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LECTURE

The Equivalence Principle




General Relativity is a theory of gravity,
formulated by Albert Einstein between
1907 and 1915, where the spacetime
geometry is dealt with the same standard
of dynamical variables. The physical basis
of the theory is the Equivalence Principle



§

§

§

Gravity and Acceleration

Einstein has an extraordinary intuition

He said: «The happiest thought of my life!»

The effects of the acceleration are indistinguishable
from the effects of gravity!

A traveler far away from any gravitational field moves along a straight line.

A traveler in acceleration is like one that locally “feels” the presence of
gravitational field.

Locally, acceleration is equivalent to a gravitational field!

This is an extension of the Galileo Equivalence Principle

m; =mg



Gravity and Acceleration

Einstein does not interpret the gravitational field as due to an
effective force field, but to the curvature of spacetime.

Inertial observers move always along the shorter spacetime
lines (geodesics), but the results of the measures differ from
those envisaged by the Euclidean geometry, due to the intrinsic
curvature of spacetime, caused by the presence of gravitational
masses.

The gravitational action, for example, by the Sun or by the Earth
is performed not through the 'physical action’ on material bodies,
but in the form of a modification of spacetime geometry.

The changes induced by the presence in space of gravitational
masses allow us to interpret geometrically the gravitational
interaction.

This is an effect due to the Equivalence Principle

The geodesic structure and the metric structure of spacetime
coincide!!!




The Equivalence Principle

Let us consider the motion of a non relativistic particle moving in a constant gravitational field.

According to the Newtonian mechanics, the equations of motion are

dQﬂ'

( : 3 forces acting on the particle
dtQ mGg + Z g P

Let us make the following coordinate transformation

— — !
T =T — —gt* t' =t
In this new reference frame, it is
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my [d2 +g] = mngrZFk

Since the Equivalence Principle m = m¢, and since this is true for any particle, it is
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The Equivalence Principle

An observer O, in free fall in a gravitational field, feels the same laws of physics as an
observer O’ which is not in a gravitational field

This result follows from the equivalence, experimentally tested, of the inertial and gravitational
mass.

* If m, were different from mg, or if their ratio were not constant and the same for all
bodies, this would not be true, because we could not simplify the term in g in the
above equation

* |f g were not constant, the equation would contain additional terms with derivatives of g.

 However, we can consider an interval of time so short that g is constant and equation
holds.

e Consider a particle at rest in this frame and no force F , acting on it. Under this
assumption, according to the above equation, it remains at rest forever

* Therefore we can define this reference frame as a local inertial frame (LIF).

* |f the gravitational field is constant and unifom everywhere, the coordinate
transformation defines a local inertial frame that covers the whole space-time.

« If this is not the case, we can set up a LIF only in the neighborhood of a given point.




The Equivalence Principle

 Gravity is different from the other interactions since all
bodies, given the same initial velocity, follow the same
trajectory in a gravitational field, regardless of their internal
constitution.

* This is not the case, for example, for Electromagnetism which
acts on charged but not on neutral bodies, and, in any
spacetime event, the trajectories of charged particles depend
on the ratio between the charge and the mass, which is not
the same for all particles

* Similarly, other forces, like the strong and weak
interactions, affect different particles differently!



The Equivalence Principle

The covariant derivative of g ,, is always zero if EP holds

Juvia =

it follows that

gﬁﬁ!“ = gﬂ'.'ﬁ?#' I FZ#QHIS . E“g{gy — U.

therefore , ,
Gapu — Fa“guﬂ + Fﬁﬁg&y-

Let us now consider the following equations
o8 = LapGuu + 1 a900,

_gﬁp,a — B Ea.gup = angﬁua

we have
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where we used  g.3 = 9pa



The Equivalence Principle

Since the connections are symmetric in 8 and v, it follows that

L

Jas,u i Jau,p — Y8p.a — 21—‘}3;590511

If we multiply by g’ and remember that since g “¥ is the inverse of g,

—~

oy
g ’ng} — O;I:

we finally find i

T}” = 59&7 (ga,ﬁ,u T Jap,3 — gﬁ%&)

This expression allows to compute the affine connections in terms of the
components of the metric. It holds thanks to the Equivalence Principle.

Causal Structure coincides with Geodesic Structure



The Equivalence Principle

Two formulations:

§ The Strong Equivalence Principle: In an arbitrary gravitational field, at
any given spacetime point, we can choose a local inertial reference
frame such that, in a sufficiently small region surrounding that point, all
physical laws take the same form they would take in absence of gravity,
namely the form prescribed by Special Relativity.

§ The Weak Equivalence Principle: The same as before, but it refers to
the laws of motion of freely falling bodies, instead of all physical laws.

The previous formulations of the Equivalence Principle resembles to the
axiom that Gauss chose as the basis for non-Euclidean geometries, namely:
for any given point in space, there exists an Euclidean local reference frame
such that, in a sufficiently small region surrounding that point, the distance
between two points is given by the Pythagoras theorem.



The Equivalence Principle

The Equivalence Principle states that in a local inertial frame all laws of physics must
coincide with those of Special Relativity, and consequently, in this frame, the distance
between two points must coincide with the Minkowski metr icC

ds® = —2dt? 4+ da? + dy® + d2? = —(d€°)% 4 (d€Y)? + (d€2)? + (de3)?

We therefore expect that the equations of gravity will look very similar to those of the
Riemann geometry

In particular, as Gauss defined the inner properties of curved surfaces in

terms of the derivatives 9§ %/0x, where §“ are the “locally Euclidean coordinates” and x , are
arbitrary coordinates, in a similar way, we expect that the effects of a gravitational field will
be described in terms of the derivatives 0§ %/0x, where now &% are the “locally inertial

coordinates”, and x, are arbitrary coordinates.

All these facts follow from the Equivalence Principle



The Equivalence Principle

We need to investigate the EP for:

§ discriminating among theories of gravity
§ its validity at classical and quantum level
§ investigating geodesic and causal structure

§ the Schiff Conjecture: WEP, LLI, LPI hold at the same time

15



The Equivalence Principle

The SEP extends the Einstein EP by including all the laws of physics in its
terms:

§ WEP is valid for self-gravitating bodies as well as for test bodies
(Gravitational Weak Equivalence Principle);

§ the outcome of any local test experiment is independent of the velocity
of the free-falling apparatus;

§ the outcome of any local test experiment is independent of where and
when in the Universe it is performed.

The SEP contains the Einstein Equivalence Principle, when gravitational
forces are neglected.

16



The Equivalence Principle

Many authors claim that the only theory coherent with the SEP is GR

An extremely important issue is related to the consistency of
Equivalence Principle with respect to the Quantum Mechanics .

Some phenomena, like neutrino oscillations could violate it if induced by
the gravitational field.

GR is not the only theory of gravitation and, several alternative theories of
gravity have been investigated from the 60’s, considering the space-time to
be “special relativistic” at a background level and treating gravitation as a
Lorentz-invariant field on the background.

17



The Equivalence Principle

Two different classes of experiments have to be considered:

§ the first ones testing the foundation of gravitation theory (among them the
EP)

§ the second ones testing the metric theories of gravity where space-time is
endowed with a metric tensor (EP could be violated at quantum level).

For several fundamental reasons extra fields might be necessary to describe
the gravitation (e.g QG at UV scales or DM and DE at IR scales, e.g. scalar
fields or higher-order corrections in curvature invariants.

18



The Equivalence Principle

Two sets of equations can be taken into account:

§ The first ones couple the gravitational fields to the non-gravitational contents
of the Universe, i.e. the matter distribution, the electromagnetic fields, etc...

§ The second set of equations gives the evolution of non-gravitational fields.

Within the framework of metric theories, these laws depend
only on the metric: this is a consequence of the EEP
and the so-called "minimal coupling”.

 We do not know if EP holds at quantum level
 We do not know if the Schiff conjecture always holds

19



LECTURE

A geometric excursus

20




Open Charts:

The same point (= event) is contained in more than one open
chart. Its description in one chart is related to its description in
another chart by a transition function

21



Gluing together a Manifold: the example of the sphere

Stereographic
projection
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The transition function
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Differentiable structure

Definition 2.3 << Lei M be a topological Housdorf spare. A differentiable strue-
ture of dimension m on M ir an atles A = |4 (Ui, 1) of open charts (U7, o)
where Wi € A, U, C M i an open subset and

e 1 Uy =+ @{Uh) CRT (2.5)
it & homeomorphism of U, in B namely & conbineous. snverdsble map onido an
open subset of B™ such that the snverse map

e i) = Ui C M (2.6)
is also continuous (see fig.1). The atlas must fulfdl the following azioms:

My R eovers M. namely
2.7)




Differentiable structure

s that each point of M is contained ai least en one chert and genereally in
more than one: Ype M — 3 (U, ) fpe UL

My Chosen any two charts (U, @), (U, p;) such that U; M U; # 0 on the dnter
section

Uy = U ﬂ U (2.8)
there exist twn homeomorphisms:
i 2 Uy [ Uy = pu(Uy) C BT
o 0 Uy (U = 03 (Ug) CR™ (2.9)
and the composde map:
Wiy = pj o P
vy oedUy) CRT =+ (U] CRT (2.10)

named the transition funclion whick is actvally an m—iuplet of m real funclions
of m veal variahles is requesied io be differentiable (see fig.2)

M; The collection ([F;, @) ica 16 the mazimal famdy of open charis for which both
M, and M, hold irue.

e



Manifolds

Definition 2.4 << A differentioble manifold of dimension m is o
topologicnl space M thal admils ol lenst one differentinble structure
(Ui, @i);eq of dimension m. >>

The definition of a differentiable manifold is conatructive in the sense
that 1t provides a way to conatruct it explicitly. What one has to do ia
to pive an atlas of open charta (U5, ;) and the corresponding transition
tunctions 4;; which should satisfy the necessary consistency conditiona:

Vi, 7 Wi = Vi
Vi, j,k Pig 0 Yyp 0Py = 1
In other words a general recipe to conatruct a manifold i to specify the

open charts and how they are glued topether. The properties asaipned
to a manifold are the properfies fulfilled by its fransition functions. In




Tangent spaces and vector fields

In a neighborhood [/, of each point p € M

we consider the curves that go through p Fhedlsmniimnacs Syl T & e

VpeM:p—= T,M dmT,M = m Under change of local
coordinates

T, M parametrizes the possible directions

in which a curve starting at p can depart. ' = z" (y) 5 y" =y (z)
= — oy” ] ]
ty = ¢ Dt L LM ’ ozt ) Oy* dy™
A tangent vectoris & 1 " (63’“)
order differential operator oz y




A vector field is parallel
transported along a
Para I Ie' Tra nSPO rt curve, when it mantains
a constant angle with

rX (f ’) the tangent vector to
the curve

A v 4
D >
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Parallel Transport

« Two lines which start parallel do not
remain parallel when prolonged on
a curved manifold:

« Let us consider two
segments in A and B,
perpendicular to the
equator, i.e. parallel.

« The same lines when
prolonged do not remain
parallel.

What happens when we parallel
transport a vector along a path?



Parallel Transport

Parallel Transport means that for each infinitesimal displacement, the
displaced vector must be parallel to the original one, and must have

the same length.
Let us consider first the case when the path belongs to a flat space

a) Flat space

/ \ When we return to A, the displaced
vector coincides with the original vector in A

l B

- N

b) On a sphere

C When the vector goes back to A,

it is rotated by 90 degrees. This is
a consequence of the curvature of
the sphere.

On a curved manifold, it is impossible to define a globally parallel vector
field. The parallel transport of a vector depends on the path along which

it is transported.



Parallel Transport

Let us now compute how a vector changes when it is parallel transported
Consider a curve of parameter A and a vector field V defined at every point of the curve

Be U — {% the tangent vector to the curve

At every point of the curve, we can choose
ﬁ- a local inertial frame {%}.

In this frame, if we move V along the curve of an
infinitesimal dA, parallel to itself and keeping its

— -

V length unchanged, its components do not
change
A
dV < AV d&-d o .
But ——=—F——=U"P* 53 =)
d\ 98 d\ *

Since we are in a local inertial frame, ordinary and covariant derivative coincide and
therefore we can write

Berar If this equation is true in a local inertial frame, since it is
U”V®.3 =0 atensor equation, it must be true in any other frame

This is the frame-invariant definition of the parallel transport of V
along the curve identified by the tangent vector U.



Parallel Transport

The above equation is written in terms of the components of V and U ; if we want to
write it in a frame-independent form, we shall write

—

V{?L —
which means that the covariant derivative along the direction of the vector U is zero.

