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Introduction

We deal with parameter invariant variational functionals on the
manifold of 1-velocities T'Q of a smooth manifold Q, which are
also SO(3)-invariant.

We explicitly describe Lepage forms on T'Q serving as an
integrand in variational functionals.

Corresponding conservation law equations are discussed and
illustrated by an example.



Preliminaries: fibored mechanics

Y afibred manifold with 1-dimensional base X and projection =
dmY =m+1
J"Y  r-jet prolongation of Y, set of r-jets of sections v of =



Preliminaries: fibored mechanics

Y afibred manifold with 1-dimensional base X and projection =
dmY =m+1
J"Y  r-jet prolongation of Y, set of r-jets of sections v of =

The canonical jet projections
aJY = X, 7'(Jdyy) = X,
alS JY = J°Y, 7hS(Jpy) = Jiy



Preliminaries: fibored mechanics

Y afibred manifold with 1-dimensional base X and projection =
dmY =m+1
J"Y  r-jet prolongation of Y, set of r-jets of sections v of =

The canonical jet projections
aJY = X, 7'(Jdyy) = X,
alS JY = J°Y, 7hS(Jpy) = Jiy

r-jet prolongation J"v of ~ is the mapping
Xox—=Jy(x)=JdpyedY



Denoting 7(V) = U and V" = (z"%)~1(V) for an open subset
V of Y, any fibred chart (V, ), ¥ = (t,y?), on Y, induces the
associated charts

(U, p), ¢ = (1), 0n X,

(VI yh), " = (t,y(‘()),ya),y(‘z), . ,y(‘r)), on J"Y, where

Vi (57) = D°(y7 e )(e(x)), 0<s<r, 1 <o <m.
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Denoting 7(V) = U and V" = (7"9)~"(V) for an open subset
V of Y, any fibred chart (V, ), ¥ = (t,y?), on Y, induces the
associated charts

(U, p), ¢ = (1), 0n X,

(VI yh), " = (t,y(‘()),ya),y(‘z), . ,y(‘r)), on J"Y, where

Vi (57) = D°(y7 e )(e(x)), 0<s<r, 1 <o <m.

For lower dimensions we use a modified notation; e.g. if r = 2:
V2= (ty7, 7, 5°).

A tangent vector ¢ at a point y € Y is said to be w-vertical, if
Tn(¢) =0.

A differential form p on Y is said to be w-horizontal, if for every
point y € Y the contraction i¢p(y) vanishes whenever { € T, Y
is a w-vertical vector.
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Horizontalization of forms

Let kK > 1. For any open set W C Y, we denote by
QoW the ring of smooth functions on W',

QW  the QyW-module of smooth k-forms on W’

Q xW  the submodule of <} W of n"-horizontal forms.

A morphism of exterior algebras h: Q; W — Qﬁ)} w
hf =forx™"  hdt = dt, hdy(y = ¥(i+1ydt,

where f : V' — R is a function; h the w-horizontalization.

A vector field £ on Y is said to be m-projectable if there is a
vector field £, on X such that Tmo & = &y o .
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Contact forms

A form p € Q; W is contact, if hp = 0.

1-forms

W =dy — yodt, o =dy° — jedt,
are examples of contact forms on V2 c J2Y.

Aform p € Q}(W has a unique decomposition

(7)o = hp+ p1p + Pap + - ..+ Pkp,

in which pgp contains, in any fibred chart, exactly k factors
w?,we.

If k =1, then (z*1")*p = hp + pip,

if Kk =2, then (Trr'H’r)*p = p1p + P2p.

We say that p is of order of contactness k, if (z/*17)*p = pyp.
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Variational functional

By a Lagrangian of order r for Y we mean a 1-form A € Qf , W.
In fibred chart (V,¢), V.C W,

A= Ladt.
L : V" — Ris the Lagrange function.

For any piece Q2 of X with boundary 02, A gives rise to the
variational functional

rQYB’Y'—))\Q(’V):/Jr’Y*AER, (1)
Q

where I'q Y is the set of sections of Y, defined on Q.
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Variation of the variational functional

Let V C Y be an open set, o : V — Y an automorphism of Y,
U=mn(V),andlet op : U — X be the projection of a. Setting for
every Jiy e V',

J () = Jcryo(x)(a’70461 ):

we obtain the r-jet prolongation J"«av : V" — J'Y.

Choose v € T'qY and a w-projectable vector field = on Y with
flow a¢, and consider the variation ~; of ~, induced by =. We get

(—€,e)>t— )\a(o)t(Q)(awa(_O;t) = /QJr'y*Jra}k)\ € R.

Differentiating this function at { = 0 we obtain

(Or=Na(y) = /Q TN = @)

The number (2) is the variation of \q at +, induced by =.
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First variation formula

We say that a form ©, € QW is a Lepage equivalent of A on
W' c J"Y, if the following conditions are satisfied:

(@) h©y = (75*17)*\, and
(b) hicd©, = 0 for every =50-vertical vector field & on WS.

