,

Then (28) can also be written as
(30) 0 — SXx —L5 (C*S)X .

We set for every p=0
31 H"(X,S)=H"(C*S)X).

The Abelian group H?(X,S)= H”((C*S)X). is called the p-th cohomology
group of the topological space X with coefficients in the sheaf S .

Lemma 16 Ler S be an Abelian sheaf over a topological space X. The
complex of Abelian groups (28) is exact at the terms SX and (C°S)X .

Proof Let y €SX and let 1(y)=0. Then by definition 1(y(x))=0 for
all x€ X. Since the canonical resolution (27) is exact at S we have
y(x)=0 for every x hence ¥ =0 . Thus, the complex (28) is exact at SX .
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We prove exactness at (C°S)X . Only inclusion Kerc’ C Imt needs
proof. Let ¥ €(C°S)X and let ¢’(y)=0. Then ¢’(y)(x)=0 for every point
X € X . But (27) is exact at the term C°S hence to each x € X there exists a
unique germ s, €S such that (s )=y(x)=0, and we have a mapping
X>x—>d(x)=s, €S satisfying 106 =y . We want to show that this map-
ping is continuous. Let x, € X be a point. There exists a neighbourhood V
(resp. W, resp. U) of the point d(x,) (resp. 1(6(x,)), resp. X, ) such that
t,:V—>W (resp. y|,:U— W) is a homeomorphism. Then the composi-
tion (1|,)" oy |,:U —V satisfies, for each x€ U,

(32)  w@l) eyl () =y(x)=1S(x)).

Since 8(x),(t|,)" oy, (x)€S, and the restriction of 1 to the fibre S, is
injective, we have 6(x)=(1,)" oy |, (x), which shows that the mapping &
is continuous at x, . Consequently Kerc” C Imz1.

Corollary 8 For any Abelian sheaf S with base X, H°(X,S)=SX .

Let S and T be Abelian sheaves over a topological space X, v:S—T
a morphism of Abelian sheaves, and let {v,v’,v',v?,...} be the canonical
morphism of the canonical resolutions of these sheaves. This morphism in-
duces a comutative diagram of Abelian groups of global sections

0 Sx 55 (C°S)X — (C'S)X — (C°S)X ——
(33) v v’ v Iv?
0 X —15 C'T)X — (C'T)X — (CT)X —

and a commutative diagram of non-negative complexes of global sections

0 — (C°9X — (C'9X — (C¥X — ...

(34) e v Ly’
0— CTHX — CTHX — CHX — ...

with obvious notation for the morphisms. Applying standard definitions we
obtain, passing to the quotiens, the induced group morphisms of cohomology
groups v, H(X,S)—> H*(X,T), ¢=0.

If w:T—P is some other Abelian sheaf morphism and the family
{u,u’,u',1*,...} is the morphism of the corresponding canonical resolu-
tions, u, :H(X,T)— H*(X,P), we have for every ¢ >0, an Abelian group
morphism (uov), :H*(X,S)— H?(X,P). Using Lemma 12, (f) and Lem-
ma 15, (d)

(35)  uTovi=(uov)'.
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Corollary 9 If v:S—T is an isomorphism of Abelian sheaves, then
v, :HY(X,S)— H'(X.T) is an Abelian group isomorphism for every q =0 .

7.10 Sheaves over paracompact Hausdorff spaces

All sheaves considered in this section are Abelian sheaves over topolog-
ical spaces whose topology is Hausdorff and paracompact.

Recall that an Abelian sheaf S with base X can be considered as the
sheaf of continuous sections of the corresponding Abelian sheaf space
S =GermS , defined on open subsets of X. Every morphism f:S—T of
Abelian sheaves can be considered as a morphism of Abelian sheaf spaces
f:S—>T.

A soft sheaf is by definition a sheaf S with base X such that every con-
tinuous section of S, defined on a closed subset of X can be prolonged to a
global section. The proof of the following theorem on short exact sequences
of soft sheaves is based on the Zorn’s lemma.