Written explicitly for a generic reference frame with coordinates*{xit gives

(VaV)" =UPVey
dxP !dVD‘

B _dve
d\ | 0P

ra, yv| — re. vrys — o
T ] TR

Thus, contrary to what happens in flat space, the components of a vector parallel
transported along a curve in curved space do change, and the change is given by

dve

—— rﬂf 1/ L”j {T'B ‘
d\ B




Parallel Transport and Geodesic Equation

A different derivation of the geodesic equation makes use of the notion of covariant
derivative

Let us consider a “free” particle, with worldline!(x ) and four-velocity (i.e. tangent
vector to the worldline) U = d¥/dt

By the Equivalence Principle, at any point of the worldline, we can define a local inertial
frame {%}, where the laws of Special Relativity hold; then, in this frame, the particle four-
acceleration is zero, i.e.

dU*  dz* oU¥

o == ra’ Uﬂ’ A
= == P
dr dr Oz e

In a local inertial frame, ordinary and covariant derivatives coincide, thug* U" , =0

This is a tensor equation, and the covariance principle establishes that it holds in any
coordinate frame; therefore, in a generic frame, we can write e — 0
JF =

|ndeed U@ U"u' - — UQLLU,EO: + UQ‘F,LL aﬁUﬁ

2 3
by substituting Y= d*/dt this equation becomes y | o2 TH dz® dr




Parallel Transport and Geodesic Equation

The parameter along a geodesic needs not to be the proper time.
Be s the new parameter chosen to parameterize the geodesic. Since

d _ d dsl T and s are affine parameters
dr  dsdr
then |
>z~ |dr* dx” s, (ds\’| dz®
+ I w - = —/ I
ds? 1 ds ds dr?/ \dr ds

From this equation, we see that the new curve is a geodesic, only
if the new parameter is related to the proper time t by a linear

transformations s=al+b, a, b = const

In this case, the right hand side of the above equation vanishes

This equation has a more general validity since a geodesic can be either
timelike, spacelike or null

Thus, a curve C with tangent vector U is a geodesic iff VU =0

For this reason we say that:
geodesics are those curves which parallel-transport their own tangent vectors



The difference between flat and curved manifo

In a flat manifold, while
transported, the vector
IS not rotated.

In a curved manifold it is
rotated:




What are the straight lines?

They are the geodesics, curves that do not change length under

small deformations. These are the curves along which we have
parallel transported our vectors

Q2 On a sphere
geodesics are
maximalcircles

In the paralleltransport, the angle with the
tangent vector remains fixed. On geodesics

the tangent vector is transported paralldio
itself.



Connection and covariant derivative

A connection is a map

'! !/ 44 \v/./ 44 ' ./ 44

. v T M ~SRm From the product of the
5 R P tangent bundle with itself to
> W the tangent bundle
' R A X\, with defining

ST rewe—l properties:

@!,("+#)=! "+ ,# @ (14 )#:! AL H
@' (/,,)#z VL # @  ("H)=! [’ ]#+." éé#



In a basis...

If one has a basis of tangent vector fields {?“} such that any vector
field 1s written as:

X = X*z) 2,
then the connection is defined by giving its coeflicients:

V_e’#?v =p

Correspondingly we obtain:

V?v? = (V,X") ¥,
VX" = §,X° —T* X°

This defines the covariant derivative of a (controvariant) vector



Torsion and Curvature

/(’#! )"v’”‘v’ 4 [”#] Torsion

Tensor

/('#!$! ):!!,, ,S VI ~$V!["#]$

Curvature

In @ basis we obtain: Tensor

i — T T
Th = I —T%

i _ i i [T ol [T Rl

The Riemann curvature tensor 38



To see the real effect of curvature we must
consider the parallel transport along loops

After transport along a loop,

the vector does not come
back to the original position
but it is rotated of some angle.




If we have a metric........

An affine connection, namely a rule for the parallel transport

can be arbitrarily given, but if we have a metric, then this induce
a canonical special connection:

THE LEVI CIVITA CONNECTION

The Levi Civita connection is determined by
requirement that:

[:} — V}r}g’uy
0 = Tf,‘;fr = I‘;‘;U — F;_,‘;p

This connection is the one which emerges from the
variational principle of geodesics!

40



Now we can state the.......

Appropriate formulation of the Equivalence

Principle:

Atanyevent "! |/ of space-time we can find a reference
frame where the Levi Civita connection vanishes at that point
Such a frame is provided by the harmonic or locally inertial

coordinates and it is such that the gravitational field is locally

removed. Yet the gradient of the gravitational field cannot be
removed if it exists.

In other words curvature can never be removed, since it is a
tensor

41



Specifically: Harmonic Coordinates and the
exponential map

VL 1!

Follow the geodesics
that admit the vector
v as tangent and
passes through p up
to the value t=1 of
the affine parameter.
The point you reach
is the image of vin
the manifold

HSOMW L L L

are the harmonic
coordinates

42



A view of the locally inertial frame

The geodesic equation, by ./ '
definition, reduces in this frame — = '
to: P




LECTURE

The debate on Theories of
Gravity




The physical world of General Relativity

Physics

Geometry

The when and the where of any
physical phenomenon constitute an
event.

The set of all events is a continuous
space, named space-time

Gravitational phenomena are
manifestations of the geometry of
space-time

Point-like particles move in space—

time following special world-lines
that are “straight”

The laws of physics are the same for
all observers

An event is a point in a topological
space

Space-time is a differentiable
manifold M

The gravitational field is a metric g
on M

Straight lines are geodesics

Field equations are generally
covariant under diffeomorphisms

45




According to Einstein, the mathematical

model of spacetime is a pair:

Differentiable
Manifold

H'

/

)
AN

Metric

46



General Relativity

It is a metric theory of gravity based on:

* Equivalence Principle

* Relativity Priciple

* [sometries

e Metric structure

* Geodesic structure

* General covariance

* Local Lorentz Invariance

e Causality Principle

* Spacetime curvature (dynamics)

Celestial mechanics, GWs, BH, cosmology constituted the success of GR.

47



The main consequence of this result is that

the GEODESIC STRUCTURE and the CAUSAL
STRUCTURE of spacetime coincide thanks
to the Equivalence Principle. The first is
given by the connections I'%;, and the
second by the metric g 5. This is not true if

the Equivalence Principle does not hold.




Or a Triple as pointed out by Palatini?

1 1)+l

Differentiable l

Manifold Metric

Connection

We need to review these fundamental concepts

49



We are dealing with metric-affine structure if

Christoffel symbols

2

Levi Civita connection

In such a case the metric (causal) structure and
the geodesic structure could not coincide as pointed out by
Palatini!




Differentiable Manifold = Spacetime

Metric = Gravitational Potentials

Connections = Forces

51



Proposals for extending General Relativity

Although GR was not yet validated, some authors advanced proposals to extend it to general pictures

In 1918, Weyl studied the question of how to connect gravity and electromagnetism in a single and coherent geometric
theory. To achieve this objective, he introduced an additional gauge field, which singles out a unique length connection,
whose four additional degrees of freedom (DoFs) are associated to the electromagnetic potentials. The consequence is
that, during a parallel transport, both direction and length of vectors vary. However, Weyl's theory revealed to be in
conflict not only with experiments (e.g. the null  mass of photon), but even, in a more fundamental  way, with Quantum
Mechanics.

In 1922, Cartan considered a natural extension of GR, constituted not only by the Levi-Civita connection, but also by the
torsion tensor (essentially the antisymmetric part of a metric compatible affine connection). Given these premises, he
developed all the ensuing geometric formulation, where he suggested that the torsion can be physically related to the
intrinsic (quantum) angular momentum of matter and it vanishes as soon as vacuum regions are considered.

In 1930, Einstein himself proposed some modifications to his theory. Fascinated by teleparallelism and tetrad formalism,

he initiated a prolific and extensive correspondence mainly with Cartan, Weitzenbock, and Lanczos. Indeed, since the
tetrad fields posses sixteen independent components, he associated ten of them to the metric tensor, whereas the
other six were believed to be linked to a separate connection, entrusted to model electromagnetic potentials.
Unfortunately, he failed in his attempt, but his studies shed new light on the importance of additional DoFs, which
theoretically belong to the Lorentz group and physically are a consequence of the local Lorentz invariance.



Proposals for extending General Relativity

Around 1960, Kibble and Sciama revisited the Cartan theory formulating it within the gauge theory of the Poincaré
group. This approach can be extended to the more general affine group, leading thus to the metric-affine gauge gravity.

It was growing the awareness that  affinity and metricity could be considered as two different and independent
concepts, where the affine connection could not respect a priori the metric postulate. This perspective is considered

into the so-called Palatini approach, where GR is described by a metric tensor and an affine connection, considered

as two different geometric structures. Varying the Einstein-Hilbert action with respect to the metric, the Einstein field
equations are recovered; whereas, varying it with respect to the affine connection, the metric compatibility condition

is naturally obtained and the Levi-Civita connection is restored. This shows that GR structure entails metric
compatibility, and the affine connection can be considered as a true dynamical field. In GR extensions the connection
cannot concide with the Levi-Civita in the Palatini formalism.

There are theories of gravity, beyond the Einstein picture, where the field equations, besides the scalar curvature,
can be formulated in terms of other geometric invariants. Furthermore, the affine connections were not considered
anymore with an ancillary role with respect to the metric tensor,  but, contrarily, they assumed a dynamical
fundamental role. These concept give rise to the Extended and Alternative Theories of Gravity.

53



Why extending General Relativity?

GR revealed to be extraordinarily successful, because passed several astrophysical and cosmological observational
probes, like: the Solar System tests, the direct detection of gravitational waves, the recent black hole imaging and
etc.

Despite these  achievements, the GR theory exhibits various pathological issues, like: from galaxies to cosmic
evolution, the infrared behavior of gravitational field presents the Dark Matter and Dark Energy problems, and the
tensions in cosmological parameters like H ; at ultraviolet scales, thelack of renormalizability and unitarity of
gravitational field points out that a final, self-consistent theory of Quantum Gravity is not at hand.

In general, the formulation of a new theory of gravity to solve the aforementioned issues is not a simple task. There
are principles, constraints, mathematical consistencies, and the matching with observations that any novel
approach must necessarily fulfill before being accepted as a self-consistent picture. Thisis one of the thorny
theoretical challenges of modern physics.

In this perspective, it is possible to focus on GR and its dynamically equivalent formulations, in view to put in
evidence similarities and differences towards a unified view of gravitational interaction.
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We must suitably discriminate among theories of gravity!

— (87 ()
G/ﬂ/ = Gl“/ Ty = T,ul/

Extended Theories of Gravity

WHY?
§ QFT on curved spacetimes
§ String/M-theory corrections

§ Brane-world models

\/\

R, R Ry, RM“PR,,,5, RO'R,

w Ww Wwu WU W W

Dark Energy and Dark Matter

Cosmological constant (A)
Time varing A

Scalar field theories
Phantom fields
Phenomenological Theories

Exotic matter

Curvature and geometric invariants have to be taken into account
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Most theories can be reduced to GR +scalar fields by the Lovelock Theorem

Higher dimensions | WEP violations I
\ v
Extra fields IA a Diff-invar. violations I

¥ %

» 4
Massive gravity I Lorentz-violationsl

gy Dynamical fields
Nondynamical fields I o
y (SEP violations)
Palatini f(R) dRGT theory Einstein-Aether
Eddington-Born-Infeld Massive bimetric Horava-Lifshitz
gravity n-DBI

Scalar-tensor, Metric f(R) Einstein-Aether TeVeS
Horndeski, galileons Horava-Lifshitz Bimetric gravity
Quadratic gravity, n-DBI

E. Berti et al. CQG 32 (2015) 243001
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Modified gravity roadmap Constrained by

GW speed

dRGT

Massive

Gravity AN
General Mg > 0 SRR T GW damping

b5 #
i -

GW dispersion

Relativity A RN GW oscillations

.". "\\.. -.\\ 4

Unique theory
of massless g,,.,

Additional
Field

Break

Assumptions

<o Exbrg: o
dimensions

‘Nore-Locai ; orentz ) \



LECTURE

Metric-Affine Theories




GOALS

Let us discuss equivalent representations of  gravity in the framework of metric-affine geometries pointing out basic
concepts from where these theories stem out. In particular, we take into account tetrads and spin connection to
describe the so called Geometric  Trinity of Gravity. Specifically, we consider General Relativity, constructed upon the
metric tensor and based on the curvature scalar  R; Teleparallel Equivalent of General Relativity, formulated in terms of
torsion scalar T and relying on tetrads and spin connection; Symmetric Teleparallel Equivalent of General Relativity,
built up on non-metricity scalar Q, constructedstarting from metric tensor and affine connection. General Relativity is
formulated as a geometric theory of gravity based on metric, whereas teleparallel approaches configure as gauge
theories, where gauge choices permit not only to simplify calculations, but also to give  deep insight into the basic
concepts of gravitational field. Specifically, we point out how the foundation principles of General Relativity (i.e., the
Equivalence Principle and the General Covariance) can be seen from the teleparallel  point of view. These theories are
dynamically equivalent and this feature can be demonstrated under three different standards: (1) the variational
method; (2) the field equations; (3) the solutions. Regarding the second point, we provide a procedure starting from the
(generalised) second Bianchi identity and then deriving the field equations. Referring to the third point, we compare
spherically symmetric solutions in vacuum recovering the Schwarzschild metric and the Birkhoff theoremin all the
approaches. It is worth stressing that, in extending the formalisms to f(R), f(T), and f(Q) gravities respectively, the
dynamical equivalence is lost opening the discussion on the different number of degrees of freedom intervening in the
various representations of gravitational theories.



