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Abstract The paper is devoted to the interior Euler-Lagrange operator in field theory, rep-
resenting an important tool for constructing the variational sequence. We give a new invari-
ant definition of this operator by means of a natural decomposition of spaces of differential
forms, appearing in the sequence, which defines its basic properties. Our definition extends
the well-known cases of the Euler-Lagrange class (Euler-Lagrange form) and the Helmholtz
class (Helmholtz form). This linear operator has the property of a projector, and its kernel
consists of contact forms. The result generalizes an analogous theorem valid for variational
sequences over 1-dimensional manifolds and completes the known heuristic expressions by
explicit characterizations and proofs.
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1 Introduction

In 1989, the variational sequence theory on finite order jet spaces was introduced by Krupka
[6], primarily for the purpose of study of basic variational objects and their local and global prop-
erties. Later, the variational sequence was analysed in the particular case of fibred manifolds with
1-dimensional base (fibred mechanics, Krupka [7]). Related concepts of global variational theory
(especially Lepage forms and variational bicomplexes) were also studied, see Krupka [9], Vitolo
[14], and references therein. In particular, it was discovered that the Euler-Lagrange mapping,
assigning to a Lagrangian (n-form) its Euler-Lagrange form ((n+ 1)-form, its coefficients are the
Euler-Lagrange expressions) is a globally defined morphism in the variational sequence. Another
important result of the variational sequence theory is the concept of Helmholtz class, a global-
ization of the well-known Helmholtz variationality conditions. The elements of the variational
sequence are classes of differential forms on the underlying jet space, representing all known
variational objects, such as total derivatives, Lagrangians, Euler-Lagrange equations, variation-
ality conditions. Since the variational sequence is a quotient sequence, there arises a natural
problem of representing classes by different geometric objects, e.g. differential forms. A map-
ping, assigning to a class its chart representative is known as the (local) interior Euler-Lagrange
operator. This operator was considered by several authors in different ways: Anderson [1] intro-
duced the interior Euler-Lagrange operator by means of (local) differential operators within the
variational bicomplex theory; Krbek and Musilova [4] applied the integration by parts procedure;
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for further approaches see also Bauderon [2], Dedecker and Tulczyjew [3]. Uniqueness of the
interior Euler-Lagrange operator in the context of the variational bicomplex on infinite jet spaces
was studied by Mikulski [10].

On the other hand, Krupka and Sedénkova-Volnd [8], [12] introduced the interior Euler-
Lagrange operator by means of decomposition theory of spaces of contact forms, naturally ap-
pearing in the sequence. This approach resulted in an invariant construction of the operator. Our
objective is to generalize the results of [8], obtained for variational sequences over 1-dimensional
manifolds, to the case of n-dimensional base manifolds (field theory). This paper completes the
results of the preprint Volna [13]. We give a new proof of the main theorem, characterizing basic
properties of the interior Euler-Lagrange operator. Namely, we show that this R-linear operator
(a) preserves the classes of differential forms in the sequence, (b) has the kernel coinciding with
the space of contact forms, and (c) has the property of a projector.

Our basic references on the variational sequence theory on finite order jet prolongations of
fibred manifolds are Krupka [5,7,9] and Sedénkové-Volna [11,12].

Throughout this paper, the standard multiindex notation as well as the Einstein summation
convention are freely applied. The symbol igp denotes the contraction of a differential form p
by a vector field &.

2 Background

Throughout this paper we denote by Y a fibred manifold over n-dimensional base X with
projection &, where m = dimY —n. Let r > 0. Let J'Y denote the r-jet prolongation of ¥, and
s JY - Y, 0<s<r and " : J'Y — X, denote the canonical jet projections. An element
of J'Y, denoted by J}7, is the r-jet of a section y of 7w : ¥ — X with source at a point x € X.
Recall that any fibred chart (V, ), w = (x/,y°), on Y, with 1 <i<n, 1 < 6 < m, induces the
associated charts (V" y"), y" = (x',y%,5% .y ;...--,¥9;, ;). onJ'Y, and (U, @), ¢ = (x'), on
X, where V' = (2"9)~1(V), U = n(V). The r-jet prolongation of a section 7y of 7 is a section J"y
of ", defined by J"y(x) = JIy.