Theorem 3 Let X be a paracompact Hausdorff space, and let

) 0—R—I5s5-9,7_10

be a short exact sequence of sheaves over X. If R is a soft sheaf, then the
sequence of Abelian groups of global sections

2) 0 RY Ty sx 9, 7x 0

is exact.

Proof 1. We prove exactness at RX . If y € RX and f,(y)=0, then
f(7(x))=0, then for every point x € X we get, by injectivity of f, 7(x)=0.
Thus the germ y(x) can be represented at every point by the zero section
hence ¥ =0.

2. We prove exactness of the sequence (2) at SX . Let y € Kerg, . Then
Kerg,(y)=0 hence goy(x)=0 for all x€ X. Since the sequence (1) is
exact at S, to every point x € X there exists an element 8(x) €R such that
f(O6(x))=y(x) and, since the morphism f is injective, this point is unique.
Since 6o f=p, where ¢ (resp. 0 ) is the projection of S (resp. T), we
have pod=00cfod =00y =id, showing that § is a global section of R .
To show that § is continuous, observe that fod =7y is continuous; then the
continuity of ¢ follows from the property of f to be a local homeomorphism.

3. We show that the mapping g, is surjective. Let ¥ € TX be a global
section of T . Since the sequence of Abelian sheaves (1) is exact at T , to
each point x € X there exists a neighbourhood U, and a continuous section
B.€SU, such that g, (B,)=7|, - Thus, in a different notation, there exists
an open covering {U,}_, of X, such that for each 1€ I there exists 8, € SU,

1€l
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with the property
3) 95, (BI=7 ly, -

Since X is paracompact and Hausdorff, there exists a locally finite open
covering {V },, of X such that C1V, CU, (Cl denotes the closure). The sets
K, =ClV, are closed, and form a closed covering {K,},, of X. Thus, to eve-
ry 1€ 1 we have assigned a pair (K,,3,), where 8, € SU, . Consider the non-
empty set J of pairs (K,), where K =UK, is the union of some sets be-
longing to the family {K,},,and B is a section of S defined on the open
set U=UU, . i becomes a partially ordered set, defined by the order rela-
tion “(K,B)<(K",f") if KCK’ and B’ |,=B".

We show that any linearly ordered family of subsets of the set H has an
upper bound. Let {(K,,B;)},., be a linearly ordered family of subsets of
KX, K,CU,.Denote K=UK,;then KCU=UU, . The family {f,},., is
a compatible family of sections of the sheaf S . But every compatible family
of sections of S locally generates a section of S (Section 7.4, condition
(5)), thus, there exists a section € SU such that 3|, =f foreach A€ L.
Then the pair (K,B) is the upper bound of the linearly ordered family
{(K, B

This shows that the set K satisfies the assumptions of the Zorn’s lem-
ma, therefore, it has a maximal element (K,f3,). It remains to show that
K, =X . Suppose the opposite; then there exists a point x € X such that
x¢ K, , and since K=UK, =X, there must exist an index 1€ such that
K, ¢K,. On KNK,, go(B,—B,)=7,—7,=0. But the sequence (2) is
exact at SX hence f(8)= 3, — B, for some 6 € R(K,NK,).Since R is soft,
0 can be prolonged to a section 6 over X; then 6 =0 [ . We define a
section 3 over K, UK, by the conditions X

@ Bl=By Bl=B+1®).
Clearly, the B is defined correctly since on K, NK,
(%) B, |K,m1<0: (B, +f(6)) |1<,mK0: B.+B,—B) |K,QKO :

Consequently, the pair (K, UK,,) belongs to the set % . But this pair satis-
fies (K,.B,)<(K,UK,,B), which contradicts maximality of the pair
(K,.B,) unless K, =X .

Corollary 10 If the Abelian sheaves R and S in the short exact se-
quence (1) are soft, then also the Abelian sheaf T is soft.