NOTATIONS

We are going to use the following notations

e Metric signature (-,+,+,+)

¢ Greek indices take values 0,1,2,3, while the lowercase Latin ones 1,2,3.
e Capital Latin letters indicate tetrad indices.

e The flat metric is indicated by 7, = n*=diag(-1,1,1,1)

e The determinant of the metricg , is denoted by g.

¢ Round (square) brackets around a pair of indices stands for symmetrization (antisymmetrization) procedure, i.e.,

Ay = Aij + Aji (Apj) = Aij

e over-circles refer to quantities built up on the Levi-Civita connection.

e over-hats denote quantities related to the teleparallel connection.
e over-diamonds denote quantities involving non-metricity.

e GR

o TG

e TEGR
e STEGR
o LIF

e DoFs

— Aji).

General Relativity.

Teleparallel Gravity.

Teleparallel Equivalent of General Relativity.
Symmetric Teleparallel Equivalent of General Relativity.
Local Inertial Frame.

Degrees of Freedom.

v Vv

IO > N 0
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Non-Euclidean geometries and the
formulations of geometry

In the 19th century, Newtonian mechanics was considered as the best theory to describe gravity.

In this period, there was a great cultural ferment around non-Euclidean geometries starting from fundamental works
by Gauss, Lobachevsky, Bolyai, Riemann, Bianchi, Ricci-Curbastro, and several others.

The Euclidean framework, the arena for classical Physics, was overtaken by the formulation of elliptical and hyperbolic
geometries, stemming out from a rigorous axiomatic reformulation of the geometry foundations.

Two main formulations emerged for geometries:

(1) affine geometry, introduced by Euler in 1748 and after promoted by Mdbius, Klein, and Weyl. It focuses on
the study of parallel lines, based on the fifth Euclid postulate, and on the affine transformations;

(2) metric geometry, introduced by Fréchet and Hausdorff, relies on a metric function defining the
concept of distance between any two points, members of a non-empty set.
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Ingredients of metric-affine geometry

A first extension of Einstein gravity starts by generalizing the affine connections which cannot be strictly Levi-Civita.

A metric-affine theory is defined by the following triplet

iM, guv, Pp,uy}

— T

four-dimensional

) ) rank-two symmetric tensor affine connection
spacetime manifold

(10 independent components) <«——> (64 independent components)
a-priori there is

no relation
between them

v

CASUAL STRUCTURE < GEODESIC STRUCTURE
coincide if the
Equivalence Principle

holds
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General linear affine connection

We consider
TIME SPACE

— : \
a system of coordinates {CU(), L1,L92, 5133}

line element ds? = gu,,da:“da:”

covariant derivative Vp,Aaﬁ = 8uAaﬁ - Fpﬁp,Aap + FapuApﬁ

The components of the general linear affine connection can be uniquely decomposed as follows

p ._) P p P
D =4 0 b K+ 10,
Levi-Civita connection contortion tensor disformation tensor
P L Loor @ an 0,0 — Ongi) KP,, = S(TPy+ TP —TP) LP  — (0 p_Qr
pv | 29 n9xrv vGuX AGuv ) R g v K 2% pv T §(Q urv - wWuv o Wy N)
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Three main geometric objects: definitions

The three main geometric objects (related to the dynamics) are:

— N _ K K T _TH T
CURVATURE TENSOR RH, z/pa . a I aUF vp + 1 TpF vo I TO‘F vp
B oTE  —TH _TH
TORSION TENSOR T]/p =20 [pv] = I pV I vp

NON-METRICITY TENSOR ~ Quvp = VuGup = Ougup — FA(,,mgp)A # 0

These tensors show the following symmetries In general, the following Bianchi identities hold
RrR* = —RF p _
vpo vop? R [vpo] — V[V po] + TOé[V po]’
T“ — —T“ ¥’ T
P P V[aR lv|po] R vrla™ po)’

Q/u/p — Q,upu .

(involve only curvature and torsion tensors)
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Three main geometric objects

The above geometric quantities, differently affect the parallel transport of a vector on a manifold.

CURVATURE manifests its TORSION entails a rotational NON-METRICITY is responsible to
presence when a vector is geometry, where the parallel alter the length of the vectors
parallel transported along a transport of two vectors is along the transport
closed curve on a non-flat antysimmetric by exchanging the
background and come back to its transported vectors and the
starting point forming a non-null direction of transport. This property
angle with its initial position results in the non-closure of

parallelograms

In a metric-affine theory, these objects can work together and could have further meanings linked to physical quantities
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Three main geometric objects

Metric-affine geometries are a broad class of theories that can be generally classified as follows:

METRIC-AFFINE

Z
ey, ~
S0
o
TELEPARALLEL WEYL RIEMANN-CARTAN
S 2%
J sy, o) P
Q?‘y 4, N > &Q' {ﬁ
METRIC SYMMETRIC
TELEPARALLEL TELEPARALLEL RIEMANN

MINKOWSKI

(1) The Riemann-Cartan geometry is expressed in terms of metric
compatible curvature and torsion tensors, which is deputed to model

the quantum spin effects present in the matter.

(2) The Weyl geometry is constructed by vanishing the torsion, where
curvature and non-metricity are the only surviving geometric objects. It is
the origin of the U(1) gauge theory.

(3) Teleparallel geometries are curvatureless and are based on the
concept of parallelism at distance, since the parallel transport of vectors
becomes independent of the path.
They admit two special subclasses, represented by
(3.1) metric teleparallel theories expressed only in terms of the
torsion tensor;
(3.2) symmetric teleparallel theories described only by the
non-metricity tensor.

(4) The Riemannian geometry is the arena of GR theory, constructed only
upon the curvature.

(5) The Minkowski geometry is obtained by setting curvature, torsion, and
non-metricity to zero. This is the arena of Special Relativity.
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5

LECTURE

Tetrads and Spin Connection



Mathematical tools

Considerations on the mathematical structure of Theories of Gravity

To define a theory of gravity, we need to fix the underlying geometry, the transformation properties, and the set of
observables. GR is based on the metric tensor g |, from which we can construct the Levi-Civita connection, and finally the
curvature, which encodes the gravitational dynamics. The possibility to relate the metric and the geodesic structure,
which essentially coincide, rely on the validity of the Equivalence Principle. However, GR can be reformulated also in
terms of tetrads and spin connection formalisms, giving rise to the teleparallel equivalent theories of GR.

We are going to analyse:

e THE TETRAD FORMALISM

e THE SPIN CONNECTION
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Tetrad formalism

The geometric setting of any theory of gravity occurs in the tangent bundle, a natural construction always present in
any smooth spacetime. In fact, at each point of the spacetime, it is possible to construct the tangent vector space.
Any vector or covector can be expressed in terms of a general linear orthonormal frame called tetrads or vielbeine.

A tetrad field is a geometric construction, which permits to carry out the calculations on the tangent space.

Physically, tetrads represent the standard laboratory-apparatus of the observer for carrying out the measurements in
space and time. Using a tetrad field means to adopt a Lagrangian point of view. A tetrad field establishes a relationship
between the manifold and its tangent spaces. This geometric structure is always present, independently of any prior
gravity-model assumption. The theoretical framework intervenes to characterize the occurring gravitational effects.

We will present:

1. definition and properties of tetrads
2. anhonolonomy structure of tetrads
3. the first Cartan structure equation
4. inertial class and trivial tetrads



Yy

Tetrads: definition and properties

_______________

@(p)

\

holonomic basis in T pM

0
On = (aT)

basisin T", M
dztd, = 5"
tetradsin T, M

ea:=e,0,,

e 1= eAuda:’“‘,

A B
Guv = TABE /J,e v

NAB = Ju€ 4 €5 -

Tetrads act as a soldering agent between the
general manifold and the Minkowski spacetime.

e =/
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Anholonomy of tetrad frames

A general tetrad basis {e A} satisfies the folllowing commutation relation

[ea,eB] :=eaep —epea = (4 0,)(eg0,) — (e50,)(e s 0p)

= [ef'eS, (Oues) — en e, (Bvef)] ec = ef'ef [0, — 0ue ] ec = e
\ )
Y

C
AB

structure constants
or coefficients of anholonomy
related to the frame {e A}

They quantify the failure of the parallelogram closure generated by the vectors e 5 and eg.
The coefficients of anholonomy specify how much they depart from being holonomic.
This approach reveals important properties of the underlying geometric framework on which we are working.

In GR, they can be used in the Bianchi classification, which leads to 11 possible different cosmological spacetimes.
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The first Cartan structure equation

Given a 1-form w and defined dw as the exterior derivative, it can be written in components as

dw = O, w,dz" A dx”
exterior product
dz* Adz” = dz” ® dz¥ — dz¥ ® dz#

tensorial product

Due to the antisymmetry of the exterior product and the Schwarz theorem, we have d 2w =0 thanks to the Poincaré lemma.

The 2-form dw applied can be writtenas u = u“@u, V= ’UVO,, dw(u, ’U) = uw(v) — Uw(u) — w([u, 'U]E)
scalar
where

dw(u,v) = Ow, (uHv” —u”v"),
uw(v) = utv” 0w, + ufw, 0,0,
([u vle) =

w = w,dx",

)

[u, vz = (Lyv

= wy, (uH 9y v” — v*o,u),

= (’Uaﬂay’UV - Uﬂayuy)au Lie bracket (derivative) of the vector field v with respect to the vector field u
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The first Cartan structure equation

If we consider the tetrad basis {e Au} and take w =e A, then we have the following relation
{dec(eA,eB)} ec = {eA[eC(eB)] —egle®(en)] — ec([eA,eB]L)} ec
= —e%([ea,eB|%er)ec = —[ea,eB]c.

Assigned a general metric-compatible affine connection I*,gand the associated covariant derivative V, we have

C
VeA €EB = 7 AB€EC
\_'_J

The Ricci rotation coefficients measure the rotation of all frame tetrads when
moved in various directions, encoding thus gravitational and non-inertial effects.
When we use the natural basis, they reduce to the affine connection  I* 5. We
note that such coeffiecients arise also in a flat spacetime when, generally, non-
liner coordinates are exploited, since they give rise to non-inertial effects.

In particular, in the considered tetrad basis, they assume the following expression and symmetries
. A _B _ A B
Yowp =€ ,enVale,)p = —e,(e,)BVaer,

= —efeB,,VA(GA)B — —Yvp
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7Cag can be seen as the action of the connection 1-forms w C; on the tetrad basise , 7% 5 = w%(ea)

Since we know that V,uau

The first Cartan structure equation

A . . .
=T Wa)\ , if we consider the commutator of V,, and 0, we obtain

V,.,0,] =V,0,—V,0, = (I"\W _ I"\W) Oy = T’)L,,a,\

torsion tensor

T(v,u) = Vyu— Vv — [v,ulg

. . . C C D
Applying the torsion tensor to {e A} and using  w B(GA) = (w HRe )(GA, GB) _we obtain

T(CA,CB) = VeABB — veBeA — [6A7eB]£

= [wCB(eA) — wa(eB) + dec(eA,eB)] ec = [(wCD AeP + dec)(eA,eB)] ec.
torsion differential 2-fom

Defined € :=wS AeP +de€ and T = Q° ® ec , we derive the first Cartan structure equation

= wCB =

emerge as

1
dec — _wa A eA = —— ( 6:43 — ’Y%A) eA A eB the anhonolonomy coefficients
1 2 . antisymmetric combination of the Ricci
N Sy 7 c _ CH\,A B_ 1. _A B | rotation coefficients. They are also related to
o zeA e (Ove [ Oue)e” Ne” = 2 fape” Ne”. the curls of the tetrad vector derivatives

C
Y AB€
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INERTIAL

Inertial frames and trivial tetrads

The inertial frames {e' ,} locally satisfying f' ¢ 5= 0.
We have de', =0 (locally exact) and we have e' , =dx"* (holonomic)

GEODESIC NON-GEODESIC l

All coordinate bases belong to this family. It is worth
noting that this is not alocal property, but it holds
everywhere for all frames being part of this inertial class

In absence of  gravitation (g ,, --> 7,,), the anholonomyis only

% FLAT w
caused by inertial forces present in these frames. In all  coordinate
systems, 7, is a function of the spacetime point, and
independently of whether {e ,} is holonomic (inertial) or not we
CURVATURE
have . [T,
NAB — Nuv€p €B

NON-INERTIAL

These are the frames appearing in Special Relativity, which are
usually called trivial frames or trivial tetrads. Of course, in absence
of inertial forces, the class of inertial frames is, consequently,
represented by vanishing structure coefficients.
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Spin connection

The spin connection plays a fundamental role when we deal with
tetrads, because it encodes the inertial effects occurring in the
considered frame.

