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Why one should consider Noether theorem?

� It is an algorithmic way of extracting information from variational systems

� We have a complete and geometric framework covering

� mechanics (first integrals) and field theories (continuity equations)

� superpotentials in natural and gauge natural theories

� a number of generalizations

� Insights to physical meaning and solution space

Many quantities relevant for physics are defined in terms of Noether theory

In mechanics we know how to use first integrals

In field theories the relation between conservation laws and solutions is looser

(Almost) Everything we know in physics is stated in terms of symmetries.
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The variational setting

JkBjkxy = (xµ; yi; yiµ; : : :)

B(xµ; yi)

Mxµ

...................................................................................
.....
.......
.....

�

...................................................................................
.....
.......
.....

�k0

The Lagrangian L = L(jkxy)dmx is a horizontal form on JkB.

(or a bundle map L : JkB ! Am(M), or a class of forms, : : : )

Global sections � : M ! B 2 Γ(�) can be lift to jk� : M ! JkB

then (jk�)∗L is an m-form on M .

For any compact region D �M , the action is

AD[�] =

Z
D

(jk�)∗L (1)

A deformation (on D) is a vertical vector field X on B (supported on �−1(D)), its flow being Φs : B ! B.

Let the deformed con�guration be �s = Φs � �, the deformed action be AD[�s].

Principle of critical action: a configuration � is a critical section

iff, for all regions D and for all defomations X on D, the action is stationary, i.e.

�XAD[�] =
d

ds
(AD[�s])

��
s=0

= 0 (2)

A section σ is critical iff, locally, it is a solution of the Euler-Lagrange equations

Ei ◦ j2kσ =

(
∂L
∂yi
− dµ

∂L
∂yiµ

+ . . .+ (−1)kdµ1...µk
∂L

∂yiµ1...µk

)
◦ j2kσ = 0 (3)
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Global �rst variation formula

The local computation can be captured in global morphisms:

JkB V ∗(JkB)
Am(M)

B B

M M

...................................................................................
.....
.......
.....

�

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

�k0

...................................................................................
.....
.......
.....

............................................................................................................................................... ............�L

.......................................................................................................................................................................................................................................................................

.......................................................................................................................................................................................................................................................................

.......................................................................................................................................................................................................................................................................

.......................................................................................................................................................................................................................................................................

�L(jkxy) =
�
pid̄y

i + p
µ
i d̄y

i
µ + : : : + p

µ1...µk
i d̄yiµ1...µk

�
 dmx

E(j2k
x y) = Eid̄yi 
 dmx

F(j2k−1
x y) =

�
f
µ
i d̄y

i + f
µα
i d̄yiα + : : :

�
 (dmx)µ

Naive momenta: pi = ∂L
∂yi

, pµi = ∂L
∂yiµ

, : : : , pµ1...µk
i = ∂L

∂yiµ1...µk

Formal momenta: fµi = p
µ
i � dαp

µα
i + : : :, , : : : , f

µα1...αk−1
i = p

µα1...αk−1
i

J2kB V ∗(B)
Am(M)

B B

M M

...................................................................................
.....
.......
.....

�

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

�2k
0

...................................................................................
.....
.......
.....

.......................................................................................................................................................................................................................... ............
E

......................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................

J2k−1B V ∗(Jk−1B)
Am−1(M)

B B

M M

...................................................................................
.....
.......
.....

�

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

�2k−1
0

...................................................................................
.....
.......
.....

......................................................................................................................................................... ............
F

......................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................

We have the global �rst variation formula on J2kB

h�LjjkXi = hEjXi+ dhFjjk−1Xi (4)

No functional spaces in variational calculus
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Exercises

Let L = L(j1
xy)dmx be a first order Lagrangian. L = L(xµ; yi; yiµ)dmx

On the configuration bundle [B !M ] we consider fibered coordinates (xµ; yi)

h�Ljj1Xi =
�
piX

i + p
µ
i dµX

i
�
dmx =

�
pi � dµp

µ
i

�
X idmx + d

�
p
µ
iX

i(dmx)µ
�

(5)

E =
�
pi � dµp

µ
i

�
d̄yi 
 dmx F = p

µ
i d̄y

i 
 (dmx)µ (6)

Consider fibered transformations

x′µ = x′µ(x) y′i = Y i(x; y)
�
J
µ
ν = ∂x′µ

∂xν
(x) Y i

ν = ∂y′i

∂xν
(x; y) Y i

k = ∂y′i

∂yk
(x; y)

�
(7)

JL′(x′µ; y′i; y′iµ) = L(xµ; yi; yiµ) (8)

Jp′kY
k
i + Jp

′µ
k d
′
µY

k
i = pi JJ̄

µ
αp′αk Y

k
i = p

µ
i (9)

E′id̄y′i 
 dmx′ =
�
p′i � d′µp

′µ
i

�
d̄y′i 
 dmx′ = Eid̄yi 
 dmx F′ = p

′µ
i d̄y

′i 
 (dmx′)µ = F (10)

E =
�
pi � dµp

µ
i

�
!i ^ dmx F = p

µ
i !

i ^ (dmx)µ (11)

Everything is in transformation laws.
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Exercises

For a second order Lagrangian, one can find the computation in [1]

Exercise: check that there

f
µ
i = p

µ
i � dαp

µα
i f

µν
i = p

µν
i (12)

and that they transform as

f
µ
i = JJ̄

µ
α

�
f ′αk Y k

i + f
′αβ
k d′βY

k
i

�
f
µν
i = JJ̄

µ
αJ̄

ν
βf
′αβ
k Y k

i (13)

Exercise: show that

E := Ei !i ^ dmx F(L) := f
µ
i !

i ^ (dmx)µ + f
µν
i !iν ^ (dmx)µ (14)

are still global.