For an open set W C Y, we put W" = ("0)~!(W). If £ : W' — R is a function, then for any
fibred chart (V, ) such that V. C W, we denote by d;f : V"*! — R the i-th formal derivative of f
with respect to (V, w); in fibred coordinates y = (x',y°),

of af .
dif=55+)Y L s Wi
1=0 1 <jrze<js OV j1jnerii
Recall that a vector field E on Y is called w-vertical, if T - = = 0; this means in local coordinates
E =E%(d/dy°). The s-jet prolongation of a m-vertical vector field E on Y is a vector field J°Z
on J'Y, given by
N

0
S — O O ~O0
JE= E El 5 where ZEy; =d;Eg.
V= Yy

In fibred coordinates ¥ = (x',y°), we denote
o = dx' NdxXP AL NdY,
O =iy000 = (—1)"'dx' AdxP AL NdxXT AT AdY

We say that a differential k-form p on J'Y is contact, if it vanishes along the r-jet prolongation
J"y of every section ¥ of 7. An important case are contact 1-forms; if (V,y), v = (x',y9), is
a fibred chart on Y, then a 1-form is contact if and only if it is a linear combination of the forms

(1) of =dy§ —y5.dx,
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where J = (j1,...,js), 0<s<r—1,0<ji,...,js < n. We get the contact basis of linear forms
on V', constituted by dx', ®f, dy?, where 0 < |J| <r—1and |I| = r. A general differential
k-form p on V" is contact if and only if p is generated by 1-forms @y, and by 2-forms d;’, with
0<|J| <r—1, 1] =r—1 (Krupka [6]). After the canonical lifting to J”*'Y, every differential
k-form p on J'Y has a unique decomposition, expressed by the sum of [-contact components p;p
of p,

k k
(@Y p=Y pp=hp+Y pip,
=0 =1

where hp = pop is a horizontal component of p, and a k-form p;p on J' Y contains exactly
[-factors @7 of the form (1); see e.g. [9]. Note that if p is a contact k-form, then also the exterior
derivative dp is contact, and the exterior product of two contact forms is again a contact form.
This implies, in particular, that contact forms constitute a differential ideal in exterior algebra of
differential forms, called the contact ideal.

By means of the previous definition of a contact form, it is evident that every k-form with
k > n+ 1 would be contact. For the forms of degree > n+ 1, we apply a new definition of
contactness.

Let k > n+ 1. A differential k-form p on J'Y is said to be contact, if for every point of J"Y
there exist a fibred chart (V, y) on Y, an integer s, s > r, and a contact (k— 1)-form 1 on V* such
that

@) pea((m)"p —dn) =0,

Condition (2) is equivalent to saying that (7%")*p can be expressed in the form
() (77)"p = p+dn,

where ( is a k-form on V* such that p;_,u =0, and 7 is a contact (k — 1)-form on V*. A k-form
p, with k > n+ 1, satisfying py_,p = 0, is called strongly contact.

Let k > 0. Denote by Q; the direct image of the sheaf of smooth k-forms over J'Y by the jet
projection 70, We set Q. = {0}, and

Q; . =kerh, forl<k<n,

4
@ Q. =kerpi,, forn+1<k<N,N=dimJ'Y,

and
() Op = +dQ_, .,

where kK > 1, and dQ‘,‘ﬁ]_L_ is the image sheaf of Q‘,‘{;LC by d. Formula (5) means that a form p
belongs to @ if its canonical lift (m*7)*p possesses a decomposition (3). Note that for 2 < k <n,
O, = Q; .. Forevery openset W C Y, QW (resp. Q) W) is the Abelian group of k-forms (resp.
contact k-forms (1 £k < n), strongly contact k-forms n+1<k<N)onW", dQL]’cW is the
Abelian group of forms which can be locally expressed as differentials of contact, resp. strongly
contact (k — 1)-forms on W”, and ® W is a subgroup of Q;W of contact forms. We get an exact
sequence of sheaves of Abelian groups