We will present:

fundamental properties of the Lorentz group
properties of the associated Lorentz algebra
mathematical derivation of Lorentz connections
tetrad postulate

physical meaning of Lorentz connections

LuhoONE
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Lorentz Group

Electromagnetism is framed under the standard of Special Relativity by postulating:
(1) the optical isotropy principle: all inertial frames are optically isotropic, i.e., the light propagates
in these frames with velocity c in any direction;
(2) the principle of relativity: the laws of physics assume the same form in all inertial reference frames.

Given two inertial frames and assuming that one is moving with respect to the other with uniform velocity v:=(v  1,v2,v3), the
Lorentz transformation is a linear (affine) map relating the temporal and spatial coordinates of the two inertial observers

A* cxt — 2'* = AP ()"

V o

which leaves invariant the following quadratic form T]/“/:B“’:BV = —t* +x° + Y2+ z
Lorentz factor rotation matrix  v=|v]|

T R
—RGE R (84 (1= 1) 58

A general Lorentz transformation is given by Aaﬂ =G-

(& v

)

1:=diag(1,1,1,1),

G={1,P,T,P-T} P:=diag(l,~1,-1,-1),

T := diag(—1, 1,1, 1),

A Lorentz transformation is defined in terms of six parameters:
three related to the rotation angles and the other three to the components of the spatial velocity v.
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Lorentz Group

The set of all Lorentz transformations of Minkowski spacetime forms the (homogeneous) Lorentz orthogonal group O(1,3).

The Lorentz transformation entails, in matrix notation, that 7n=A Tn A, and thus det 2 A =1, namely

detA =1 detA =-1 .
The proper orthochronous Lorentz transformations form
A021 proper improper the restricted Lorentz special orthogonal group SO *(1,3).
orthochronous orthochronous
0 proper improper The Lorentz group is a six-dimensional, non-compact, non-Abelian,
N%=-1 ) : .
non-orthochronous non-orthochronous and real Lie group endowed with four connected components.

The Lorentz group is involved in all  known fundamental laws of Nature, describing the related symmetries of space and
time. In GR, thelocal Lorentz invariance holds, because in every small enough regions of

effects can be neglected (Equivalence Principle), namely in the local  inertial frame (LIF),
Relativity physics.

spacetime, the gravitational
which recovers the Special

At each point of a Riemannian spacetime, the metricg , determines a tetrad up to the local Lorentz transformations in the
tangent space. In other words, a tetrad vector (covector) base is not unique, because

A 7

_A A B _ sA B _ > M5 v
€y = A B€ , suchthat 9uv = TNABE €, NAB = Guv€p € -



Lorentz Algebra

Another important feature of the Lorentz group is that it admits a Lorentz algebra £

If we consider an infinitesimal transformation in SO *(1,3) we have
a _ fo o o \2
Applying n=ATn A at linear order in w %, W, = W, is an antisymmetric 4x4 matrix with six independent indices.

Therefore, we can associate six generators to the Lorentz algebra labeled by J ag, with J,g=- Jga, Where each of them
can be expressed in the four-vector representation by a 4x4 matrix as follows

(Jap)%p = 27:77[B|D554j] = i(nppd% — Napds)

Each element of the Lorentz group can be written as

A = ezwas??
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Mathematical derivation of Lorentz connections

Some geometric objects with an established behaviour may loose the covariant character under point-dependent
transformations, e.g., ordinary derivative of covariant objects. In order to supply for this defective behaviour, it is fundamental
to introduce connections w |, fulfilling the following properties:

(i) they behave like vectors in the spacetime indices;

(ii) they act as non-tensor in the algebraic indices to compensate this effect and to reestablish the correct tensorial trend.

The linear connections fulfilling these requirements belong to the subgroup SO  *(1,3) of GL(4,R), and they are dubbed Lorentz
connections. It is worth noticing that all Lorentz connections exhibit  the presence of torsion.

A Lorentz connection, also known as spin connection, w | is a 1-form acting in the Lorentz algebra, namely

1
. e AB
wy:Jap € L —wy = Ew uJAB
\_Y_I
spin connection components
wAB — B4 generator in the appropriate
a a representation of the Lorentz group
I_A_\
. . . . o ! AB
This permits to introduce the Fock-lvanenko covariant derivative Du =0y, — Wy = 8“ — 5&) “JAB
\_Y_I

acts only on tangent (algebraic) space indices
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Mathematical derivation of Lorentz connections

If we apply the Fock-lvanenko covariant derivative to the field e € we obtain

1 . 1
D,e€ = 0,e° — §wABM [i(nBDOG — napd3)] eP = 8,e” + 5 [w? ppdG +wPpudg] e = 0,e€ +wpLel.

A A
SplittingeA by €4 ‘= efaua € =€ udx‘fwe obtain the following expressions

D, (eSdz?) = D, (e%)dz> + e D, (dz?) = D, (e )dz + ec>\(5f; + eEAe%wEDpdxp) =D, (e%)dz* + ecu,

Du(eSda?) = 9, (eSda?) + w® puefidz® = 0,(e)dz + €9, +w® puelida?.

Equating the above equations we obtain Du(ec)\) = 8“(60)\) +w Duel&
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Tetrad postulate

In tetrad bases {e ,}, the covariant derivative Vof an algebraic (1,1) tensor X A g can be written in terms of the spin connection as
— A A C C A
Instead, the covariant derivative of a vector V, considered in the coordinate bases { 9}, is

VV = (V,V")dz" ® 9, = (8,V +T7,,V*)da* ® 9,

If we consider now the same vector V written in a mixed basis, tetrad and coordinate basis, gives
VV = (@MVA)d:c“ Req = (BMVA + wABMVB)d:c“ R e
= [0u(eAV?) + w eV da" ® (e40,)
= [0, V" + (ef0,e™\ + w?pueseB )V dat ® 0,

= [0, V" + (efD,et)VHdz* ® d,.

This is a crucial point, because the above operations are in principle distinct. However, it is reasonable to assume V= V,
because the same covariant derivative of a vector cannot change in terms of which type of basis one chooses. This is the so-
called tetrad postulate, which is valid for any affine connection, defined on a smooth manifold M, and no metric is involved.
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Tetrad postulate

A
Therefore, we have I ur = €4 Due This identity entails several significant implications on the spin connections:

(i) sinceitis not a tensor, it acquires a non-homogeneous term under l")H owed to the affine connection;
(ii) a spin connection is naturally induced by the affine connection;
(iii) it can be also regarded as the gauge field generated by local Lorentz transformations;
(iv) inverting the above identity with respect to the spin connection, we obtain
A A A _ A v

wBM—eAeBI‘ , +e.oeg =e’,V,ep
(v) according to the above equation, the connection 1-form w A can be written as wAB = wABNdw“
and the Ricci rotation coefficients are the spacetime indices of the spin connection components;
(vi) the covariant derivative of the tetrad, expressed in terms of the affine and spin connections, vanishes identically, namely

V,eo = 0et F>‘ e>\—|—w3“ B =0,

(vii) we note that 'V is the covariant derivative linked to the connection I™,; when acts on external indices and can be
defined for tensorial fields, whereas Du acts on internal indices and can be defined for all tensorial and spinorial fields;
(viii) from the metric compatibility condition, we obtain a sort of consistency check given by

0= ng,w = 0rguv — I u90v — TG00 = OA(e%,e5man) — €4 9o Dre’), — €4 guoDre’),

—e’el (wapx — wpan),

which implies w ag, = -gay i.€., W gy, is Lorentzian. If the metric is not valid, the corresponding spin connection cannot assume
values in the Lorentz algebra, because it is not a Lorentz connection.
Therefore, we have this equivalence: metric compatibility holds if and only if we choose a Lorentz connection.



Physical considerations on the Lorentz connection

The tetrads transform under local (point-dependent) Lorentz transformations A”g (x). Now let us apply the same
transformations to the spin connections.  Let us first consider the inertial  frames {e’Au}$, which, in general coordinates
{x'"}, can be written in the holonomic forme’  A;=0, x'A, where x' #=x"A(x") is a point-dependent vector. Under a local
transformation x #=A%; (x) x'8$, we have e A= A%;(x) e’'B, by transforming the vectors x A and x'# in the coordinate base
{0,.

Let us evaluate 0, x"A, which gives (9’y = 0/ Ox'A)

8,24 = 8, (M5 (x)z?) = (8,55 A % (z) + 2B (0,A% (2)),

1A _ 1C o 1A _ 1A C’ A
Our' " =€, 0cx" =, =, N(x).
, A A4 B _ oA
Therefore, gathering together the above results, we have e, = 8,2 + & pua® =D.z* ,where & p, = A% (2)9,A%(z)

purely inertial spin connection, because it physically manifests the
inertial effects occurring in the Lorentz rotated frame e A,

The Lorentz connections physically represent the inertial effects present in a given
frame. In the inertial frames these effects are absent since the Lorentz connections
vanish
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Physical meaning of Lorentz connections

To better understand these results, let us consider the transformation of the spin connection under local Lorentz transformations
A A C’

non inertial 1nert1al

When we pass from a frame to another one, there are two distinct contributions: (1) non-inertial effects connected with
the new frame; (2) inertial contributions due to the rotation of the new frame with respect to the previous one. Therefore,
starting from inertial frames, it is possible to obtain a class of non-inertial frames via local Lorentz transformations. It is
important to note that all these infinite frames are related through global (point-independent) Lorentz transformations

The coefficients of anholonomy can be written as
C [} C [} C
AB =W BA — W aB

From this relation, the spin reads as

’:)ABC_ _(fB c+ fcs — f'Be)

We can prove

[ J .A .A .E .A .E _
RB,U,V :8,/(.4) B#—8MCU Bu+w EvW B#—w E#w Bu :0,
oA A
A E .
Twz&,e 86 —I—wEV —w gue,.

For trivial tetrads, the torsion tensor can be nullified.
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LECTURE

Geometric Trinity:
The Lagrangian approach




The Geometric Trinity of Gravity

Among the possible metric-affine gravity theories, Riemannian and teleparallel models are particularly interesting. GR is an
example of Riemannian geometry, whereas the so-called metric teleparallel equivalent of GR (TEGR) and symmetric
teleparallel equivalent of GR (STEGR) are examples of teleparallel geometries.
These three theories constitute the so-called Geometric Trinity of Gravity.

In GR, the geometric curvature models the gravitational force, whereas geodesics are the free-falling test particle's
trajectories.

In TEGR, torsion replaces curvature for  dynamics and it is able to provide the same descriptions of the gravitational
interaction under a different perspective.  The gravitational interaction emerges through the torsion tensor and acts as a
(gauge) force.

STEGR shares several similar properties with TEGR. In this theory, curvature and torsion are both zero, = and gravitational
dynamics is attributed to the non-metricity tensor.

In the teleparallel framework, the concept of geodesics is replaced by force equations.
This is analogue to what happens in electrodynamics where the Lorentz force is present.
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The Geometric Trinity of Gravity

Teleparallel Gravity
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Mathematical tools of the Geometric Trinity

GR is described in terms of the metricg ;.
TEGR is based on tetrads e A, (describing gravity) and spin connection w Ay, (flat connection outlining inertial effects).
STEGR embodies the Palatini idea where metric g |, and affine connection IV g are two separated dynamical structures.

This is a scheme to understand how the Geometric Trinity of Gravity is framed within the metric-affine arena

Ruf/aB =0
METRIC-AFFINE THEORY
R“mﬁ #0
T, #0
Qouv # 0
T%°,=0
quu =

TELEPARALLEL THEORY
T, #0

Qpuv #0

Qpur =0

T4, =0

RIEMANN THEORY
m
R,z #0

METRIC
TELEPARALLEL THEORY

T, #0

SYMMETRIC
TELEPARALLEL THEORY

qut/ #0

GEOMETRIC TRINITY OF GRAVITY

MINKOWSKY
THEORY
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General remarks on the Geometric Trinity

Like other fundamental interactions in Nature, gravitation can be reformulated as a gauge theory through TEGR and STEGR.