Exercise: show that the maps

E = Ei d̄yi 
 dmx F = f
µ
i d̄y

i 
 (dmx)µ + f
µν
i d̄yiν 
 (dmx)µ (15)

are still global.

Exercise: Find E and F for the Klein-Gordon Lagrangian L = �
p
|g|
2

�
gµνdµ'

†dν' + m2'†'
�
.

Exercise: Find E and F for the Maxwell Lagrangian L = �
p
|g|
4
FαβFµνg

αµgνβ with Fαβ = dαAβ � dβAα.
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Lagrangian Symmetries

A fibered transformation Φ : B ! B is a Lagrangian symmetry iff (J1Φ)∗L = L, i.e.

JL(jkxy′) = L(jkxy) (16)

A projectable vector field Ξ = �µ(x)@µ + �i(x; y)@i is an in�nitesimal symmetry

iff the covariance identity is satisfied

pi$Ξy
i + p

µ
i dµ$Ξy

i = dµ(�µL) (17)

where we set

$Ξ� = T�(�)� Ξ � � = (�µyiµ � �i) @i 2 V (B)
(
£Ξy =

(
ξµyiµ − ξi

)
∂i : J1B → V (B)

)
(18)

for the Lie derivative of a section. (formal Lie derivative)

J1B V (B)

B B

M M

............................................................................................................
.....
.......
.....

�

............................................................................................................
.....
.......
.....

............................................................................................................
.....
.......
.....

�1
0

............................................................................................................
.....
.......
.....

................................................................................................................................................................................................. ............
$Ξy

.....................................................................................................................................................................................................................

.....................................................................................................................................................................................................................

.....................................................................................................................................................................................................................

.....................................................................................................................................................................................................................

..............
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
......................
................

�

..............
.........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
..............
......................... ............

j1�

$Ξy � j1� = $Ξ�

[$Ξ1
;$Ξ2

]y = $[Ξ1,Ξ2]y
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Noether theorem

We can set recast the covariance identity globally as

h�Ljjk$Ξyi = d(� L) (19)

and use the first variation formula

h�Ljjk$Ξyi = hEj$Ξyi+ dhFjjk−1$Ξyi = d(� L)

d
�hFjjk−1$Ξyi � � L

�
= �hEj$Ξyi

(20)

Let us define the Noether current and the work current

E = hFjjk−1$Ξyi � � L : J2k−1B ! Am−1(M) W = �hEj$Ξyi : J2kB ! Am(M) (21)

which obey the conservation law

dE = W (22)

– if evaluated along a solution, d(E � j2k−1�) = 0, continuity equations

– in mechanics, m = 1, E is a �rst integral
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Symmetries group

For a Lagrangian system defined on [B !M ], we can define a group of symmetries

as well as a Lie sub-algebra of in�nitesimal symmetries

Sym � Aut(B) sym � Xπ(B) (23)

Lie group of symmetries: (First Noether theorem)

sym is a finite dimensional Lie algebra Sym is a Lie group

ΞA = �
µ
A@µ + �iA@i is a base of sym [ΞA;ΞB] = cCABΞC Ξ = �AΞA � sym; �A 2 R

$Ξy = �A
�
�
µ
Ay

i
µ � �iA

�
@i = �A$ΞA

y

(
E =

�hFjjk−1$ΞA
yi � �A L

�
�A = EA�A

W =� hEj$ΞA
yi�A = WA�

A
(24)

Localizable symmetries: (Second Noether theorem)

sym are parameterized by local functions �A(x) and their derivatives up to some finite order r

$Ξy =LA�
A + L

µ
Adµ�

A + : : : + L
µ1...µr
A dµ1...µr�

A =

=L̂A�
A + L̂

µ
Arµ�

A + : : : + L̂
µ1...µr
A rµ1...µr�

A
(25)

$ξg =
�
�αdαgµν + dµ�

αgαν + dν�
αgαµ

�
∂

∂gµν
=

=
�
�αrαgµν +rρ�

α
�
�
ρ
µgαν + �

ρ
νgαµ

��
∂

∂gµν

(26)
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Examples of First Noether theorem

Ex 1: consider the Kepler Lagrangian in space ( r2 = x2 + y2 + z2)

L =
�
m
2

(ẋ2 + ẏ2 + ż2) + α
r

�
dt (27)

X1 = z ∂
∂y
� y ∂

∂z
is a symmetry j1X1 = y ∂

∂z
� z ∂

∂y
+ u2 ∂

∂u3 � u3 ∂
∂u2

j1X1(L) = yz
r2 � zy

r2 + m (u2u3 � u3u2) = 0 J1 = zẏ � yż is conserved (28)