6) 00 -0, >0;—---—0),,—0,

in which all arrows denote the exterior differentiation d, and M = m (”*;fl) +2n—1 (see Krupka
[6]). Sequence (6) is a subsequence of the de Rham sequence of differential forms

MHO—-R=-Q—=Q - — - = Q| = Qy—0,
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where N = dimJ"Y. The quotient sequence
®) 0=+R—=Q)—=Q/0] = = Q) /0y = Q) | — - = Qy—0

is also exact. We call (8) the r-th order variational sequence on J'Y. The class of a differential
form p € QW in the variational sequence (8) is denoted by [p].
The quotient mappings E : Q; /@©) — Q; ., /O, are defined by

©) E([p]) = [dp],

and satisfy the condition E? = 0. The quotient mapping E : Q! /@ — Q. 1/®; coincides with
the well-known Euler-Lagrange mapping, and E : Q; /0 | — Q) ,/@;_, is the Helmholtz-
Sonin mapping.

A Lagrangian of order r is a "-horizontal n-form A. In a fibred chart, we write

(10) A = ZLay,

where .Z is a function on J'Y, called the Lagrange function.

Let p be an n-form on J'Y. A form p is called a Lepage n-form if pidp is a &’'%-horizontal
(n+ 1)-form. A Lepage form p is called a Lepage equivalent of a Lagrangian A if hp = A. It
is known that in higher order mechanics, Lepage equivalents are uniquely determined by La-
grangians. We denote by 0, a Lepage equivalent of a Lagrangian A. If r =1, 0, is, e.g., the well
known Poincaré-Cartan form, if r > 1, we have the generalized Poincaré-Cartan form. If A has
a local expression (10), then

(11) p1d6) = Es(ZL)0° A ax,
where

d 07
(12) Eo(£L) =Y (~1)'djid)y ...dj, 55—
=0 Yivi
The form (11) is called the Euler-Lagrange form with components (12), the Euler-Lagrange
expressions.

3 The Interior Euler-Lagrange Operator

First, we formulate the following lemma on the structure of 1-contact (n+ 1)-forms.

Lemma 1 Let p be a 1-contact (n+1)-form on J**'Y, expressed by

(13) p= Y ALof Aay.
[J]=0

Then there exist a 1-contact @°-generated (n+1)-form Ip on J* Y, a 1-contact n-form J,p
on J¥'Y, and a 2-contact (n+ 1)-form K\ p on J* Y such that

(14) (ﬂ2r+l"r+l)*p:Ilp_dJ1p+K1p7

where

r—1
Lp=Bsw’ Aay, Jip=Y Blof o,
=
3 r—1
Kip=Y (pdB})Aof Aa,
=
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and
r PR .
Bs =Y (—1)d;d;,...di AS*",
s=0
(16) r—k .
7 123 7 .
B{fl _ Z( ) +]dl;\+2dlk+3 dlk+qA k+2U+3 - k+q
g=1

with |J| =k k=0,1,....r—1.

Proof. Suppose that a 1-contact (n+ 1)-form p has an expression (13). By a direct calcula-
tion we obtain for every multiindex J,

(17) PlafAay = —diPlof Aoy + (pdPLY A of Aoy —d(PLof A o).