The most peculiar property of  gravitation seems to be its universal character (all objects regardless of their internal
structure, feel this force), which is encoded in the Equivalence Principle. In the teleparallel formulations, the Equivalence
Principle is recovered, even if it does not lie at their foundation. This fact is extremely relevant because, if the Equivalence
Principle were shown to be violated at some fundamental level, the final theory of gravitation could be non-metric.

We can define alternative ways of representing the gravitational field, accounting for the same DoFs, related to specific
geometric invariants R, T, and Q. In this sense, GR, TEGR, and STEGR give rise to the the Geometric Trinity of Gravity.

GR can be extended to f(R), f(T) and f(Q) are the extensions of TEGR and STEGR, respectively. The equivalence among the
three representations is not valid anymore among the extensions, because they give rise to dynamics with different
DoFs. f(R) is of fourth order, whereas f(T) and f(Q) are of second-order. In f(T) and f(Q) we cannot choose a gauge to
simplify the calculations, and we have field equations for the spin connection in f(T) and affine connection in f(Q).

RIEMANN THEORY METRIC TELEPARALLEL THEORY | | SYMMETRIC TELEPARALLEL THEORY
o
Ruaﬁ?éo pr7é0 QPMV7é0
""""""""""""""""""""""""""""""""""""""""""""""""" | GEOMETRIC
= — i TRINITY OF
i GRAVITY
f(R) # 4 EXTENSIONS

90



Metric formulation of gravity: The case of General Relativity

The GR is the first geometric formulation of gravity in curved spacetimes.

We present:

principles of GR

implications related to the geodesic equations
fundamental geometric objects in GR
Lagrangian and field equations of GR
discussion on the tetrad formalism in GR

oA
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Principles of GR

The Einstein theory is essentially based on the following pillar ideas, which can be stated as follows :

(1) Relativity Principle: there is no preferred inertial frames, i.e. all frames are good for Physics;

(2) General Covariance Principle: the basic laws of Physics can be formulated in tensor form in any smooth four-dimensional
manifold. This means that field equations must be ” covariant” in form, i.e. they must be invariant  under the action of spacetime
diffeomorphisms;

(3) Equivalence Principle: in any smooth four-dimensional manifold, it is possible to consider a small spacetime region, where
spatial and temporal gravitational changes are negligible. Therefore, there always exists a LIF where gravitational effects can be
nullified. In other words, inertial effects are locally indistinguishable from gravitational effects (which means the equivalence
between the inertial and the gravitational masses).

(4) Causality Principle: each point of spacetime has to admit a universally valid notion of past, present and future.

The first 2 principles represent a democracy principle for all observers, (all observers have the same right to describe the reality).

The third principle permits to locally recover the Physics of Special Relativity. Geometrically, it translates in determining the
tangent plane in every point of a smooth manifold. Furthermore, gravity is the only interaction that cannot be switched off in
absolute. It can be only locally nullified in the LIFs, physically coinciding with local free-falling frames. LIF is defined by

guv(SO(p)) = Nuv> aAguy(SO(p)) = 0.

This holds if we assume that inertial and gravitational mass coincides (weak equivalence principle).

The fourth principle is needed to ensure the uniqueness of the time notion despite of spacetime deformations and singularities.



Geodesic Equations

From the universality of free fall postulate in LIF via the coordinates {€ "}, a test particle will draw a straight line

d2 «
ds€2 =0 ds® = nab’déﬂdéﬁ line element

Since in such a frame it is not possible to experience the existence of gravitational effects, we perform a change of
coordinates &= £¥(x4), with {x"} the new coordinates. Applying this transformation, we obtain

d2z* ff‘ dx* dz¥ 0 f‘)‘ dz* 9%¢°
d82 + uv ds ds - 2 agd oxHtOxr?
GEODESIC EQUATION affine connection responsabile of the geodesic spacetime structure,
in a generic coordinate system {x W} which arises from the gravitational force acting on the test particle and
being responsible of the departure from the straight trend. It explicitly
d82 — gwjdx#dxl/ shows that it is not a tensor. Physically they are the apparent forces acting

on the body due to the curved geometric background induced by gravity.

In a metric compatible and torsion-free spacetime, we have that the unique affine symmetric connection is the Levi-Civita one.

(@)
o e 1 o>\ = )\
The condition VAgW =0 gIves r pv = {uy

93



Fundamental geometric objects in GR

o o
To quantify it as a field we have to introduce the Riemann curvature tensor arising from [VM, Vo v* = Ro‘ﬂwvﬂ

This equation is telling us that the Schwarz theorem, applied to covariant derivatives, does not hold, otherwise
we have a flat spacetime. The GR gravitational field is fully encoded in this tensor.

o o o o o o
The Riemann tensor has the following symmetries Ruvag = —Ruvga; Ruvag = —Rupas, Ruvap = Raguw
[¢] [¢] (o] ()
Due to the above symmetries, we can define the symmetric Ricci tesor Rag = Rﬂaugnd the scalar curvature R = Raa

We consider a one-parameter family of geodesics ~,(t), where t is the affine parameter along the geodesic, and s labels the
curves. We assume that the collection of these curves defines a smooth two-dimensional surface x  ¥(t,s) embedded in M.

: . . oxH oz
A natural vector basis adapted to the coordinate systemis T* = a0 SH = D5
S

We define the relative velocity V " and acceleration A * along the geodesics as follows
o o
VE=T"V,TH, AF=T"V,VH
(o]
We then obtain the geodesic deviation equation A* = R", | 5T>‘TO‘ SP

where A" between two close geodesics is proportional to the Riemann curvature tensor,

7t 7t () which characterizes the behaviour of a one-parameter family of neighbouring geodesics.
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Lagrangian and field equations of GR

4
C
The GR dynamics is derived from the Hilbert-Einstein action SGR = W / d4£U\/ —g (LGR + Lm)
\_Y_I

o matter
R(g)
The total DoFs are the 10 independent components of the metric tensor, from which we must subtract the 4-parameter

diffeomorphisms underlying the invariance (gauge symmetries' freedom) and other 4 by a suitable choice of the coordinates
(gauge fixing). Therefore, the gravitational dynamical DoFs becomes 2, corresponding to the graviton, = massless spin-2

particle.
Applying the principle of least action S g, we derive the GR field equations in presence of matter

o o 1 o  8r(7

IGp,V = Rp,u - igp,uR — 0—4qu

1 oL
o
Einstein THY = — = V.S =0
2v/—g 59;”/

tensor

(second-order) energy-momentum tensor, which is symmetric, satisfies the
conservation equations , and physically represents the source of gravitational
field.
Particular consideration has to be devoted to matter fields and gravity, because some subtleties can arise, like ambiguity in the
matter coupling; treatment of bosonic and fermionic fields. For example in GR, fermions require tetrads and spin connection.

95



Discussion on the tetrad formalism in GR

GR conceives the gravitational interaction as a change in the geometry of spacetime itself. We pass from the Minkowski um
to the Riemannian metricg ,, and from partial 0 to covariant derivatives V. In order to study how gravitation couples with
others fields, we have to introduce the tetrads to deal with spinors in curved spacetimes. Tetrads encode the Equivalence
Principle, since they are locally defined, as gravitation is locally equivalent to an accelerated frame.

Einstein’s vierbein theory becomes thus a gauge field theory for gravity.

Given a general (anhonolomic) tetrad {e Au}, we can rewrite the Riemann tensor according to the Cartan structure equations as

C OA B (o] (o] OA OA OC ].OA
de” tw pNe” =0, waptwpa=dgap, dwp+wcAwp=Tpepe

\_Y_I

C/\eD

where ) .
Riemann curvature tensor in the tetrad frame

oA A, o oA oA c oA 1,94 A" am S’ 04
wp,=e,Vueg, fpc=7pBc—7cp d94B=0c gape , ¥ po= §(f e —9cL9” " f v — 9809 f om) + T Be

We note that we can uniquely associate the Lorentz connection to the Levi-Civita connection.

o o oA

In addition, if we consider the natural basis, then we have I:> Wpo = 0 |:> 4o =T e I:> Therefore, we have

oA oA oA cA oM cA oM cA oM
r scp =907 Bc —O¢Y BpD + 7Y cMY DB~ DMY ¢B — 7Y MBY CD

In the natural basis, we re-obtain the standard definition of the Riemann curvature tensor.
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Gauge formulation of gravity: The case of Teleparallel Gravity

A gauge formulation of gravity is possible in the Teleparallel Gravity Theory.

We present:

1. Teleparallel Gravity as translation gauge theory
2. geodesics and autoparallel curves

3. Metric Teleparallel Gravity and TEGR

4. Symmetric Teleparallel Gravity and STEGR
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Teleparallel Gravity as translation gauge theory

In a modern vision of physics, it is very important to settle theories in a gauge framework. We have seen that also GR can
be converted in a gauge theory. Let us now sketch how GR can be formulated as a gauge theory of translations.

This picture of GR can be achieved by both invoking the N6ther theorem and recalling that the source of the gravitational
field is given by the energy and momentum. Since the gravitational Lagrangian is invariant under spacetime translations,
the energy-momentum current is covariantly conserved.

We will see that a metric teleparallel theory is more suitable to express gravity in this context, because it entails more
benefits, and the introduction of tetrads reveals to be more natural.

This approach was first proposed by Lasenby, Doran, and Gull in 1998. Its geometric setting is the tangent bundle, where
the gauge transformations take place. We introduce {x “}$ and {xA}$ as the coordinatesonM and T oM, respectively.
Now, let us consider

A —A A A
r? — % =2 + % (aH) |:> 0(1,3) I:> Py =04 |::> ABELIAN TRANLSATION ALGEBRA

infinitesimal local translation translation Lie group generators [Pa, Pg] =1[04,08] =0
w\B Op o
(33 ) 33 (33 ) infinitesimal transformation, written in terms of the generators
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Teleparallel Gravity as translation gauge theory

If eA=const be a global translation,

VU =V :EA xH zd — 74 =zt + e (zH) then 0,1 transforms covariantly

general source field /

For a local translational transformation > 38(3#\11) — A (xu)aA (3”\11) + (3”8‘4 (:U“))@A\Il
eA(x "), d» does not transform ~ ~ RN ~ -
covariantly correct spurious

To save the gauge covariance of the gravity theory, we set forth the translational
gauge potential 1-form B , assuming values in the Lie algebra of the translation group.

For trivial tetrads we have, we introduce

GL\IJ = 8“\11 = 8“ + Bi@A\I} transforms

> 0.BY = —0,e%(3") — > 8.(e,¥) = £*(2*)04(8,¥)
gauge covariant derivative S ~ d
For a general non-trivial tetrad field, we introduce
A transforms °
eu¥ =0, + & 5, xP04V + BAO4Y 5. B4 = —D,et(gt) —» (e = A (a#)04(0, %)

TV
correct

A °
A __ A ¢ B A __ A A
In general, we have |e*, = 0,2” +w g, x° + B, =D, x” + B,
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Teleparallel Gravity as translation gauge theory

In the context of teleparallel gravity, we have applied

1A A naturally emerges The local Lorentz invariance is a fundamental symmetry respected
€ u — € iz > Tuv — Iuv by all physical laws in Nature, therefore, we must impose that our
translation coupling gravitational coupling new theory be locally Lorentz invariant. Such a requirement
prescription inTG prescription in GR entails the additional Lorentz gravitational coupling prescription,
direct consequence of the strong Equivalence Principle.