Analogously, for X2 = x@z � z@x and X3 = y@x � x@y. hXii = so(3)

[Xi; Xj ] = �kijXk [X1; X2] = y@x � x@z = X3 (29)

Ex 2: consider the Klein-Gordon Lagrangian

L = �
√
g

2

�
'
†
µgµν'ν + m2'†'

�
dmx (30)

Ξ = �i'† ∂
∂ϕ†

+ i' ∂
∂ϕ

is a symmetry j1Ξ = �i'† ∂
∂ϕ†

+ i' ∂
∂ϕ
� i'

†
µ

∂

∂ϕ†µ
+ i'µ

∂
∂ϕµ

j1Ξ(L) = i
√
g

2
m2

�
'†'� '†'

�� i
√
g

2

�
'
†
µgµν'ν � '

†
µgµν'ν

�
= 0 (31)

Q = i
√
g

2
gµν

�
'†'ν � '

†
ν'
�

(dmx)µ is conserved along solutions (32)
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Second Noether theorem

With localizable symmetries (£Ξy
i = LiAζ

A + LiµA dµζ
A + . . .+ Liµ1...µrA dµ1...µrζ

A)

E =
�
f
µ
i $Ξy

i + f
µα
i dα$Ξy

i + : : : + f
µα1...αk−1
i dα1...αk−1

$Ξy
i � �µL

�
(dmx)µ =

=
�
EµA�A + EµαA dα�

A + : : : + Eµα1...αk+r−1
A dα1...αk+r−1

�A
�

(dmx)µ =

=
�
Ê µA�A + Ê µαA rα�

A + : : : + Ê µα1...αk+r−1
A rα1...αk+r−1

�A
�

(dmx)µ

(33)

W =� �pi � dµp
µ
i + : : : + (�1)kdµ1...µk

p
µ1...µk
i

�
$Ξy

i(dmx) =

=
�WA�

A +W α
Adα�

A + : : : +W α1...αr
A dα1...αr�

A
�

(dmx) =

=
�
ŴA�

A + Ŵ α
Arα�

A + : : : + Ŵ α1...αr
A rα1...αr�

A
�

(dmx)

(34)

Conservation laws for a first order current�
rµÊ µA + 1

2
Ê µαB RB

Aµα

�
�A +

�
rαÊ αµA + Ê µA

�
rµ�

A + Ê µαA rµα�
A =

= ŴA�
A + Ŵ α

Arα�
A + Ŵ αβ

A rαβ�
A

(35)

where we set [rµ;rα]�A = RA
Bµα�

B. 8>><
>>:
rµÊ µA + 1

2
Ê µαB RB

Aµα = ŴA

rαÊ αµA + Ê µA = Ŵ α
A

Ê (µα)
A = Ŵ αβ

A

(36)
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Bianchi identities

For a second order work current W =
�
ŴA�

A + Ŵ α
Arα�

A + Ŵ αβ
A rαβ�

A
�

(dmx) we have

�
ŴA�

A + Ŵ α
Arα�

A + Ŵ αβ
A rαβ�

A
�

=

=
�
ŴA �rαŴ

α
A +rαβŴ

αβ
A

�
�A +rα

��
Ŵ α
A �rβŴ

αβ
A

�
�A + Ŵ αβ

A rβ�
A
�

=

=B+ dẼ

(37)

where we defined the Bianchi current B = B dmx � 0 which vanishes (off-shell)

B =
�
ŴA �rαŴ

α
A +rαβŴ

αβ
A

�
�A =

=rµÊ µA + 1
2
Ê µαB RB

Aµα �rµ(rαÊ αµA + Ê µA) +rαβÊ (µα)
A =

=rµÊ µA + 1
2
Ê µαB RB

Aµα �rµαÊ αµA � 1
2
[rµ;rα]Ê αµA �rµÊ µA +rαβÊ (µα)

A = 0

(38)

and the reduced current Ẽ =
��
Ŵ α
A �rβŴ

αβ
A

�
�A + Ŵ αβ

A rβ�
A
�

(dmx)α which vanishes on-shell.

Ẽ =
��
Ê αA +rβÊ [βα]

A

�
�A + Ê (αβ)

A rβ�
A
�

(dmx)α (39)

The work current is exact W = dẼ
The current d(E � Ẽ) = 0 is conserved off-shell and it coincides on-shell with the Noether current.
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Exercises

Ex 1: check that [rµ;rν ]Ê µνα = Ê µνε Rε
αµν where Ê µνα is a tensor density of weight 1.

Exercise: Consider a Lagrangian on [R � Am ! R] with coordinates (s; xµ), L = L(xµ; uµ)ds homogeneous of

degree 1, i.e. such that
@L
@uµ

uµ = ṗµu
µ = L (40)

e.g. L =
p
gµν(x)uµuνds or L = Aµ(x)uµds.