Proof Let K be a closed set in the base X, and consider the restriction of
the exact sequence (1) to K. The restricted sequence is also exact. Then by
Theorem 3, the corresponding sequence of Abelian group (2) over K is ex-
act. Choose a section y € TK . There exists § € SK such that g,(0)=7 . If
0 is an extension of J to X, then g,(6)=god is the extension of ¥ to X.
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Corollary 11 Let X be a paracompact Hausdorff space and let

© 0 s, s _fi,s P

be an exact sequence of Abelian sheaves over X. If each of the sheaves S,
S,., S, , ... is soft, then the induced sequence of Abelian groups

(7) 0 S, X S, X S, X

is exact.

Proof The sequence (6) is exact if and only if for each i=1,2,3,... the
sequence

— 0

® 0 Kerf S, 'y Kerf,
is exact. Since by hypothesis Kerf =S, and S, are soft sheaves, the sheaf
Kerf, is also soft (Corollary 10). Since the sheaf S, is soft, the sheaf Kerf,
must also be soft, according to Corollary 10, etc. Therefore, for all i, the se-
quence of global sections

9) 0 — (Kerf)X S.X f (Kerf,)X — 0

1

is exact, by Theorem 3. Now it is immediate that the sequence (7) must be
exact.

Corollary 12 If S is a soft sheaf over a paracompact Hausdorff space
X, then H'(X,S)=0 forall g>1.

Proof Consider the canonical resolution of S,

(10) 0 S_t,cs ¢, s

(Section 7.6, (7)). Since all the sheaves C'S are soft (Section 7.8, Lem-
ma 14), the associated sequence of global sections

(1) 0——(C°S)Xx—5C's)x—C(c28)x &

is exact (Corollary 11). Now Corollary 12 follows from the definition of a
cohomology group.

Examples 22.Let G be an Abelian group, X connected Hausdorff
space, and S =X XG the constant sheaf space (Section 7.2, Example 11).
We show that the constant sheaf Sec'”’S is not soft. Let x and y be two dif-
ferent points of the base X. Consider the closed subset ¥ ={x}U{y} of X
and the section ¥ of S defined on Y by y(x)=g, v(y)=h, where g and h
are two distinct point of G. If U is a neighbourhood of x and V is a neigh-
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bourhood of y such that UNV =@, then we have a section y:UUV — S,
equal to g on U and 4 on V. The restriction of 7 to Y is equal to ¥ ; in par-
ticular, 7 is continuous. But since X is connected, ¥ cannot be prolonged to
a global continuous section of S.

23. If X is a normal space, then every continuous, real-valued function
defined on a closed subspace of X, can be prolonged to a globally defined
continuous function (Tietze theorem). Consequently, the sheaf C,  is soft
(cf. Section 7.4, Example 18).

24. We shall show that the sheaf of modules S over a soft sheaf of
commutative rings with unity R is soft. Let X be the base of R (and S),K a
closed subset of X, and let ¥ € Sec'” S be a continuous section, defined on
K. Then by definition y can be prolonged to a continuous section, also de-
noted by 7y, defined on a neighbourhood U of K. Define a continuous sec-
tion p € Sec'” (K U(X\U))) by

1, xeKk,

12 x)=
(12) px) {O xe X\U.
Since R is soft, there exists a section p € Sec'” X prolonging p to X. We
define 7(x)= p(x)-y(x); 7 is the desired prolongation of ¥ .

25. The sum of two soft subsheaves of a sheaf is a soft subsheaf (cf.
Section 7.2, Example 13).

Let S be an Abelian sheaf over a topological space X, n1:S — S a sheaf
morphism. We define the support of 1 to be a closed subspace of X

(13) suppn =cl{x € X|n(x)=0}.

Let {U,}. be a locally finite open covering of the paracompact
Hausdorff space X, S an Abelian sheaf with base X. By a sheaf partition of
unity for S, subordinate to {U,},, we mean any family {y,}, of sheaf
morphisms Y, :S— S over X with the following two properties:

(1) suppy, CU, forevery 1€1.

(2) For every point x € X

(14 D x()=s.

el

Note that the sum on the left-hand side of formula (14) is well-defined,
because for every fixed point s the summation is taking place through only a
finitely many indices 1 from the indexing set /.