This prescription is based on the General Covariance Principle, which can be seen as an active version of the strong
Equivalence Principle. Given an equation valid in presence of gravitation, the corresponding special relativistic equation is
locally recovered (at a point or along a trajectory). In formulae we have

1
/ 1A 1 C 1 C 1C B
3N‘I’—>DN‘I’=5N‘I’+§€ ,u(fB A+ fas— f'Ba) STY

v v
general field generators of the Lorentz group in the
same representation to whichy belongs

1
In presence of gravitation, we obtain  9,¥ — D,V =9,V + —e‘t (fBCA + fa% — %A) SE W

2
full (Lorentz plus translational) gravitational coupling prescription in teleparallel gravity
{e/A s eA }
Y © Nuw — g
. uv uv
We have therefore the following scheme Oy Dy —
~ ~~ - grav. coupling prescription in GR)
grav. coupling prescription in TG
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Geodesics and autoparallel curves

Let us consider the equation of motion of a free test particle first described in the inertial frames e’ Au

s anholonomic four-velocity of the test particle

du/A _
— 0 local Lorentz transformation R du'4 A duB dAAB (:1:) B
do do ARG T,
\ do? = fr}uydx“’dx’j co;rrect spu;;ous

we consider the anhonolomic frame €, associated
to e’ A, through local Lorentz transformation

du'4 duf .4
?:O —> g—l—wB#uBu“:O

This restores the covarinace
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Geodesics and autoparallel curves

The notion of geodesic equation must be revised in the parallel framework. Let us consider a chart (U, ) on the manifold M
and let y*(7) be the parametric equation of a curve ~ contained in U, where 7 is the affine parameter along .

dy# Y ¥(7) is defined to be
. parallel transported along ~ dY ~ dy# d B
T):=—0
’Y( ) dr K > —_— = V’YYN = — + FHa,BYa —7 =0
¢ t vector ton in th dr dr dr

angent vector to~yin the

natural basis {0,} along v Y ¥(~(7)) depends on the curve~y

d?z* dz® dz”P

A curve ~(7) is said to be autoparallel if its tangent vector satisfies  V.,y = 3.2 + I‘Maﬁ p =0

it remains parallel to itself along~(7)

In GR autoparallels and geodesic equations coincide, whereas in TG they are two distinct structures. The autoparallels are related
to the affine connection, whereas the geodesic to the metric (measuring the minimal lengths between two or more points.

2 "
d N f‘“ dx® dxP __gn dxr® dz8 Lorentz force-like They are sens:}'l\;er’:o param_ete;\changes. If
d-2 af —dT —dT = af —dT —dT , interaction ~(7) autoparallel then u( 7)= v(A(7)) gives
«o 2 32
d2z¢  oH  dz® dzf dz® dzP d?zH dz*dz?  (dX\" d37 dyH
+ T — = —L" —— — Kinetic energy-like 2 + Fuaﬂ—— -\ g V2 A
dr2 af dr dr a8 qr dr e dr dr dr dr/ dM\2 dr

linear transformations preserve the autoparallelism
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Metric Teleparallel Gravity and TEGR

Metric teleparallel gravity is obtained by assuming the metric compatibility. It is geometrically described only by the torsion
tensor. Tetrads and spin connection play a fundamental role in describing gravity. Indeed, GR can be recast as a translational
gauge theory, where the related gravitational field strength arises from the commutation relation of the covariant derivatives

AN
A A . &
[ep,,ey] =T ,/MaA TA.W:8VB11_81LB€+WABVB%—WABMB€
° L ® °
torsion l adding DM(DVSL‘A) _ D,,(TDM:UA) —

field strength

A A A, ®A B _*A _B
/Tuv dpe’, — e, twige, —wpe,
A A
A APA A )
e = ed L =1 5y — Iy

The spin connection is linked to the inertial effects present in the tetrad frame, it is covariant under both
diffeomorphisms and local Lorentz transformations, assuring the same properties also for the torsion tensor.

It is important to associate at each tetrad the related spin connection, therefore we have always to provide the couple {eﬁ,JiABu}

A
{6 Q) O} —>  Weitzenbock gauge —> Weitzenbd6ck connection
A
A . . ..
proper frames _ . A A distant parallelism condition
r g €A 6“6 Y  from where TG takes its name
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Metric Teleparallel Gravity and TEGR

A natural question spontaneously arises: given a tetrad frame, how do we operatively associate the related spin connection?

The simplest solution is tho choose proper frames, but, a priori, we do not know which are the related tetrads. Therefore,
we have to find a strategy to answer this question. Determining them from the field equations is, in general, not a simple

task.
e gravity is switched off
(r)aU' > BA -— lim @A We are basically exploiting the Equivalence Principle or
reference tetrad () G—0 the inverse translational coupling prescription

This has the effect to consider a trivial tetrad, where the anhonomaly . . .
o : : T (e, wa,) =wihe —w'se — Frolem) =0
coefficients are zero and therefore the torsion tensor vanishes. BC\® u»% Bu) =% BC BC BC\®(r))] = Y

Since they differ only by the gravitational content, they
o .. general tetrad reference tetrad
represent the gravitational effects inside the tetrad frame. ~ = _ —~
A gravity off . A
€y ’ C(r)u
o4 _1go A A A g
WBC = 5€Mmu [fBclew) + fo's(ew) — fBe(ew) | =
.
& B, g
This approach can be schematized as follows e’ﬁ

~

trivial tetrad
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Metric Teleparallel Gravity and TEGR

A 1 /A A A
K%a= 5 (TBCA +T4% - TCBA)

contortion tensor

° A
(fBS4+ 4B — FBa) =wha— KB4

The coefficients of anhonolonomy, in presence of torsion, read as

°C C
WAB—W BA—f aB + 1T 4B

b | =

Its derivation is also not trivial at all. It can be provide an
> intuitive proof, although a more rigorous demonstration
can be found in Sec. 1.6 of Kobayashi (1996).

Using the fundamental identity of the
theory of Lorentz connections, we obtain

é A wld It joins together GR and TG in a single compact expression. We remark that this
wc - K B Lu] B «combined» coupling prescription has been obtained from the General Covariance
| DM | D fb L .. o . . . .
l l i Principle, and it is thus consistent with the strong Equivalence Principle.
Inertial Gravitaty Gravitational and
effects inTG inertial effects in GR
inTG 2y
in a local frame where the GR il 4 L [
spin connection vanishes W B,u — B,u

This is a new and elegant perspective to
see the strong Equivalence Principle in TG. inertial effects compensate gravitation,

v

resembling the free-falling cabin' situation.

105



A
G

Metric Teleparallel Gravity and TEGR

A V

A
Another fundamental ingredient of TG theory is represented by the superpotential SaH =K'y —ef Tﬂ Ji eA“T

torsion scalar

/\ 1 1A A BV 1 AP AV Tou .
554 WTA =T, T, +-T,T ,—-T,T" o
4 P 9 torsion vector
L )\ J
Y Y
resembles that of the usual stem out from the tetrad soldered character allowing
Lagrangian of internal gauge theories thus to set at the same level internal and external

A o A 2 A
R=R+T+ — Ju,(ET"‘L) =

e

TG LAGRANGIAN

indices

o 2 AH
R=—T—— u(eT)

o
STEGR = — 167G /d4$ e LTEGR +fd4:1:e Loy

A
—4

l TEGR FIELD EQUATIONS

A PO AT AB

1
v e o ‘ig,,pa (SSA )_SBV

1A
ou T Tg.uu

boundary term

dynamically equivalent of GR

> ETEGR — SGRI

An important issue is related to the matter couplings,
817G because the presence of torsion introduces some
o difficulties when dealing with fermions and bosons.

A, B
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Metric Teleparallel Gravity and TEGR

It is possible to obtain new theories by considering the following general definition of torsion scalar

A c1 N A Coy A A A A
Cy, Cy, Cz are some free real Tgen = —-—TQ”VTQ”V — —TQMVT“OW + C3TQTQ
constants 4 2

three-parameter Hayashi-Shirafuji theory

The general torsion is invariant under both general coordinates and local Lorentz transformations, independently of the
numerical values of the coefficients, because it relies only on the properties of the torsion tensor. On the contrary, the
equivalence with GR, and then TEGR, is achieved only for ¢ ,=c,=c5;=1, which is naturally obtained within the TG gauge

paradigm, without resorting to hypotheses related to GR. This crucial aspect makes TG a self-consistent theory.

8#}’““" =0 > OF = /edS:ETO“

conservation i
spacetime charges are conserved

The antisymmetric part of the energy-momentum tensor is vanishing

A P Another way to see this identity is through the invariance of the action under
‘I[Hv] — e‘% gu]pTA — () local Lorentz transformations. In TEGR, the covariance eliminates six of the
s sixteen equations, which means that we are able to determine the tetrads up to
a local Lorentz transformation, which is equivalent to determine the metric
tensor.
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Metric Teleparallel Gravity and TEGR

dynamically equivalent to the Hilbert-Einsten action

Let us consider the following TG Lagrangians ﬁTEGR(e‘t, 0), ﬁTEGR(e“L, wAB#)

A *A ect A 4 oA A ec? Auo i Nor A oA L .
Lrecr(e’, wpy) +0u | o 7T (€%,w pu)| = Lrecr(€,0) +0u | o ~TH(€7,0)| —— TH(e},w p,) = TH(e’,,0) — w"
This proves that the spin connection enters in the Lagrangian as a total derivative, justifying also l

the possibility to reduce the calculations in TEGR by adopting the Weitzenbéck gauge. If we vary A ®A o A ect o i
the Lagrangian with respect to the spin connection, we obtain an identically vanishing equation. ﬁTEGR(e pr W B,u) = ﬁTEGR(e J7E O) + 3# 87TGW
Therefore, the spin connection does not contribute to the TG field equations, representing non-

dynamical DoFs. This fact shows also that TEGR can be considered as a pure tetrad teleparallel

gravity, which assumes that for whatever tetrad one chooses, the spin connection is zero,

treating these two objects as independent structures.

The spin connection is not relevant, if we are interested in searching for the

solutions of  TEGR field equations. However, formally, its presence fulfills a Analysing the DoFs of TEGR, we start from
paramount role, because: (i) it guarantees the covariance of the action under the vierbeine with 16 components.  We
local Lorentz transformations and diffeomorphisms; (ii) it is endowed with a ,hav?u,tT S;Jfbtiacg iD?;S rel.ated to thﬁe
regularizing power, because it removes the divergent inertial effects from the ;nne(; o?chir chznfj deyanii:lplTD(c:)cl)Zzzlice fon
Lagrangian (renormalized action); (iii) it permits to obtain a regular field theory diffeomorphisms (the same as in GR). The
and naturally produces, inits action, a Gibbons-Hawking-York term,  which result is 2 DoFs as in the case of GR.

permits to be coherently related to the formulation of a quantum gravity theory.
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Symmetric Teleparallel Gravity and STEGR

Symmetric teleparallel gravity (STG) is a formulation of gravitational interaction described only in terms of non-metricity. This
theory can be either formulated interms  of metric tensor or tetrads. The symmetric affine connection assumes a
fundamental dynamical role and represents an independent structure (Palatini formalism).

The presence of non-metricity entails particular geometric effects, which gives rise to counterintuitive implications:

< < <
e raising up or lowering down indices of vectors or tensors under the covariant derivative g,,)\V,u'uA = Vv, — UAQWA;

e non-metricity does not preserve the length of vectors v =v*9,,, w =w"d, parallel along a curve v
— H 5 P
=T 3ﬁ TV v =0 o o e [ v-w
—r Lo —— TVyu-w=T """Q,,, — > 1 Vi o [w] .
v T*Vywt =0

- angles, between two vectors, do not in general conserve
- STG s, in general, not a conformal theory, but it can be made
- impossibility to define a proper time along a curve as in GR

e four-velocity is not anymore orthogonal to the four-acceleration

o
acceleration g = ’UJAV)\’U,”

o o
anomalous acceleration fi,” — uvauu =a, + Q)\w’u,)‘u”
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Symmetric Teleparallel Gravity and STEGR

o
U A H Lol & o o _
a* :=u'Vyu — u, 0" = uutVaut = uVy (u,ut) — urutVu, = Q,\Wu)‘u“u" + 2u,e” — a,ut

l

<
B — 5 aelh A gV
a'uy, = auut — Q) u vty

<& <
A - A, v - 2
ap = u"Vauy = ap + Qv u" —» (G, —a,)ut = QW uFu”

The non-metricity tensor expresses how much the anomalous acceleration deviates from the standard acceleration, and it is
also responsible to depart the acceleration from the spatial hypersurface orthogonal to the four-velocity;

<

e the acceleration of autoparallels in STG becomes  a* = 0, a, = Q)wﬂu)\

v,
u?
<

¢
* to recover the length conservation and the autoparallel definition, we have to impose Q) =0, Qouyy =0

These two conditions are too strict constraints. These issues can be solved by resorting to the Weyl conformal transformations.
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Symmetric Teleparallel Gravity and STEGR

C4

Let us consider now the STG action ~ SSTEGR = /d4$ v—g Lstecr +Lm
167G ~—~—
Q
non-metricity scalar © o
Qa = Qa)\
. v 2. 0/3 2. 0/3 1 /¢ . o oaﬁ’y 1 /°¢ OBa'y o <2a
Q=g BML va — L BaL pv | = 4 QaQ" — QaB’YQ + 2 QO‘B'YQ — Q. 5_2 — éA
a T A
STEGR theory o o o 1 o o
V(" - 0" = 0, [\/Tg(cz“ - Q")]
<o o o <o < V=g d icall ival GR
—R4+V (Qp, . Qp,) » dynamically equivalent to
= up to a boundary term

general

(87
© © © © C4, Cy,C3,Cy, Cs are real

o o o RS o ©
. afBy Bory Y O ok
Qgen = €1Wap, +2Q0,Q T Q0 + Q@ +csQ,Q% free constant parameters

five-parameter family of quadratic theories or the so-called New GR
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Symmetric Teleparallel Gravity and STEGR