Consider the transformation xµ(s′) = xµ(s(s′))

s′ = s′(s) x′µ = xµ u′µ = ds
ds′u

µ (41)

The infinitesimal generator is

j1Ξ = � ∂
∂s
� dξ

ds
uµ ∂

∂uµ
$Ξx

µ = �uµ (42)

This is a symmetry
(
∂L
∂s = 0

)
pµ�u

µ + ṗµ
d
ds

(�uµ) = �pµu
µ + dξ

ds
ṗµu

µ + �ṗµu̇
µ =

= dξ
ds
L+ � ∂L

∂s
+ �pµu

µ + �ṗµu̇
µ = d

ds
(�L)

(43)

The corresponding Noether current is

H = ṗµu
µ � L = 0 (44)

It is constant along solutions ( :o) ) It is constant along any curve ( :o( )
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Solutions

Ex 1:

[rµ;rν ]Ê µνα = Rν
εµν Ê µεα + Rµ

εµν Ê ενα �Rε
αµν Ê µνε (45)

Since Ê is a density of weight 1 and covariant derivatives are for Levi-Civita connection we have

∇α∇β Ê =dα∇β Ê − Γεβα∇εÊ − Γεεα∇β Ê =

=dαβ Ê − dαΓβ Ê − ΓβdαÊ − Γεβα∇εÊ − Γαdβ Ê+ ΓαΓβ Ê

[∇α,∇β ]Ê =
(
dβΓεεα − dαΓεεβ + ΓεσβΓσεα − ΓεσαΓσεβ

)
Ê = RεεβαÊ = 0

(46)
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Summary

Variational calculus X deformation Stokes + boundary conditions

h�LjjkXi = hEjXi+ dhFjjk−1Xi ) E � j2k� = 0 field equations (47)

Noether theorem $Ξy symmetry covariance + along solutions

h�Ljjk$Ξyi = hEj$Ξyi+ dhFjjk−1$Ξyi ) dE � j2k−1� = 0 conservation laws (48)
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Summary

Variational calculus X deformation Stokes + boundary conditions

h�LjjkXi = hEjXi+ dhFjjk−1Xi ) E � j2k� = 0 field equations (1)

Noether theorem $Ξy symmetry covariance + along solutions
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Contents

How about field theories that are covariant for any spacetime diffeomorphism? as GR

� Fields need to support a representation of the group Diff(M) Natural bundles

� Any vector field � 2 X(M) is an infinitesimal Lagrangian symmetry Second Noether theorem

� If �̂ : Diff(M) ! Aut(C), then it splits the group sequence

0 ! AutV (C) ! Aut(C) ! Diff(M) ! 0 (3)

� If one has a group homomorphism �̂ : Diff(M) ! Aut(C) : � 7! �̂,

then Diff(M) acts on sections �′ = �̂ � � � '−1

� Infinitesimally one has �̂ : X(M) ! X(C) : � 7! �̂

0 ! XV (C) ! X(C) ! X(M) ! 0 (4)

splits the Lie algebra sequence. [�; � ]ˆ = [�̂; �̂ ]

The bundle TM has these properties (with �̂ = T�).

What is the most general bundle [C !M ] with these properties? Natural bundles

What extra properties has a field theory like that? Natural theories

...
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The groups

Consider maps � : Rm ! Rm such that �(0) = 0 and locally invertible around the origin.

jr� 2 GLr(m) form a Lie group jr� � jr� = jr(� � �) (jr�)−1 = jr�̄

For GL2(m) consider

α ' ∂bαaxb + 1
2∂bcα

axbxc + . . . αab = ∂bα
a αabc = ∂bcα

a (5)

and expand α ◦ β : xb 7→ x′a = α(β(x))

α ◦ β ' ∂pαa∂bβpxb + 1
2

(
∂pqα

a∂bβ
p∂cβ

q + ∂pα
a∂bcβ

p)xbxc + . . . (αab , α
a
bc) · (β

d
e , β

d
ef ) = (αapβ

p
b , α

a
pqβ

p
bβ

q
c + αapβ

p
bc) (6)

For the inverse (αab , α
a
bc)
−1 = (ᾱab , ᾱ

a
bc)

(αab , α
a
bc) · (ᾱ

d
e , ᾱ

d
ef ) = (αapᾱ

p
b , α

a
pqᾱ

p
b ᾱ

q
c + αapᾱ

p
bc) = (δab , 0) αapᾱ

p
b = δab ᾱabc = −ᾱadα

d
pqᾱ

p
b ᾱ

q
c (7)

(αab , α
a
bc) = (Jab , J

a
bc)

The group GL1(m) is the usual general linear group GL(m)

Tensors transform as read this as a group left action

t
′µν
α = J

µ
ρ Jνσ t

ρσ
ε J̄εα � : GL(m)� T ! T :

�
Jab ; t

ab
c

�
7! t′abc = JapJbq t

pq
d J̄

d
c

Tensor densities (of weight w) transform as read this as a group representation

�
′µν
α = J̄wJ

µ
ρ Jνσ�

ρσ
ε J̄εα � : GL(m)� Tw ! Tw :

�
Jab ; �

ab
c

�
7! � ′abc = J̄wJapJbq�

pq
d J̄dc

Connections on M transform as read this as a group representation

Γ′µαβ = J
µ
ε

�
ΓερσJ̄

ρ
αJ̄σβ + J̄εαβ

�
� : GL2(m)� C ! C : ((Jab ; J

a
bc);Γ

a
bc) 7! Γ′abc = Jad

�
ΓdpqJ̄

p
b J̄

q
c + J̄dbc

�
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Lecture 2: Natural theories Lorenzo Fatibene

Crush course on principal bundles

[P !M ] is a principal bundle iff a vertical, transitive on fibers, and free right action of a Lie group G on P .