If ©, € QW is a Lepage equivalent of a Lagrangian
A€ Qf W, then

/Jr’y*aJrE)\:/JS’y*iJsEd@)\+/ JS’}/*I'JSE@)\.
Q Q o0

Theorem. For any Lepage equivalent ©, € QSW of a
Lagrangian A € Qf , W,

Jr’}/*aJrE)\ = JS’Y*iJSEde)\ + diJSEJS’Y*e)\.



Lepage equivalent of a Lagrangian

Theorem. Every Lagrangian \ € Q] , W has a unique Lepage
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Lepage equivalent of a Lagrangian

Theorem. Every Lagrangian \ € Q] , W has a unique Lepage
equivalent ©,. If in a fibred chart (V 1/1) v=(ty?), \is
expressed as \ = Ldt, then ©) € Q‘ W and has an expression

oL
©, = Ldt + (T}ﬂfw

Theorem. Let W C Y be an open set, let A € Ql,xW be a
Lagrangian. Then the form d©, has an expression

(721)*dO) = E\ + F,
where E), = E,(L)w? A dt with

oL d oL

FoAL)= By ~ Gtaye

and F, is of order of contactness 2.



Extremal of a variational functional

Theorem. Let )\ € Q] XW be a Lagrangian, ©, the Lepage
equivalent of A\, and ~ a section of Y. The following conditions
are equivalent:

(a) v is an extremal of \.

(b) For any fibred chart (V, ), v = (t, y?), v satisfies the
system of partial differential equations

E,(L)oy=0, 1<o<m (4)

Equations (4) are the Euler-Lagrange equations.
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W" c J"Y. Consider an automorphism o : W — Y of Y, and its
prolongation J"« : W' — J"Y. We say that « is an invariance
transformation of \ if J"a*\ = .

The generator of invariance transformations of A is a
m-projectable vector field on Y, whose one-parameter group
consists of invariance transformations of .
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Invariant Lagrangians

Let W C Y be an open set, let A be a Lagrangian defined on
W" c J"Y. Consider an automorphism o : W — Y of Y, and its
prolongation J"a : W™ — J"Y. We say that « is an invariance
transformation of \ if J"a*\ = .

The generator of invariance transformations of A is a
m-projectable vector field on Y, whose one-parameter group
consists of invariance transformations of .

Lemma. A 7-projectable vector field = on Y generates
invariance transformations of a Lagrangian A for Y if and only if

8= = 0. (5)

Theorem. Suppose that a Lagrangian A is invariant with
respect to a m-projectable vector field =. Then for any Lepage
equivalent p of order s of A and any section ~ of Y

JS’Y*iJsEdp + dJS’}/*iJsEp =0. (6)



Noether’s theory

Theorem. (First theorem of Emmy Noether) Let A € Qf , W be
a Lagrangian, p a Lepage equivalent of A defined on JSY, and
let v be an extremal. Then for every generator of invariance
transformations of A

dJS’}/*I'JsE,O =0. (7)



Noether’s theory

Theorem. (First theorem of Emmy Noether) Let A € Qf , W be
a Lagrangian, p a Lepage equivalent of A defined on JSY and
let v be an extremal. Then for every generator of invariance
transformations of A

dJS’}/*I'JsE,O =0. (7)

The function iys=p is called a conserved current for a section
v e rQ(ﬂ').
Formula (7) is called conservation law equation.
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Manifolds of regular velocities

Q asmooth manifold of dimension m

T'Q the set of r-jets Jj¢ with source 0 € R and target
¢(0) € Q, r-velocities

canonical projection 7" : T"Q — Q, 7"(J{¢) = ¢(0)

T Q with its canonical smooth structure is referred to as the
manifold of r-velocities.

ImmT"Q the open subset of T"Q, consisting of r-jets whose
representatives are immersions at 0 € R

elements of the set ImnmT"Q are called regular r-velocities
ImmT'Q coincides with the slit tangent bundle of Q



Parameter invariance

F:ImmT7'Q — R afunction
S c R acompactinterval

¢ : § — Qan immersion
These data define the integral
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ImmT"Q, and tr; is the translation s+~ s+t of R.



Parameter invariance

F:ImmT7'Q — R afunction
S c R acompactinterval

¢ : § — Qan immersion
These data define the integral

Fe(¢) = /s (Fo TO) (et ®)

where T"((t) = J§(¢ otrt) is the canonical lift of the curve ¢ to
ImmT"Q, and tr; is the translation s+~ s+t of R.

We say that the integral (8) is parameter-invariant, if for any
curve ¢ : S — Q, any open interval / ¢ S and any
diffemorphism p : J — [/, such that u(J) =1 and Dy > 0,

Fi(¢) = Fy(Cop).



Positive homogeneous functions

Theorem. Suppose that the function F : InmT2Q — Ris
differentiable. Then the following two conditions are equivalent.
(a) Integral (8) is parameter invariant.

(b) For any chart (W, x), x = (¥?),on Q

oF . oF .. oF .
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Condition (9) is called the Zermelo condition.