Applying condition (17) to the form p, we separate all terms containing @° A @y. Then

,
2r+1,r+1\x 4 iip...0, o
(T )'p = ZAG OO
s=0

— Ag@° A @+ Z (_dixAzg...i&,]isw_a N

.. lg—1

(pdAll g 113)/\wll i /\wjx_d(All Ay 115(00'“ . /\wl.x))

i].-ls—2

=Ac0® Ao+ Y (d,y i AL G Ay
s=1

~(pd(d AL e R

1...lg—2
+d(d,YA” g0l ”Sa),l i 2/\60,'3,71)
+(pdAd1") NS i Noy—dAg M of /\wis))

dlr 1d Al] dg—1is G/\(O()

-
- i ds—qi i
q+1 AL lsmgls—gtlels c .
: q_
S . . . .
o o q+1 . . 131 ...lsfqls,q+| weely o .
d( L (=17, diAS of Ao, ).

and resummating the last expression over k withk =s—¢q,k=0,1,...,r— 1, we obtain

(n.2r+1,r+1)*

=Y (-1)d;, ...d;_,d; A1l 50 A gy

_ _1\q+L . Ul 1 g2 - Theg )
d( ( 1) dlk+2 d1k+qA wzl tk/\wlk+l
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+ Z pd( Z Vi dy AT N0 nay

r—1 r—1
:Bca)"/\wo—d( Y B{,’wf/\wi)+ Y (pdBf) A wf Ao
=0 =

=Lp—d(Jip)+Kip,
as required.

In the following lemma we show that the form /;p in decomposition (14) of Lemma 1 is
uniquely determined.

Lemma 2 Suppose p is a 1-contact (n+ 1)-form on J'7'Y, expressed by (13), such that

(18) (n2r+1,r+l)*p :Po—dp'—f—p",

where py is a I-contact 0°-generated (n+ 1)-form on J* 'Y, p’ is a I-contact n-form on J*'Y,
and p" is a 2-contact (n+ 1)-form on J**+'Y. Then

(19) po=1I1p

and

(20) —dp'+p" = —dJ1p +Kip,

where the forms 11p, J1p and K,p are given by (15).

Proof. By assumption (18) and by Lemma 1, (14), we have two decompositions of the form
P, hence

21 0= (po—hLp)—d(p'—Jip)+(p" —Kip),

where po — I1p is a 1-contact ®®-generated (n + 1)-form on J>*1Y, p’ —Jip is a 1-contact
n-form on J>'Y, and p” — K, p is a 2-contact (n+ 1)-form on J Y. Let us denote

2r—1 .
(22) po—hp =Ms0° Ny, p'—Jip= Y Ny'of Ao
|J|=0

Now we apply the formula
d(of N wij) = 0f N0; — of; Ao,
where ;; = ij /9,715 /9.1 0 We get

NJl Jssi wj] e N

:( Jrl(le Ak L NH it NIV sz L N lh]s)
S
1 L 1
N}l Jsol _NU2'-JS-,./1 N}l- N]ll]3 JssJ2
" +1( ° )+s+1( )
R +1(N]l st Néln-.lsfll’ls))wjo]'mjx/\a)i
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lerl(N]l Jd . N2t il oL Tt 11/3)(0/1 LA
+ _1HNJ1 Md(0F k/\a),l,)+s+1N” Pd(0F ;1 A
ot 41—1le Md(ef A
= NI N“’n G N
+s41r1d(N/l Sk of jv/\a)jl,)—s—sild(N“ ook ©F i i N O)yi)
4+ j_ld(N“ Ple? N

S_lHd(N{,1 ’”)/\(o]‘; N0 — —sl-ld(Nh St )/\wﬁn N @i
—~~-—SJ1r1a’(Nfl NS S Ny,

where
Nél»-»jsi: 1 (le Jsit —&—N”z -Js» “—i—N“”3 thz_’_ —&—N“ Js— 1!13)

s+1
Computing 1-contact part of the right-hand side of equation (21), we obtain

0=po—1ip—pid(p’'—Jip)
=Ms;w "/\wo—pld(Nj’ia)J"/\a),»)
—MG ©° A @y +d;iNJ of Aw0+N”w;§/\w0

J1eeedssl J1eweJsol
s+1d“N Ao N/\a)o+ dN ANOF i Ny
——d, NP A 0f /\wo+—dN“ SN @ Aty
+1 72 J1j3--Jst J1J3--JsJ2
L N A wf QA T N A
s+l Js It Js— o s+1 °'° i eds—1ds 1 @05

hence the coefficients Mg, N and NJ ' must satisfy the conditions

Mg er,’Né =0,
23) diNy + Ny + md (NJ N =0, 0<|J|<2r—2,
Nél'"h’ —0.