Φ 2 Aut(P ) Rg : P ! P : p 7! p � g

P P

M M

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

.......................................................................................................................................... ............
'

.......................................................................................................................................... ............
Φ

P P

P P

...................................................................................
.....
.......
.....

Rg

...................................................................................
.....
.......
.....

Rg

.......................................................................................................................................... ............
Φ

.......................................................................................................................................... ............
Φ

Automorphisms: (Φ; ') : P ! P 2 Aut(P ), Rg � Φ = Φ �Rg (Φ; ') 2 AutV (P ) : ' = idM

I! AutV (P ) ! Aut(P ) ! Diff(M) ! I (8)

Let � : M ! P a local section on U �M p = �(x) � g t : �−1(U) ! U �G : p 7! (x; g)

�′(x) = �(x) � f(x) Transition functions (or automorphisms) on P are x′ = x′(x) and g′ = f(x) � g

A connection on a bundle [C !M ] is a sub-bundle [H ! C] of [TC ! C] such that Hb � Vb = TbC.

It is a principal connection if TRg(Hp) = Hp·g Horizontal lift ω = dxµ ⊗
(
∂µ − ωAµ (x)ρA

)
: TxM → Hp ⊂ TpP

For any action � : G! Diff(F ), one can define a functor (�)�λ F P �λ F = (P � F )nλ is associated bundle

Φλ : P �λ F ! P �λ F : [p; f ]λ 7! [Φ(p); f ]λ Aut(P ) � Aut(P �λ F )
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Lecture 2: Natural theories Lorenzo Fatibene

The structure bundles

Consider maps � : Rm !M such that �(0) = x and locally invertible around the origin.

jrx� 2 Lr(M) form a principal bundle jrx� � jr� = jrx(� � �)

Natural lift ' : M !M '̂ = Ls(') : Lr(M) ! Lr(M) : jrx� 7! jrϕ(x)(' � �)

('1 � '2)̂ = '̂1 � '̂2 lifts flows on M to flows on Lr(M) Infinitesimally, [�1; �2]ˆ= [�̂1; �̂2]

I AutV (Lr(M)) Aut(Lr(M)) Diff(M) I................................................................................... ............ .......................................................................................... ............ ............................................................................................................ ............ .................................................................................................... ............

..........................................................................................................................................................................................................
......................

.................
................

............
........
.......
.......
.......
.................
............

(̂�) (9)

and, infinitesimally, we have

0 XV (Lr(M)) X(Lr(M)) X(M) 0.................................................................................................. ............ ...................................................................................................................... ............ ..................................................................................................................................... ............ ................................................................................................................. ............

..........................................................................................................................................................................................................
......................

.................
................

............
........
.......
.......
.......
.................
............

(̂�) (10)

If we consider an associated bundle C := Lr(M)�λ F

we have the group ' 2 Diff(M) acting on the structure bundle '̂ 2 Aut(Lr(M)),

on the associated bundle ('̂)λ 2 Aut(C),

and on fields '∗ : Sec(C) ! Sec(C) that’s all functorial, folks!

�′ = '∗� = ('̂)λ � � � '̄ (11)

If one wants general covariance, Diff(M) needs to act on fields in the first place
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Lecture 2: Natural theories Lorenzo Fatibene

Lie derivatives and covariant derivatives

A spacetime vector field � 2 X(M), can be lifted to the structure bundle �̂ 2 X(Lr(M)) just functoriality

Then �̂ on the structure bundle Lr(M), induces a vector field Ξλ on any associated bundle C = Lr(M)�λ F .

The vector field Ξλ has a fibered flow Φε : C ! C.

It drags a section � : M ! C as

�ε = Φε � � � '̄ε
d�ε

d�

��
ε=0

= T�(�)� Ξλ � � = $ξ� (12)

which is called the Lie derivative of the section (wrt �).

The Lie derivative is a vertical vector field on �, i.e. a section of [V (C) ! C !M ].

It captures how much the section is deformed when dragged along �.

It is natural

[$ξ;$ζ ]� ' $[ξ,ζ]� (13)

Given a connection !̂ on Lr(M), that induces a connection ! on any associated bundle C !M .