An Abelian sheaf S is said to be fine, if to every locally finite open
coverning {U,}, of X there exists a sheaf partition of unity {y,},, subor-
dinate to {U, }

IS

Theorem 4 Every fine Abelian sheaf over a paracompact Hausdorff
space is soft.
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Proof Let S be an Abelian sheaf over a paracompact Hausdorff space
X, S=GermS , and let ¢ be the projection of S. Let Y be a closed subspace
of X, v a continuous section, defined on Y. To every point x €Y there ex-
ists a neighbourhood U of x and a continuous section ¥y :U_— S such that
y(x)=v, . Shrinking y_to U _NY we get a continuous section of the re-
striction of S to U _NY . Shrinking U_ if necessary we may assume without
loss of generality that ¥ |, ,=7|, - The sets U, together with the set
X\Y cover X. Since X is paracompact, there exists a locally finite refine-
ment {V }, of this covering. If for some 1€ 7, V.NY # @, then there exists
a continuous section ¥,:V. — S such that ¥, |, ,=7 |, if VNY =0, we
set 7, =0. In this way we assign to each of the sets V. a continuous section
Y,:V.—=S.

Let {n,}., be a partition of unity subordinate to the covering {V,}
Setforall 1€/

el

ny.(x), xeV,

1s) 8, { 0. xex\V.
where 0 denotes the neutral element of the Abelian group S . We get a
mapping 6,:X — S satisfying the condition ¢ 09, =id, . This mapping is
obviously continuous on the set V,, and also on a neighbourhood X \suppn,
of the closed set X\V . We set § =26, . Then § is a global continuous sec-
tion of the sheaf space S. Then for every point x € X ,

(16)  8(x)= Y Ny, (x)= anx) (ijﬂx):y(x).

Viox

Therefore, 6 |, =y

Examples 26. The Abelian sheaf Cy  of continuous real-valued func-
tions on a paracompact Hausdorff space X is fine. Indeed, any locally finite
open covering {U,}, of X, and any subordinate partition of unity {yx,},,.
define a sheaf partition of unity as the family of sheaf morphisms f— y,f .
The Abelian sheaf C,p can also be considered as a sheaf of commutative
rings with unity.

27. Let S be a sheaf of C,j-modules over a paracompact Hausdorff
space X, let S be the associated sheaf space, with projection o :S — X . Eve-
ry continuous function f:X — R defines an Abelian sheaf morphism of the
sheaf space S by

(17 f(s)= (O (s)-s.

If {U,}., is an open covering of X, and {y,}, a partition of unity on X,
subordinate to {U,}, , then formula (17) applies to the functions from the
family of functions {y,}.,; the corresponding family of sheaf morphisms

{X.s}e; is then a sheaf partition of unity on S. Consequently, the Abelian
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sheaf S is fine.

28. The Abelian sheaves Cy, of r times continuously differentiable
functions on a smooth manifold X, where r=0,1,2,...,0, are fine (cf. Ex-
ample 26), and can also be considered as sheaves of commutative rings with
unity.

29. Every sheaf of modules over a fine sheaf of commutative rings with
unity is fine.

Let us consider a short exact sequence of Abelian sheaves over a para-
compact Hausdorff manifold X

(18 0—R-1T3s_9,71 0.

and the related commutative diagram of the canonical resolutions

0 0 0 0
) \J \J \J

0 R CR CR C’R
Lf \J \ \

19 0 S Cc’S C'S c’s
lg \J \J \

0 T cT C'T cT
\J \J ) \J
0 0 0 0

This diagram induces the commutative diagram of global sections

0 0 0 0
l l d l
0 — RX — (C'R) X — (C'RA)X — (C*RYIX —
Lf l l l
(20) 0 — SX — (C°9X — (C'SHX — (C X —>
lg l l l
00— X — C'HX — (C'HX — (CHX —
l d l l
0 0 0 0

All the sheaves C'R, C'S, and CT in (19) are soft (Section 7.9, Lem-
ma 14). Applying Corollary 11, we see that the columns are exact. There-
fore, by Lemma 11, we get the long exact sequence
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0
0 —— H'X.R) —— H'(X.8) -9 H'X.T) -2

2D

1

H'(X,R) — H'(X,S) —— H'(X,T) —— H*(X,R)

where the family (9°,9',0%,...) is the connected morphism.
The long exact sequence can be applied to commutative diagrams of
short exact sequences.