From the second equation we express
Ny = —d;Ng — %dj(Né"' - Ng'),
and put these functions to the first equation of (23) to obtain
—did;N§ =0.

Note that the antisymmetric part of N vanishes because of the symmetry of d;d ;. We can repeat
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this procedure until we use the last condition ch;‘“'jz’ = 0. Finally we get
Ms;=0
hence py = I1p. Condition (20) now directly follows from (21). This completes the proof.

The preceding lemma gives us uniqueness of /;p. We extend the operator /;, acting on 1-
contact (n+ 1)-forms, to operator I that will be defined on k-contact (n + k)-forms. To this
purpose, we use inductive definition.

Let k > 1. Suppose p is a k-contact (n+ k)-form on J*'Y, and E,Z,,...,E; are arbitrary
7-vertical vector fields on Y. We define a k-contact (n + k)-form Ip on J* 'Y by

l]2r+]5k e lJZr+132112r+1311kp

L. . . . .
= % <l12r+13kl12'.+15k71 .. .l]2r+133lj21‘+1521k_1(lJr+lElp)
—lprg lprg, | --~lJ2r+IE3l]2V+lEIIk71(l]r+lE2p)
(24) - ij2r+13ki12r+15k_l cee l“]2r+131i‘/2r+1521k71 (ijr+133p)

- i]2r+]5kil2)‘+151 e l.12r+133 i12r+I521k_1 (i1r+15k71 p)
_i12r+131 i]2r+]5k71 e l._]2r+153i‘/2r+1521k71 (i]r+13kp)>
and a k-contact (n+k — 1)-form Jp on J*'Y by

iprg, - Lprg,lprg, JkP

L/, . . ; j
— _% (lferkljerk—l . lJ2rE3 l]2V52Jk71 (lJ’+lE] p)
—iprg, iﬂfEk_l g i Jie (ijr+152P)
(25) — iJZ’Ekifz"Ekq e iJZ’EI iJZFEZ‘Ik—l (iJ’“E'@p)

—lprg iprg, - lprg,iprs, Jie (iJrHE,H p)
iz ipr, | eipem i, i (i, p)) .
Finally, we define Kip by
(26) Kikp = p1dJip.

Now let 11 be an arbitrary (n+ k)-form on J'Y, k > 1. Using the previous definition of [ we
set

27) In =Lpin.
An R-linear mapping

(28) .7 : QW — Q2 W,

defined by (27), is called the interior Euler-Lagrange operator (cf. Anderson [1], Krupka and
Sedénkova-Volna [8], Krbek and Musilova [4]). The form .# 1 is called the canonical represen-
tative of 1.

For our proof of the main theorem, we need the following lemma.

Lemma3 Letk > 1. Let W CY be an open set in a fibred manifold Y. Suppose that an
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(n+k)-form p € Q! W is expressed in a fibred chart on W as

(29) p =d(Ad O N Ao Aay).

Then Sp =0.
Proof. We proceed by induction. First, let k = 1. By a direct computation, we have
p1p = —diALof Nwg—ALwf A awy.

Using definition (27) of ., and Lemma 1, (15), we obtain

7p =1(pip) =~ (h(dALGf A aw) + 11 (ALF A ov))

r_l P ..
==Y (-1)dd;, ...di,diAS*> " 0% Ay
s=0
" .. .
=Y (-1)did, ...d; AS* " 0 Ny = 0.
s=1

Suppose now .#p = 0 for every (n + k)-form (29), where k > 1. We show that the assertion

is valid also for (n+k+1)-forms. Let p € Q] ., W be of the form (29). Thus

_ Iy dgi 0 Ojet1 i
p=d(Ag ., 0 ASERRAY M A ;)