We define the covariant derivative

rξ� = T�(�)� !(�) rξy
i = �µ

�
yiµ � !iµ(x; y)

�
(14)

This is also a vertical vector on �.
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Lecture 2: Natural theories Lorenzo Fatibene

Geometric objects of order r

A geometric object of order r is a section of an associated bundle [C !M ] to Lr(M)

Transformation laws on Lr(M) depend on Jacobians up to order r (Jαµ ; Jαµ1µ2; : : : ; J
α
µ1µ2...µr)

The vector field (�̂)λ expands on �α; dµ�
α; : : : ; dµ1µ2...µr�

α. When we have a connection Γ on M we can

rµ�
α = dµ�

α + Γαβµ�
β rµ1µ2�

α = r(µ1rµ2)�
α rµ1µ2µ3�

α : : : (15)

and we have (�̂)λ = �µ(x)@µ + �i(x; y)@i

�i = Âiα�α + Â
iµ
α rµ�

α + Â
iµ1µ2
α rµ1µ2�

α + : : : + Â
iµ1...µr
α rµ1...µr�

α (16)

The Lie derivative

$ξ� = T�(�)� �̂ � � =
�
L̂iα�α + L̂

iµ
α rµ�

α + : : : + L̂
iµ1...µr
α rµ1...µr�

α
�
@i (17)
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Lecture 2: Natural theories Lorenzo Fatibene

Natural Theories

A natural theory is a field theory with fields which are geometric objects

Sections on a bundle [C !M ] associated to some Lr(M) it supports an action of Diff(M)

– ' 2 Diff(M) are Lagrangian symmetries

– Γ : J1C ! Con(M) one can define a connection out of fields (and their derivatives)

The covariance identity holds true for any spacetime vector field �

h�Ljjk$ξyi = d(� L) (18)

we have a Noether current for any spacetime vector field �

E = hFjjk−1$ξyi � � L W = �hEj$ξyi (19)

Noether currents expand up to at most order k + r � 1 work currents up to order r

E =
�
E εi$Ξy

i + E εµi dµ$Ξy
i + : : : + E

εµ1...µk−1
i dµ1...µk−1$Ξy

i
�

(dmx)ε =

=
�
T̂ εα�α + T̂

εµ
α rµ�

α + : : : + T̂
εµ1...µk+r−1
α rµ1...µk+r−1�

α
�

(dmx)ε

(20)

W =
�
W i$Ξy

i +W µ
i dµ$Ξy

i + : : : +W
µ1...µk−1
i dµ1...µk−1$Ξy

i
�

(dmx) =

=
�
Ŵα�

α + Ŵ
µ
αrµ�

α + : : : + Ŵ
µ1...µk+r−1
α rµ1...µk+r−1�

α
�

(dmx)
(21)
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Lecture 2: Natural theories Lorenzo Fatibene

Currents and their splittings

We consider currents

D =
�
Dεσ
α �α + D

εσµ
α rµ�

α + : : : + D
εσµ1...µk
α rµ1...µk

�α
�

(dmx)εσ

C =
�
Cε
α�α + C

εµ
α rµ�

α + : : : + C
εµ1...µk
α rµ1...µk

�α
�

(dmx)ε

B =
�
Bα�

α + B
µ
αrµ�

α + : : : + B
µ1...µk
α rµ1...µk

�α
�
dmx

(22)

Any splitting is not uniquely defined since

C = C̃+ dD =
�
C̃+ d�

�
+ d (D� � + d�) (23)

A current is Γ-reduced iff B is always reduced

C
[εµ]
α = 0 C

[εµ1]...µk
α = 0 D

ε[σµ]
α = 0 D

ε[σµ1]...µk
α = 0 (24)

k = 1 Γ̃ = Γ + K

C = Cε
α�α + C

εµ
α rµ�

α =
�
Cε
α � C

εµ
β K

β
αµ

�
�α + C

εµ
α r̃µ�

α = C̃ε
α�α + C̃

εµ
α r̃µ�

α (25)

k = 2

C̃
µγ
ε = Cµγε + Cµαβε K

γ
βα ) C̃

[µγ]
ε = C

[µαβ
ε K

γ]
βα 6= 0 (26)

For any reduced current C̃ div C̃ = 0 iff C̃ = 0

Any current C splits as C̃+ dU with C̃ a reduced current

the splitting is unique up to a divergenceless current in U
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Lecture 2: Natural theories Lorenzo Fatibene

Noether theorem and superpotentials

The work current is always reduced it splits as W = B+ dẼ

B is reduced and dW = 0, hence dB = 0 then B = 0 W = dẼ

The Noether current E can split as E = Ê+ dU

By conservation

dÊ = dE = W = dẼ ) d(Ê � Ẽ) = 0 ) Ê � Ẽ (27)

The Noether current uniquely splits as E = Ẽ+ dU and the work current as W = dẼ.

Any natural theory has its own Bianchi identities. The current Ẽ is called the reduced current

it vanishes on-shell

Then E � Ẽ agrees with the Noether current on-shell, it is strongly conserved d(E � Ẽ) = B � 0

The current U is called the superpotential

for higher order currents it depends on the choice of the connection

For currents of second order

U = 1
2

�
4
3
E µαβε rβ�

ε +
�
E µαε � 2

3
rβE

µαβ
ε

�
�ε
�

(dmx)µα (28)
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Lecture 2: Natural theories Lorenzo Fatibene

Examples of natural theories

See notes
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Lecture 2: Natural theories Lorenzo Fatibene

Exercises

Exercise: Define Con(M) as an associated bundle to L2(M).