Lemma 17 Let X be a paracompact Hausdorff space. Suppose that the
commutative diagram of Abelian sheaves over X

0 R, s 9,7 0
(22) I Lk lj
0 R 1,5 9,7 0

whose rows are exact. Then the diagram

0
0 — HYX.R) —— H'(X.8) -9 H'X.T) -2
d d d
f 2°

0 — H"(X,R) —— H"(X.S) 9, H'XT) ——
(23)

1

H'(X,R) — H'(X,S) — H'(X,T) —— H*(X.,R)
l l l l

1

H'(X,R) — H'(X,S) — H'(X,T) —— H*(X,R)

where the first (resp. the second) row is the long exact sequence associated
with the first (resp. the second) row in (24), commutes.

Proof It is enough to prove commutativity of the squares in (23) con-
taining the group morphisms o' . Commutativity of the other squares is an
immediate consequence of the diagrams (22) and Section 7.9, (10).

Consider the square

H(X.T) —0> H'(X.,R)
(24) l l
H(X,T) a—o> H'(X,R)

For the purpose of this proof denote by &, :R— C°R and ¢, :C'R— C"'R
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the corresponding sheaf morphisms in the canonical resolution of the sheaf
R, 0-R—-C'R—-CR—-CR—..., and introduce analogous notation for
the sheaves S and T. Let c€ H’(X,T)=Kerc, . There exist an element
b€ (C°S)X and a€XKercy such that c€ g"(b), ci(b)=f'(a), and by defi-
nition

d°(c)=lal,

h'd"(c)=h'([a])=[h'(a)].
We set
(26)  b=k,(b), a=h'(a).
Then we get by immediate calculations g°(b")=g"k"(b)=j"9"(b)=j"(c),
fl@=rf"(h"(@)=k'f'(a), and cg(b)=cok’(b)=k"cg(b)=k'f'(a). Hence
b and a satisfy
Q7D J©=g®), ®=f"@.
Consequently,

(28) °j°(c)=a’"=h"3(c)

proving commutativity of (24).
Commutativity of the square

HYX,T) L H™(X,R)
(29) ! l

HY(X,T) L H™(X,R)

can be proved in the same way. Let [c¢]€ HY(X,T)=Kerc{ /Im c?'l . There
exist elements b € (C?S)X and a € Kercg"' such that

(30)  c=g'(h), clb)=f"(a),
and by definition

31) d([c])=Ial, |

h™ 97([c]) = h*"' ([a]) =[h"" (a)].
We denote
(32) b =k"(b), a=h""(a).

Then
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g/(b)=g"k"(b)= j'g"(b)= j*(c),
(33) Fqul (6_1) — fq+1hq+1 (a) — kq+lfq+1 (Cl),
cg (b)= clk?(b)= k™' ci(b) = k™'f"(a),
so that
(34)  clb)=f"(a).
Now using the definition of 97 we get
974 =94([ |4 i
(35) J (leh="([J (e)D =la’]
=[h""(a)]=h""0"([c]),
which proves commutativity of the square (29).

An Abelian sheaf S over a topological space X is said to be acyclic, if
HY(X,S)=0 forall g>1. A resolution of S

(36) 0 S S’ S S?

is said to be acyclic, if each of the sheaves S', where i >1 , is acyclic.

Lemma 18 Ler S be an Abelian sheaf over a paracompact Hausdorff
space X.

(a) If S is soft, it is acyclic.

(b) The canonical resolution of S is acyclic.

Proof (a) This follows from Corollary 12.