_ il o Ok+1 i Iy dgyyi o Ok+1 i
=dAg g 0 N AN T AN+ Ag] g d(op A A ey A a,

and for the (k+ 1)-contact component of p we get

Iy Diyqi
Prs1p = (*1)k+1diAol-1A k+11 w;]’l A A@PFT A @

<Ok+1 Tr i1
L. Ieyi
+ (D) (k4 DAgyey ol @ A O A A A a.
By definitions of .# and [ 1 (27), (24), it is now sufficient to show that for an arbitrary vertical
vector field E on Y, Iy (i;r+1z pr+1p) vanishes. Computing the contraction of (30), we have

. L. i = (e
iz pesap = (D (k4 1) dial 2 it E @ A Aopt Ay

Tit1
k+1 1112...1k+1l' =01 (e} Ok+1
+(=1) (k+1)A6102---5k+1“11iw12 ANRATARALY
k+1 L. Iyi O =0 03 Ok+1
(=) (k+ 1) A5, .01 w,I}A(kH,; ay, A.-~/\a>,k++1 ) Ay

Lib..[ i —
= (=D (k+ 1) di(Ag 0y 6l ER) 02 Ao Aaoptt Ay

k+1 Libhly.. 01l ) =0 0) 03 Ot 1
+ (=D (k+1)Ag 650500 KEL Op; A O, A Nay A
= piN,
where
_ grihbBe i oo o3 Ojet-1
n= d(A6263---6k+] w[z A w13 ASERRA wIk-H A wi)7
and
”1213...Ik+1i _ 111213"'1k+li TGI
A0203-~-<7k+1 - *(kJr 1)A01 0203...0p 11}

But by our assumption, .# 1 = 0 hence Ix(i;-r1zpr+1P) = Ik(prn) = 0, as required.
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The following theorem characterizes the main properties of the interior Euler-Lagrange ope-
rator .#.

Theorem 1 Let k > 1 be an integer. Let w: Y — X be a fibred manifold over n-dimensional
base X, and W C Y be an open set.

(a) For every p € Q[ W, I lies in the same class as (g2 1y p.

(b) The kernel of 9 : Q; (W — Qifle coincides with ®, W.

(¢c) S oI = .7 (up to the canonical jet projection).

Proof. (a) When it is obvious from the context, we omit pull-back of forms by the canonical
jet projection 7% +1"+1 We proceed by induction. If k = 1, then £ p —p € Gifll is straightfor-
ward from decomposition (14) and formulas (15) of Lemma 1.

Suppose that #p —p € Gzﬂjcl for some k > 1. We shall prove that the same condition holds
for k+ 1. Let p be an arbitrary (n+k+ 1)-form on W C J'Y. From definition (27) we have
P = Ii+1(pry1p). For an arbitrary m-vertical vector field E on Y, i;11zprs1pP is a k-contact
(n+ k)-form hence, by our assumption, ¥ (i;r+1zPk+1P) — iyr+1zPk+1P belongs to G),z:;lW; we
write

G Lliprizpen1P) = ipizPe1P + He,
where Uz € ®if:;{lW. Substituting (31) in the definition of I (24), we get for arbitrary 7-

vertical vector fields E1, %5, ..., Ex i1,

iJ2r+lEk+l . i12r+132i]2V+1511k+1 (pk+1p)

1 /. : . _ .
= m (ljZ)'+lEk+llJZr+lEk e l]2r+133lj2r+1Ezlk(lj;~+131pk+lp)
— i12’+|5k+1i12’+13k e i12r+153i12r+151Ik(i]r+l52pk+1p)

—lprig,  dprag, ey, i]2r+1521k(ijr+133pk+1p)

—ipriig,, ipeag, - cpeaggipeag, (i g, P p)

7l12r+151 lJZr-HEk e lJZr+IE3lJ2r+IEzlk(l]r+15k+lpk+1p))