Check how Φ 2 Aut(L2(M)) acts on Con(M)

Define the natural lift (̂�) : Diff(M) ! Aut(L2(M)) : ' 7! '̂

Check how ' 2 Diff(M) acts on Con(M)

Define a basis of right invariant vector fields on L2(M)

Define a general principal connection ! on L2(M)

Define the induced connection on Con(M)

Define a covariant derivative of a connection on M !!!

If you need warming up first replace L2(M) with L1(M) and Con(M) with T (M)
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Lecture 2: Natural theories Lorenzo Fatibene

Summary

[Lr(M) !M ] principal bundles with group GLr(m) Structure bundle

Natural lift: (̂�) : Diff(M) ! Aut(Lr(M)) (̂�) : X(M) ! Xπ(Lr(M))

[C := Lr(M)�λ F !M ] Associated bundle

Natural lift: (̂�)λ : Diff(M) ! Aut(C) (̂�) : X(M) ! Xπ(C)

Lie derivative $ξ� = T�(�)� �̂ � � (about) $ξ� 2 XV (C)

Connection on L1(M): Γ = dxµ 

�
@µ � Γαβµ�

β
α

�
Covariant derivative rξ� = T�(�)� !(�)

Conservation laws and currents dE = W

W = B+ dẼ E = Ẽ+ dU

E =
�
T̂ εα�α + T̂

εµ
α rµ�

α + : : : + T̂
εµ1...µk+r−1
α rµ1...µk+r−1�

α
�

(dmx)ε

W =
�
Ŵα�

α + Ŵ
µ
αrµ�

α + : : : + Ŵ
µ1...µk+r−1
α rµ1...µk+r−1�

α
�

(dmx)
(29)
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Summary

[Lr(M) !M ] principal bundles with group GLr(m) Structure bundle

Natural lift: (̂�) : Diff(M) ! Aut(Lr(M)) (̂�) : X(M) ! Xπ(Lr(M))

[C := Lr(M)�λ F !M ] Associated bundle

Natural lift: (̂�)λ : Diff(M) ! Aut(C) (̂�) : X(M) ! Xπ(C)

Lie derivative $ξ� = T�(�)� �̂ � � (about) $ξ� 2 XV (C)

Connection on L1(M): Γ = dxµ 

�
@µ � Γαβµ�

β
α

�
Covariant derivative rξ� = T�(�)� !(�)

Conservation laws and currents dE = W

W = B+ dẼ E = Ẽ+ dU

E =
�
T̂ εα�α + T̂

εµ
α rµ�

α + : : :+ T̂
εµ1...µk+r−1
α rµ1...µk+r−1

�α
�

(dmx)ε

W =
�
Ŵα�

α + Ŵ
µ
αrµ�

α + : : :+ Ŵ
µ1...µk+r−1
α rµ1...µk+r−1

�α
�

(dmx)
(1)

Example: standard GR on [Lor(M) !M ]
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Contents

How about gauge field theories that have an extra internal symmetry group? as Maxwell and Yang–Mills

� Fields need to support a representation of the group Aut(P ) gauge natural bundles

� Any right invariant vector fields Ξ 2 Aut(P ) is a Lagrangian symmetry Second Noether theorem

� One has the group sequence

0 ! AutV (P ) ! Aut(P ) ! Diff(M) ! 0 (2)

� One has a group homomorphism �̂ : Aut(P ) ! Aut(C) : Φ 7! Φ̂,

then Aut(P ) acts on sections �′ = Φ̂ � � � '−1

� Infinitesimally one has �̂ : XR(P ) ! Xπ(C) : Ξ 7! Ξ̂

0 ! XV (C) ! Xπ(C) ! X(M) ! 0 (3)

No canonical splitting. [Ξ1;Ξ2]ˆ = [Ξ̂1; Ξ̂2]

What is the most general bundle [C !M ] with these properties? Gauge natural bundles

What extra properties has a field theory like that? Gauge natural theories

...
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Lecture 3: Gauge natural theories Lorenzo Fatibene

The groups

Consider maps a : Rm ! G such that a(0) = g.

jsa 2 Gs(m) form a Lie group jsa � jsb = js(a � b) (jsa)−1 = jsā

For G1(m) consider

aa(x) ' aa(0) + ∂ba
a(0)xb + . . . aa = aa(0) aab = ∂ba

a(0) (4)

and expand a · b : xb 7→ ca(x) = πa(a(x), b(x))

a · b ' πa(a, b) +
(
∂1pπ

a(a, b)a
p
b + ∂2pπ

a(a, b)b
p
b

)
xb + . . . (aa, aab ) · (ba, bde) = (πa(a, b), ∂1pπ

a(a, b)apb + ∂2pπ
a(a, b)bpb) (5)

Spinor �elds transform as read this as a group left action

 ′ = S � : Spin(r; s)� V ! V : (S;  ) 7!  ′ = S 

frame �elds transform as read this as a group left action

e′aµ = `ab (S)ebαJ̄αµ � : Spin(r; s)�GL(m)� V ! V : (S; J; e) 7! e′ = `(S)eJ̄

Gauge �elds transform as read this as a group left action

!′Aµ = J̄αµ
�
adAB(')!Bα � R̄Aa (')dα'

a
�

� : G1 �GL(m)� T ! T :
�
';'a; J

a
b ; !