(b) We want to show that each of the sheaves C’S, where p>0, is
acyclic. But we have already shown that these sheaves are soft (Section 7.9,
Lemma 14)); since by hypothesis the base X of S is paracompact and
Hausdorff, they are acyclic by part (a) of this lemma.

Denote by T*X the complex 0 ->T°X >T'X >T°X — ..., and let
H(T*X) be the g-th cohomology group of this complex.

Theorem 5 (Abstract De Rham theorem) Let S be an Abelian sheaf
over a paracompact Hausdorff manifold X, let

(37 0 S T T T’

be a resolution of S . If this resolution is acyclic, then for every q=>0 the
cohomology groups HY(X,S) and H'(T * X) are isomorphic.

Proof Let us consider the following commutative diagram of Abelian
sheaves
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0 0 0 0
d l l l
0 S c’s C'S Cc’S — ...
1 1 d l
0 010 170 270
38) 0 T Cc'T C'T CT’ —— ...
d 1 d l
0 T c'T! Cc'T' CT —— ...
1 1 1 l
0 T? c'T! c'T' CT' —— ...
d N l l
with exact rows and columns, and the associated diagram of global sections
0 0 0 0
l d 1 l
00— SX — (C°9X — C'9HXx — C9HX —>
l d l l
- 0 T°X CTHX — C'THX — CTHX —
l 1 d l
0 — T'X — (CTHX — (C'THX — (CTHX —
l 1 l l
0 — T°X — (C'THX — (C'THX — (CTHX —
l d 1 l

By Section 7.9, Corollary 6 and Corollary 7, every column in this diagram
except possibly the first one, is exact. We shall show that each row, except
possibly the first row, is exact.

Consider the k-the row

(40) 0 —TX — CTHX — C'THX — CTHX —

This sequence is exact at the first and the second terms (Section 7.9, Lem-
ma 16). Since the sheaf T* is acyclic, we have for each g =1,

(41) HYX,T"=0,

which means that the sequence (40) is exact everywhere. In particular, the
diagram (40) is exact everywhere except possibly the first column and the
first row. Now we apply (Section 7.7, Lemma 10).
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Corollary 13. For any two acyclic resolutions of an Abelian sheaf S
over a paracompact Hausdorff space X, expressed by the diagram

R’ R' R?

(42) 0— S

TO Tl TZ

the cohomology groups of the complexes of global sections H*(R* X) and
H(T *X) are isomorphic.

Proof Indeed, according to Theorem 5, HY(R*X) and HY(T*X) are
isomorphic with the cohomology group H?(X,S) .

Examples 30. Any sheaf S of C’ -sections of a smooth vector bundle
over a smooth paracompact Hausdorff manifold X admits multiplication by
functions of class C" and is therefore fine. Consequently, S is soft (Theo-
rem 4) and acyclic (Lemma 18).

Remark 6 Consider an n-dimensional smooth manifold X, the constant
sheaf R and the sheaves of p-forms QF of class C* on X. The exterior de-
rivative of differential forms d:Q” — Q"' defines a differential sequence

d d

(43) 0 R Q° Q' Q°

where the mapping R — Q° is the canonical inclusion. It follows from the
Volterra-Poincaré lemma that this sequence is exaxt, therefore, it is a resolu-
tion of the constant sheaf R . Since the sheaves €7 are fine they are soft
(Example 29, Example 30) and acyclic (Lemma 18). Thus, the resolution
(43) is acyclic; in particular, according to the abstract De Rham theorem, the

cohomology groups H?(Q* X) of the complex of global sections

dox 4 ,oox 4

(44) 0 QX

coincide with the cohomology groups HY(X,R). The sequence (43) is
called the De Rham sequence (of sheaves); (44) is the De Rham sequence of
differential forms on X, and the groups H?(Q* X), usually denoted just by
H?X , are the De Rham cohomology groups of X. Note that according to
Corollary 13, for any acyclic resolution of the constant sheaf R on X,

(45) 0—R—S*,

the cohomology groups H?(S* X) coincide (that is, are isomorphic) with
the De Rham cohomology groups H?X ,

(46)  HYS*X)=H"X.
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