1
= 7k+ 1 <112r+13k+1 lJ2r+13k A lJ2r+lE3l]2r+152(ljr+131pk+1p + ‘U,El)
- ljz;'+13k+] ler+IEk A lJZ;'+IE3lJZr+IEI (lj)'+132pk+]p + l'LEZ)
,ljzwlgkﬂljzrﬂgk...ljzr+131lJ2r+152(lJr+|33pk+1p+[.LE3)

—iprig,  iprig cdpragiprg, (irog, PP +uz,)
_iJZ)'+131i12r+lEk...ij2r+133i12r+132(ijr+13k+1pk+1p+l~LEk+|))

= 1J2r+|3k+1 ...l]2r+1321J2r+I31pk+1p + m <l]2r+IEk+1lJZr+lEk - l]2r+]33lj2r+152 (,ual)
_ i12r+|5k+1i12r+13k .. i12r+153i]2r+15] (.UEZ)

— l‘]2r+15k+l 112r+15k ... ljzr+131 lJ2r+152 (,l133)

— iJ2r+|Ek+1 iJZH'lE] e i]2r+133ij2r+152 (,quk)

—lpriig e, - lpeig e s, ("lEk+l )) s
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and consequently
iJ2r+|Ek+1 e i]2f+132i12’+|51 (Ik+1 (pk+1p) — pk+1p)

1 .
= m (lJZ)"+lEk+llJ2r+lEk s lpriggletiE, (,UEI)
(32) - ij2r+13k+l i12r+15k N l.J2r+lE,; ijZH»lEl (lJE2)
_l‘]2r+lgll‘]2r+13k...112r+1331_]2r+152(,uv5k+1)> .

Let &,...,&, € TJ¥*1Y be tangent vectors to J2"*1Y at a point x. Expressing the value of the
forms on both sides of (32) at x and &, ..., &,, we obtain

I 1 (Prs1P) = Pt P) (T B (1), T E (1), 61, En)

- (g, (P g S TR TP 6L )

2r+1m— 2r+1m— 2r+1m 2r+1m
_.LLEQ(J :’kJrlw] sy =3,J Hl’éla"')éh)

_u5k+1 (J2r+151 7J2r+lzk’ o 7‘]2r+133”‘]2r+1327él .. ~a§n)) )

(33)

It now follows that the (k+ 1)-contact part of the left-hand side of (33) vanishes, thus the (n+
k+ 1)-form Iy 1 (prs1p) — prr1p belongs to @ifkllW (up to the canonical jet projection). In

241V hence we conclude with #p —p €

addition to this, it is easy to see that px1p —p € 0,7,

2r+1
®n+k+1W‘

(b) Let p € Q; W be an arbitrary (n+ k)-form. From assertion (a) of this theorem we have
Ip—p¢€ @ifle. Suppose first that .#p = 0. Then it follows that —p € @if:;(l W. However, p
is defined on W" C J"Y hence by definition (2) of contact forms we get p € ©; , W.

Conversely, let p € ©; ,W. Then p is expressible as a sum of the following terms

L. dy iy .05 O Ofis
Ag, oy e A Aoyt Ay

O ...0k+s Ik .
(34) L. i1...ls 0 - Oy
1o dkts—1101 s 1 k+s—1 L
d(As ot ' ANy T AN, i),

where s = 1,2,...,n. The summands p of (34) for which p;ut =0, obey .# u = 0 directly from
the definition of .#. It remains to show that the condition .# 1 = 0 is satisfied also for terms of
the form

u=dAg ko A Ao Aay).

This was, however, already proved in Lemma 3. Thus, the kernel of .# coincides with the space
of contact forms @), W
(c) Finally, we show that .# has the property of a projector, up to a lift of the canonical

jet projection. From (a) we have #p —p € ®i:j('W, and property (b) of this theorem implies

I (Fp —p)=0. From linearity of .# we conclude that .#(.#p) — .#p = 0 for every p €
Q) W. This means that .¥ 0 .¥ = .¥.