We can introduce a superpotential or the non-metricity conjugate as

o 1 OWTIQ) 1o, 1o, 1 o o |

w2 /=g aé wv ZQ pr ZQ(M v) 49WQ pt1|Ws Gt ‘5(;4@”) B

We can introduce also the further quantity

1 o 10 Q 4 o .
\/—_—gq,uy = \/g (\a/g: ) 2 ,UVQ_ (2QQB,U,Q Qp,aBQV B)

(2Qa BQ puv _Qu BQV B) _% (éaﬁpéﬁau - éﬁﬁaéam/)

m»—t

e Varying the STEGR action with respect to the metric tensor

< . 2 0 o 1 o 1 < (G
Gy = \/—__gVa V—9P% ] — ﬁq‘“’ + 59,,,,,@ = 6—45,,,,, METRIC FIELD EQUATIONS

¢ Varying the STEGR action with respect to the affine connection

<
V.Vl vV—=9gP," | =0 AFFINE FIELD EQUATIONS
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Symmetric Teleparallel Gravity and STEGR

It is possible to recast the STEGR connection via the tetrads and the curvatureless hypothesis in the following form

. holonomic
a ./ -1\« Jé; torsionless o . —1\a 3
r pv (6 ) 138/1,6 1y > ij = (6 ) 58[,,6 u = 0 — 9.¢f, = veb, o e%=e%:
Physically, this means that the origin of coincident affine (gaug.e) roto-transolational o
the tangent space is coincident with the gauee transformation of coordinates re  — Ox 8,0,
spacetime origin. This gauge is defined pv =0 < o o f o it (95)‘ HEY
up to a linear affine transformation. =M gT" + £o

The affine connection is an integrable translation, and the coincident gauge embodies the strong Equivalence Principle of GR.

It is worth noticing that the STEGR affine connection is purely inertial and it does not contain any
information about gravitation. Another important implication of the coincident gauge is the explicit
breaking of diffeomorphism invariance due to the particular choice of coordinates, which does not
occur in other frames. The use or not of the coincident gauge affects only the boundary, which has

no influence on the ensuing dynamics and therefore neither on the evolution of the metric tensor.
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Symmetric Teleparallel Gravity and STEGR

This particular gauge form permits to considerably simplify the calculations. In addition, the affine field
equations are trivially satisfied. In TG the local Lorentz transformations are gauged through the spin connection
and the calculations are simplified via the Weitzenbo6ck choice, whereas, in STG, the diffeomorphism of

coordinates become the new gauge and the calculations are easily carried out through the coincident gauge.

There are also other two beneficial

loc. Lorentz trans. ——— Weitzenbock effects considering, which are

TEGR o <>>\ oA
Vuzau, LMV:_FMV

It is worth noticing that, in generic STG theories, it is not
W})R possible to require that the coincident gauge holds a priori.
More specifically, it is not possible, ingeneral, tousea
diff. of coord. —————— coincident coordinate system which simultaneously simplifies metric and

connection. When this can be achieved, it holds for a restricted
set of geometries or it reduces the class of solutions.

gauge

In STEGR we have that the total DoFs are enconded in the metric tensor, having 10 components from which we have to
subtract 8 diffeomorphisms as in GR, having therefore again 2 DoFs asin GR.  Here we have that the 4 diffeomorphisms of
coordinates become the gauge diffeomorphism symmetries. While in TEGR metric and connection are related, in STEGR the
connection becomes essentially a pure gauge and all the dynamics is enclosed in the metric, which is trivially connected.
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Discussion on Trinity Gravity at Lagrangian level

GR, TEGR, and STEGR are nothing else but particular cases of wide classes of geometries. According to their formulation,

they are three non-communicating theories, because they start from distinct hypotheses and different dynamical-
geometric objects. GR is usually conceived as the geometric formulation of gravity, whereas TEGR and STEGR as the gauge
approaches to gravity, albeit also GR can be formulated in a gauge way via the use of tetrads and spin connection.

Covariance and (strong) Equivalence Principles are at the foundations of GR. The former postulate has a more general
character, which can be easily recognized alsoin TEGR and STEGR.  The latter provides mathematical and physical
coherence for TEGR and STEGR theories, = emerging naturally and guaranteeing thus the equivalence among these
theories.
foundation 2
%
GR / &5
& . & ZLTEGR ¢ > ZSTEGR
TEGR ° C S < A A
strong EP ———— w p, — K, =w p, ~P-z2p, (cfw) 8.8 (Su_Bu
STEGR The equivalence does not hold for extensions like f(R), f(T),
and f(Q) for different DoFs. However, equivalence can be
restored also in extensions considering appropriate
coincident gauge boundary terms, like f(R), f(T,B), and f(Q,B).
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LECTURE

Geometric Trinity:
The field equations




Preamble

In the previous lecture, equivalent representations of gravity have been compared at the level of actions and
Lagrangians. Here we want to develop the same comparison at the level of field equations.

Let us start from the Bianchi identities, having the pivotal role to link the field equations with the

conservation laws of the gravity tensor invariants and with the energy-momentum tensor.
We start from the second Bianchi identity, whose more explicit expression is

VaR%,, + VuR%, A+ ViR%y, =T\ R%,, + T, R%,, + T, ,R%\,

We prove the equivalence in terms of the field equations among

1. GR
2. TEGR
3. STEGR
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GR field equations

_ N _ By covariance Principle, we can
second Bianchi identity exploit the LIF's coordinates

V)\Raﬂ”y + V,J,Ra Ul + VVRa,BAlu, = 0 > a)\R)\,BuV + aIJR)\,BI/)\ + 8’/R}\5>\u =0

contracting B and u l Ruvap = —Ruvpa

o o oA oB ) 0 o 2
6,UJR/‘JV o %(%/R =0 4—_8)\R v a,BR v + aVR - 0 < 8)‘R)\ o 8“‘R)\IB)‘V + 8VR)\IB)‘“ - 0

Buv

l Einstein field equations in vacuum

o 1 N o o 1 N
Ou(R" — 2g"R) =0 = V,(R* — _g"R) =0

V.GH =0, < V, 3% =0
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TEGR field equations

Since in TEGR curvature and non-metricity vanish, we can further simplify the calculations via the the Weitzenb6ck gauge

7A) 7A) A
v)\Ra,B;u/ + V,,Raﬂ)\“ + V'UJRO[ v — 0

o A o o A A A A
K g = VK%, =V, K%, + K%, K%, — K%,K’,
Ao A AN A
puv = —Kp% K g = =K%

contractingaand A

v

AA)\ AA)\ AA)\ AA)\ AA)\ AA)\
V}\R BNJV +VMR BV}\ +VVR B}\M + V}\IC BNJV +VM}CBV>\ +VV}CB>‘NJ - 0

A

l metric compatibility of TEGR
A
Kuw =K\,

5>
x
R
|
Q
x
R
5>
I
|
S
x
R
_|_
S
x
AN
a

AA A 1A A A
V(B +KR) = SV, (R+K) =0 —»

a>
=
R

|

N = N
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TEGR field equations

We can prove that TEGR field equations are equivalent to GR ones.

A A AN A AN AT A AT AN A NG A A A AT AT N@ AN AN A& /\0‘/\0
ICI“’ = VoK ,ILV_VVK pa+K ,[LVK O'a_K ,uozK O’V:VaK uu—i_vVTM_KUMVT - K uaK ov = VaS, ,u—i_vaT gMV_K GVSa n
A A
Ko = =Ty,
A
Kaau_oa

A A A A 2 . .
K= 2V)\T>‘—|—T: ga)\(eTA)—l—T

L eg""f(“@“i%o

’%#V_%g;w’%:o—’ aPvp T R, au"—égw/ =

ANEAN AN A A A AN A A A ANAN A N 1 N
VG’S[U/U - Ka,ua'Sal/U - Kauas,uaa + Kaaa'S;uxa - Kl/pU‘S[LpU + Ta'S,uua - SaauTaU,u + §guuT =0
metric compatibility & tetrad postulate A
6_1806 =0, ln( /—g) — Faaa splitting GR and contrion tensor contributions

A /\po' -1 _A /\o'B 1 A /\o/\oa /\oa /\paa /\a/\a a/\a A
e . 9vp0:54 *° + e € ,9vp0.6 — ST ou+§guuT=0 —» 0,57 — S0’ T 6 = San’T %6 — ST pogva — Sa” VT op +T %S +§TgW:O
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coincident gauge

BARaﬁMV ‘I‘ &,RaﬁAM ‘I‘ auRaﬁV)\ = 0

DA DA DA A 3 A
(9>\R Buv +8/»LR Br +8VR B —I—(%\,C Buv +8M£ Br +ay£ B - 0

v

STEGR field equations

o o
R%,, = Ra gy + L%, =0
o o o o o oo
EﬁuV:vﬂLﬁI/—vV‘L,@M_'—LUuL v
<>a OB <>a
L Buv — —L auv L Buv

contracting aand A

same strategy of GR

o

L(l

ov

OG'
L%

u

Oa
= L%

<o Ol,l,
L.=1",
S T S S T s1 ¢ %
Ry — §g,wR =L+ 59/“/5’ Ly =L pow
R e e
,uu_ég/u/ —Oa L“V:—F uv

resembling formally the expression
of Ricci tensor and scalar curvature

it is easy to see that it is equivalent to GR
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STEGR field equations

We prove that STEGR field equations are equivalent to GR ones.

< < Ooz < Ooz <>0_ Ooz <>0_ Ooz ooa 1o ¢ 1¢ oa 1 oaoa oa <>cr oU
L/J.,l/ — VQL uv - VUL no + L /J.,I/L oo L /J.,OCL oV = VOéL nv + §VI/QM - §QaL pyv Z Qy, OéQl/ g +2Q O'V(Q ap QOé ,lL)
oa 1¢
L no = _iQpn
L%, = 2P, + 2., (Q% — Q%) - 1 (820, + 55Q,)
o ° 9 <Za 1¢ oan 1¢ Ovﬂa 1o o 1¢ ga o o« <3a o
o o oa oa <>o_ o 1¢° oa
6on :Von +L O'OLQ = Von - _QaQ
v
o 10 o <Z'oz 1 <>oz <Z'oz 100 4 10 o 4 o 1<>a oo 4 o 1 S 4 e 1 4
2aOéP 114 + §Qauu(Q - Q ) + 59#”604(@ - Q ) + §L IWQU + ZQM UQV ot §Q UM(Q va Qa l/) _iguvva(Qa - Qa) + ggqu =0
oa oa oa aa _ og <>0 1¢
l 804(\/ _gP ,ul/) = 80!(\/ _g)P "% + 80!(P ur/)\/ —g g =T ac — —L ac — EQa
2 < 1 o 1 < The equivalence holds only for the theories stemming out from R, T, and Q (having second
\/_—gaa( \ _gPalw) o \/qu;w + §gMVQ =0 order equations). This is not true for extensions (non-linear functions of these invariants).

GR, and its equivalent representations, are very peculiar cases among the theories of
gravity, as we will see below..
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LECTURE

Geometric Trinity:
The solutions




Schwarzschild solution & Birkhoff theorem

The equivalence of GR, TEGR, and STEGR has to be proven also at the solution level. The same field equations have been
obtained, and then the same exact solutions, under the same symmetries and boundary conditions, have to be achieved.

Recently, it has been proposed a 3+1 splitting formalism in the Geometric Trinity of Gravity with the following advantages:
(1) simplicity in carrying out numerical analyses;

(2) solving some theoretical issues existing in the various formulations of GR at the fundamental level;

(3) broadening this methodology also in extended and alternative gravity frameworks.

Here, we focus the attention on the Schwarazschild spacetime. Soon after the publication of GR theory, Schwarzschild
determined the solution, describing the spacetime metric outside a spherically symmetric mass-energy distribution.
This result is in perfect agreement with the weak field approximation.

Jebsen, in 1921, and Birkhoff, in 1923, independently proved that the Schwarzschild solution holds outside a spherically
symmetric mass distribution, even if this varies over time. This is now known as the (Jebsen) Birkhoff theorem, stating:

Any spherically symmetric solution of the GR field equations in vacuum has to be static and asymptotically flat.
In addition, the Schwarzschild solution is the unique solution satisfying these hypotheses.
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Schwarzschild solution & Birkhoff theorem

The Birhoff theorem entails several significant implications:

(1) unigueness of the Schwarzschild solution in GR by imposing the spherical symmetry as starting hypothesis;
(2) no emission of gravitational waves;

(3) It can be compared with the Gauss theorem implications in electromagnetism and in classical Newtonian gravity.