Positive homogeneous functions

Theorem. Suppose that the function F : InmT2Q — Ris
differentiable. Then the following two conditions are equivalent.
(a) Integral (8) is parameter invariant.

(b) For any chart (W, x), x = (¥?),on Q

oF OF oF

957 Y +28yoy =F, a7V =0. 9)

Condition (9) is called the Zermelo condition.

A function F satisfying the condition (9) is called positive
homogeneous.
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Setting
Y=RxQ,

one can consider variational problems on ImmT"Q as a special
case of variational problems on fibred manifolds.

Sections t — ~(t) of Y are canonically identified with curves
t— ((t)in Q, where ~(t) = (¢, ¢(1)).

Then the r-jets J{ are canonically identified with the pairs
(£, T"¢(t)) € R x T"Q; thus,

JY=RxTQ (10)
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Lepage forms on ImmT'Q

We say that p on ImmT'Q is a Lepage form, if p is a Lepage
formon J'(R x Q).

Inachart (W', x"), x" = (y?,y?), on T'Q, arbitrary 1-form is
expressed by
p=A.dy’ + B,dy°, (11)

where A, B, are functions on ImmT'Q.

Theorem. Suppose p is 1-form on ImmT'Q, in a chart
expressed by (11). Then p is a Lepage form if and only if

oA, B\ ., . 0B, 9B,
(G )7 =0 Gy ge=o w2



Solution of the system (12)
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for some smooth functions P, Q, on ImmT'Q depending on
(y*,y"), and (y*), respectively.



Solution of the system (12)

0P oP

AU = (o) Bo— = S
ayo' + Q 8y0’

(13)

for some smooth functions P, Q, on ImmT'Q depending on
(y*,y"), and (y*), respectively.

Theorem. Let p be a Lepage form InmT'Q, in coordinates
expressed by p = A,dy? + B,dy?, where A,, B, are given (13).

If P satisfies
oP ..

aya-y - 0?

then £ determined by hp = Ldt is positive homogeneous
function on ImmT2Q.
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Action of a Lie groupon T'Q

Let
»:GxQ—Q, (9,9)— P4(q)

be a left action of a Lie group G on a smooth manifold Q.

For g € G we define
To,: TQ — TQ

by
Tog(&) = (TaPg)(8),

where { € T;Q, g € Q.

Thus we have a left action of Gon T'Q = TQ

O GxT'Q—=T'Q, (g,6)— Tdg(€).
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Now consider Q = R® and G = SO(3).

The special orthogonal group SO(3) of R3 consists of
orthogonal matrices with determinant +1 representing rotations
of R3 around a point (0,0, 0).

Such rotations are generated by the set of rotations around the
axis x, y, z of the canonical frame in R3.

Our aim is to determine all SO(3)-invariant Lagrangians
A= Ldton R x ImmT'R3 with £ defined on ImmT'RS.

According to the corresponding invariance theory, equivalently
we find functions £ on ImmT'R? satisfying
0=L =0, (14)

where = is any generator of the action of SO(3) on InmT'R®.
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Generators of the action of SO(3) on R3

The generators of rotations around the coordinate axes z, x,
and y in canonical coordinates on R®

8 0 0 0 0 0

&= Xoy Yox " Yoz %oy M T %ox Yoz

In the first spherical chart (V, ¥) on R3, where
V=R3\{(x,y,2) e R®|x >0,y =0}, W = (r,p,0), defined by

X =rcospsintg, ¥y =rsinpsind, Z=rcosd,

we have

9 = —cos cotﬂg— [
8907 77_ SO

&= sin g
- 8, "Yag

= —sin cot19i + cos g



SO(3)-invariant functions on ImmT'R3

- any solution £ of the system
9@L=0, 0,L£=0, 9uL=0, (15)

where &, 7, 1 are complete lifts of &, 7, 1, respectively, to T'R3

: 0
5_%7
) = — CoS cotﬂi—sin ﬁ
.Ccosy ., 0 . 0
+ <Q9Sin20 + <psm<pcot19> % — cpcos<p£,

L = —sin cotﬁi—kcos g

. sin ) 0 .. 0
+ (9 —pcospcoty | — — Psinp—
( sin2g 0% )390 [T




Let us denote V' = (1)~ (V); V' c ImmT'R3.

Theorem. Every SO(3)-invariant function on V! is a smooth

function of r, F, w, where w = /92 + ¢2 sin® ¥.



Let us denote V' = (1)~ (V); V' c ImmT'R3.

Theorem. Every SO(3)-invariant function on V! is a smooth

function of r, F, w, where w = /92 + ¢2 sin® ¥.

Theorem. Any positively homogeneous SO(3)-invariant
function £ on V' is of the form

) r
=wf — .
L(r,r,w)=w <r, W)
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Example

A= Ldt, L£=w?=192+¢?sin?9, onlmmT'R3
Hilbert form  ©) = 202dv + 24 sin® ¥dyp
i:©, ... psin®Y =const  corresponds with E, (L)

3

i5©n, 120y ... V% + $?sin? 9 cos? ¥ = const
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