Remark 1 Theorem 1, (b), implies that the image of Q) W by . : Q] W — Qﬁfle

is canonically isomorphic with the quotient group Qrzlf:;{lW / @ifle. If p € Q) W, then the

class [p] € Qﬁi‘;lW / ®,§fklw in the variational sequence can be identified with the globally de-

fined differential form .#p. However, it may happen that a class of p € Q7 W, an element

of Q; W/@; W in the variational sequence of order s, s < 2r+ 1, is not a globally defined
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differential form (for an example, see [7]).

Remark 2 Instead of inductive definition (24) of operator I, it is also possible to use an
equivalent definition by means of the operator I;.

Let k > 1. Let p be a k-contact (n+ k)-form on J'*'Y, and Z,,%,,...,E; be arbitrary z-
vertical vector fields on Y. We define a k-contact (n -+ k)-form Ip on J>+1Y by

l]2r+15k .. .lJ2r+1E2112r+1511kp = % (l]2r+15k11 (l]r+15kill]r+15k72 .. .lJr+153l]r+1EZZJr+IElp)

— l‘]2r+13k71Il(ljr+15kl‘]r+15k72 .. .ljr+153ljr+lazljr+151p)

— lJZHIEk—ZII (lJrHEk—llJrHEk e lJr+IE3l]r+15211r+lglp)

- l]2r+132]1 (l]r+l~ l]r+15k_2 S ljr+133ljr+15kljr+151p>

Zk—1

_lJZH»IEIIl (l‘lr+13k—l l‘lr+13k72 e ljr+lEler+lzzljr+lEkp)) .

4 Examples

We conclude this paper with two examples of canonical representatives of differential forms,
canonically isomorphic with classes in the variational sequence, well-known in the calculus of
variations. From the variational sequence theory we observe that classes of forms represent La-
grangians (n-forms), Euler-Lagrange expressions ((n + 1)-forms), Helmholtz variationality con-
ditions ((n + 2)-forms), etc.

At first, consider a Lagrangian A of order r on J'Y, given in a fibred chart by A = £ @y on
J'Y. A represents the class of a 1-form (the Lagrange class), defined by its horizontal component.
We find the canonical representative of the (n+ 1)-form dA. By our definition of .#, we compute

0.7

— =  w°. .
No . w/uzmn) A @,
J1jae-di

pi(dA) = pd L Nay = (l;)

and obtain by Lemma 1, (15), the Euler-Lagrange form of dA,
35) f(dl) =1 (pldl) = E(;(g) o0® A ay,

where

4 / 1<
(36) Eo(Z) =) (=1)'d;id), ... djy 57—
=0 Yiviaewii
The mapping assigning to the Lagrange class its Euler-Lagrange expressions (36) represents the
well-known Euler-Lagrange mapping.

Let € be a 1-contact, 7%-horizontal form on J'Y (called the source form), an element of
image of the Euler-Lagrange mapping. In a fibred chart (V,y), v = (x/,y°), € is of the form
£ =¢g,0" A @y. We have

r

pade = Z % wj({jz-u.il NoY A .

1=0 9V j1 jo-wei

By the definition of the operator Lp (24), for arbitrary m-vertical vector fields E;, E; on Y we
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get

, . L. . . .
l‘]2r+1321‘]2r+13112p = E(l]ZrJrlEZIl (l]r+131p) _l]2r+15111 (l]r+132p))-

Hence, we obtain a chart expression of I (pade) of the form

/(dE) = Iz(pzdg)
1 L
2 Z Hyg™ % (€) wﬁjz---jk NoY A,
k=0
where

(37

fa dey des ! p &g
Hyg> M) = 55—~ (-)'s5———= Y, (=UD"( )djr, djsr-dj, 57—
ayjljz~~~jk ayjl/'zmjk p=k+1 k ! ayjljz.‘.jp

J(de) is a globally defined object in the variational sequence, called the Helmholtz form,
\V)vith coefficients (37), the Helmholtz expressions (cf. Krupka [9], Krbek and Musilova [4],
Sedénkova-Volna [12]).
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