We consider a generic spherically symmetric metric, whose line element, written in spherical
coordinates {t,r, 8, ©}, in the equatorial plane 6 =7/2, and in geometric units (G=c=1), reads as

d82 — _el/(t,’r)dtQ i ek(t,’r)d,r,Q i 7"2d902

\

unknown functions to be determined

M compact object mass
weak field limit on the metric time component —e”®™ ~ —1 + -

\_Y_I
Newtonian gravitational potential

We want to solve the field equations in vacuum in GR, TEGR, and STEGR, recovering also the Birkhoff theorem.
oM M\ 1 Given a function f(t,r), we use the following notations
The Schwarzschild ds® = (1 - —)dt2 (1 - —) dr? + r?de?

metric T T f(t ) — df(t T) f (t ) — df(t T)

Y
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Spherically symmetric solutions in GR

The vacuum field equations in GR can be recast also as Gw=R,, =0 —— ;{ —0

Gtr = - = O, = A= )\(’I“) \

—ern) 4 rv' (t,r) +1 =0, ——> metric static ——>| Birkhoff theorem

int ti tant
Gy = e~ M) (7“)\/(7“) —1)+1=0. — [e_A(r)r]/ RS S g integration constan
r

N
Il

l Multiplying thefirst by () and summing it to the second

integration constant

Nr)+V(r)=0, = Ar)+v(r)=0Cy > O =0

asymptotic flatness

lweakﬁeld

limit

v(r 2M A(r 1
_e():1_T’ e()zl_m
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Spherically symmetric solutions in TEGR

For solving the TEGR field equations, we adopt the tetrad formalism.

We know that each tetrad field must be associated to the related spin connection. However, in TEGR, we can drastically
simplify the calculations resorting to the Weitzenb6ck gauge. Therefore, we can choose the diagonal tetrad

o At 1 M oM\
_eV(’r‘) O 0 0 T tr — —51//(7") = ) <1 — —> 5
T T
n S
O O u 0 non-zero torsion tensor components o= r
0 rsinf
non-zero superpotential \lon zero contorsion tensor components redshifted radial gravitational force
components
M classical centrifugal force occurring in the tetrad frame
Kup = 500/ (r) = =5
A _2e0Ver ) 2 [ aM Lir 2 r2’
2 Y B
A TP =A(r) / — _
5, —-CaD Mor o Kerp =,
l _ ' Combining these elements, it is
torsion scalar / dynamically active part of the easy to obtain the Schwarzschild
scalar curvature, whereas the solution and the Birkhoff
% 2272 () (r)+1) 2 remaining part is included in the theorem also in TEGR.
- r2 T2 dynamically passive boundary

term.
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Spherically symmetric solutions in STEGR

Regarding the STEGR field equations, we adopt the coincident gauge to ease the calculations.

In this case, it is immediate to get the same results of GR. However let us calculate the
fundamental terms occurring in the equations for extracting the physical information.

the derivative of gravitational

non-metricity tensor
/ _2M
o —e(My (r) A )0, 0 07’2 gM 8 potential represents the
me = 0 e\ (r) 0 = r2(1 27154)2 J gravitational force acting on the
0 0 2r 0 0 2r observer and producing the
conjugate potential disformations
o N(r) —rv/ 4 1
PttT _ T (7‘) TV (7”) + _ - ()\/(r) + I//(’l“)) ,
i 8 It is worth stressing that, also
o erM=A) X M\ 2 We recover the Schwazrschild At this level & a ’t
P r e\ ) solution and the validity of the | —— 15 1eVel, We cahno
° 1 M-—r Birkhoff theorem also in STEGR expect the same solutions for
P, = —ZTG_MT) (rv'(r)+2) = 5 f(R), f(T), and f(Q) extensions.
© 1
Pl =3 N0 +7() =0,
o 2e¥(M=AMy/ (7) 0 0 % (1 — M) 0 0
9w _ 6 21"1/(;")4-2 0 = " 0 ! TZ(IEM) 0
Ve 0 0 -rpse 0 0 M _o
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LECTURE

Extensions of Geometric Trinity



The Extended Geometric Trinity of Gravity

It is possible to consider generalizations of the Geometric Trinit)

replacing the &alansd with arbitrary smooth functions in the
respective actions; this led to three dynamical equivalent exten

« Extended Metric Grayity,
- Extended Teleparallef(Guayity,
« Extended Symmetric TeleparallebGravity,

The equivalence is based on the choice offthe smooth function
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The Extended Geometric Trinity of Gravity

In fact, the equivalence of the Ricci scalar with the torsion and the non-metricity
scalar up to the respective boundary terms leds to:

R=R — f(R)
R=0=kR=T7-B — f(R)=fT B=fT- B
R=0—-R=0Q+ B— f(R)=7Q, B>= f(Q + B)

These conditions define the equivalence between f( A Lagrangian and field equations with

the f(T, B), and f@, D) theories.
In this perspective, f(ﬁ% f(T, B) and f(@, B form

the so-called Extended Geometric Trinity of Gravity.
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The Extended Geometric Trinity of Gravity

f(R)

Extended Geometric

f(T _ B) Trinity of Gravity f(é . B)

/—\ l o —\
g s [ o
g B=V,Q"-Q")

" Geometric Tri nity of

Gravity
STEGR = / diey/—gT SSTEGR = / d'z\/—g Eg
7 1 ale11 2 a 2 2l e1% Hovr = e K e S lle & o 2
T — Z(—T B Talﬂj = 2Ta[,l.uTu ) + T Ta Q — —ZQIU’UQ” + EQ‘JUGQ [~ + ZQ#Q” = §QUQ#

132



The Extended Geometric Trinity of Gravity

The alternative approach to discuss extensions of gravity theories is constr
stress-energy tensors containing the further geometric DoFs. In this picture
geometry appear as additional matter fields.

It is based on:

- The second BianchiNd@ntity:-VR', + R, = (I3 Rl +
T3 Boy + b B3 );

- the covariant conservation of the st¥egstendrgy tensor:

Thus, starting from the second Bianchi Identity for a general linear affine c

possible to infer the field equations in TEGR and STEGR framework, which
Einstein field equations.
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The Extended Geometric Trinity of Gravity

Curvature, torsion, and non-metricity are simply alternative ways of represen
gravitational field, accounting for the same DoFs.

The conservation laws can also be applieditaEeldetufdcnshamn be rewritter
w.r.t. the Einstein tensor:

Gy = x(Bg +72%:: ),

separating the usual matter energy-momentum tensor and the effective ener
which is given by the geometrical contribution:
f(R)- Rf<R>-<)

. 1
Ty =W<V2V6f(l’%><— f(R) 926 + 92 5

The Einstein tensor &@;usud); is- ~ 92 R.
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The Extended Geometric Trinity of Gravity

Since for the second Bianchi Identity ¥ G = 0, as well as the energy-
momentum tensor is divergence free, we get that:

%I, =0
Hence, the continuity equation holds also for the 1;)2:? . As a consequence,

generalized conservation will be also valid for the field equations of f(T" — E)
and f@Q + D), according to their dynamical equivalence to f( R).
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1D LECTURE

A summary and open issues
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Summary

We have gathered together  basic concepts of Geometric Trinity of  Gravity and derived the related
dynamics pointing out analogies and differences of metric, affine, and non-metric approaches. We tried

to give a self-consistent picture of the three representations of gravitational  field. The main statement is
that equivalence is strictly achieved for GR, TEGR, and STEGR and not for any extension of these theories.

Firstly, we introduced the geometric arena of metric-affine gravity, where metric tensor and affine
connection are two separate and independent structures. After, we provided the fundamental geometric
objects, that are tetrads and spin connection.  The former represents the observer laboratory, which

solders the tangent space to the spacetime manifold.  This procedure gives rise to anholonomic frames.
They become holonomic when we are dealing with inertial ~ frames, where a particular role is fulfilled by

trivial tetrads of Special Relativity. The latter are intimately related with general tetrads, because they
represent the inertial effects and they are generated by local Lorentz transformations. They form the
Lorentz group, which, in turn, can be proved to give rise to a Lorentz algebra. This is a crucial aspect for

defining the Fock-lvanenko covariant derivative,  useful to characterize the spin connection in terms of
tetrads and to introduce the tetrad postulate. The physical interpretation is also provided.



Summary

These mathematical tools allow to describe the Geometric Trinity of Gravity. Specifically, a metric formulation
(encoded in the Riemannian geometry) and a gauge approach (encoded in Teleparallel Gravity) are possible.

GR, TEGR, and STEGR are dynamically equivalent from the variation of their ~ Lagrangians up to a boundary term.
Furthermore, starting from the second Bianchi identity, it is possible to infer the field equations, which are
identical in the three representations. Finally, we analysed spherically symmetric solutions in the three theories
deriving the Schwarzschild spacetime and the Birkhoff theorem. The approaches can be summarized as follows:

Lagrangian

variation

~-

EQUIVALENCE —Blenchilds: . piold equations

symmetries

~

Solutions
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Metric-Affine Theories of Gravity

Metric tensor and affine connection are two independent geometrical structures .

[y, =¥ +K, + L,

4 :'790' (g+0” + 90+ — 9+.0 ) Levi-Civita connection,

i
c K, = '790' (TJFO, + 1oy — Dy ) Contortion tensor;
L

L= '790' (QOJD — Qo — Qo+ ) Disformation tensor.
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Metric-Affine Theories of Gravity

Through the affine connection, it is possible to define:

- the curvaturefensor, ) — 0T, + I\ I — I If, ;

Y

- the torsion f@&nsdf. — I ;

9

 the nonmetricity,tersoyg, =99, —I5 g5 — 1 g.o.
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Metric-Affine Theories of Gravity

Metric teleparallel

Minkowski

theories B =0
R%,, =0T, #0 Qo =0 T%, =0
Qapr =0 P =1
rd
o
25 P L i
General teleparallel Qe 0 H
theories _ "
T, =0 o
> >
Qo #0 T2, 20 I/
Y
& {e3 —
?; Riemann-Cartan| R%,,=0| Qaw #0
theories Taw =1
=) Raﬂw #0 -
i T, #0 il
%./ Qapr =0 3 Riemann theories
& N & (GR & ETGs)
8 < Re "
> 2 R Buv #0
e T =0 9 o
o uy & Qo =0 T = 0
Q Q,G"v
7 -
Metric affine T —o Symmetric
theories pr— theories
B, 20 R #0
Buv

Qaw 20 T, =0
Qo £0 T%,, #0 H "
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The Geometric Trinity of Gravity

General Relativity (GR) can be formulated also through torsion or non-r
Equivalent of GR (TEGR) and Symmetric TEGR (STEGR), respectively. Tl
Geometric Trinity of Gravity.

Lagrangian

GR
Dyn_amlcal » Field Equation
Equivalence
B “

TEGR <—> STEGR Solutions
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The Geometric Trinity of Gravity

The equivalence of the three representations is first shown via the Lagr
R=K— 4 =
R=F—-T+4+B=0— 4 =T—B

R=FKF—-Q—-B=0—% =Q+B

TEGR and STEGR Lagrangian are equivalent to the GR Hilbert-Einstein ¢
terms B.
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Perspectives

Investigation of metric field equations and connection field equations for
guadratic non-metric gravity;

Constrained Hypermomentum under projective invariance;

Investigation on how a projective transformation could eventually allow to
connect MAGs and Teleparallel and Symmetric Teleparallel Theories;

The role of boundary terms B to establish the correct relation among gravity
theories;

Autoparallel as equations of motion for MAGs.
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Open problems

Although mathematical results are equivalent, the physical interpretation can be different depending on the
considered variables and observables. This fact opens several questions. Some of them can be listed as follows:

e Are there other equivalent formulations of gravity, outside of the Geometric Trinity within the metric-affine
arena or, more in general, identifying other fundamental variables?

e From an observational point of view, what does it mean that these three theories are dynamically
equivalent? This issue translates in extracting observables from each gravity theory.

e How can we construct observational apparatuses to test different theories dynamically equivalent to GR?
Is it possible to discriminate different observables for equivalent descriptions of gravity from observations?

e STG theories are the less analysed among the three approaches. A general tetrad formulation is necessary in
view of physical implications. In particular, the interpretation of gravity as a gauge theory could be particularly
relevant to uniform gravity under the same standard of other fundamental theories.

e The Equivalence Principle is a fundamental aspect of GR. It can be recovered in TEGR and STEGR. If it were
violated at some level (e.g. at quantum level), would it be possible to state that TEGR and STEGR are more
fundamental theories than GR because they do not require it as a basic principle?



§
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