A
a

�
7! !′Aa = :::
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Lecture 3: Gauge natural theories Lorenzo Fatibene

The structure bundles

We define W (s,r)P = JsP �M Lr(M) with s � r which is a principal bundle for the group GsoGLr(m)
The semi-direct product is defined using the canonical right action of GLr(m) on Gs that one has when s ≤ r

js0a · jrα = js0 (a ◦ α) (6)

A point in W (s,r)P = JsP �M Lr(M) is a pair (jsx�; jrx�) and we have a canonical right action

(jsx�; jrx�) � (js0a; j
r
0�) = (jsx(� � (a � �̄ � �̄)); jrx(� � �)) (7)

Canonical lift of Φ 2 Aut(P ) to W (s,r)P

W (s,r)Φ : W (s,r)P !W (s,r)P : (jsx�; jrx�) 7! (jsx(Φ � � � '̄); jrx(' � �)) (8)

I AutV (P ) Aut(P ) Diff(M) I...................................................................................................................... ............ .............................................................................................................................................................. ............ ............................................................................................................................................ ............ .................................................................................................... ............ (9)

and, infinitesimally, we have

0 XR
V (P ) XR

π (P ) X(M) 0..................................................................................................................................... ............ .................................................................................................................................................................................. ............ .............................................................................................................................................................. ............ ................................................................................................................. ............

(10)

If we consider an associated bundle C := W (s,r)(P )�λ F

we have the group Φ 2 Aut(P ) acting on the structure bundle Φ̂ 2 Aut(W (s,r)P ),

and on the associated bundle (Φ̂)λ 2 Aut(C),

and on fields Φ∗ : Sec(C) ! Sec(C) that’s all functorial, folks!

�′ = Φ∗� = (Φ̂)λ � � � '̄ (11)

If one wants gauge covariance, Aut(P ) needs to act on fields in the first place.
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Lie derivatives and covariant derivatives

A projectable right invariant vector field Ξ 2 XR
π (P ) can be lifted to Ξ̂ 2 XR

π (W (s,r)P ) just functoriality

Then Ξ̂, induces a vector field Ξλ on any associated bundle C = W (s,r)(P )�λ F .

The vector field Ξλ has a fibered flow Φε : C ! C.

It drags a section � : M ! C as

�ε = Φε � � � '̄ε
d�ε

d�

��
ε=0

= T�(�)� Ξλ � � = $Ξ� (12)

which is the Lie derivative of the section (wrt a projectable right invariant field Ξ on the structure bundle P ).

The Lie derivative is a vertical vector field on �, i.e. a section of [V (C) ! C !M ].

It captures how much the section is deformed when dragged along Ξ.

It is natural

[$Ξ1
;$Ξ2

]� = $[Ξ1,Ξ2]� (13)

Given a connection !̂ on W (s,r)P , that induces a connection ! on any associated bundle [C !M ].

We define the covariant derivative

rξ� = T�(�)� !(�) rξy
i = �µ

�
yiµ � !iµ(x; y)

�
(14)

This is also a vertical vector on �.
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Gauge natural objects of order (r; s)

A gauge natural object of order (s; r) is a section of an associated bundle [C !M ] to W (s,r)(P )

Transformation laws on W (s,r)(P ) depend on Jacobians up to order r (Jαµ ; Jαµ1µ2; : : : ; J
α
µ1µ2...µr)

and derivatives up to order s of the group element (ga; gaµ; : : : ; gaµ1...µs)

The vector field (�̂)λ expands on �α; dµ�
α; : : : ; dµ1µ2...µr�

α. When we have a connection Γ on M we can

rµ�
α = dµ�

α + Γαβµ�
β rµ1µ2�

α = r(µ1rµ2)�
α rµ1µ2µ3�

α : : : (15)

and we have (Ξ̂)λ = �µ(x)@µ + �i(x; y)@i Ξ = �µ(x)@µ + �A(x)�A
= �µ(x)(@µ � !Aµ �A) + (�A + �µ!Aµ )�A

�i =Âiα�α + Â
iµ
α rµ�

α + Â
iµ1µ2
α rµ1µ2�

α + : : :+ Â
iµ1...µr
α rµ1...µr�

α+

+ÂiA�
A
(V ) + Â

iµ
Arµ�

A
(V ) + Â

iµ1µ2
A rµ1µ2�

A
(V ) + : : :+ Â

iµ1...µs
A rµ1...µs�

A
(V )

(16)

The Lie derivative
$ξy

i =L̂iα�α + L̂
iµ
α rµ�

α + : : :+ L̂
iµ1...µr
α rµ1...µr�

α+

+L̂iA�
A
(V ) + L̂

iµ
Arµ�

A
(V ) + : : :+ L̂

iµ1...µs
A rµ1...µs�

A
(V )

(17)
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Gauge Natural Theories

A gauge natural theory is a field theory with fields which are geometric objects

Sections on a bundle [C !M ] associated to some structure bundle P it supports an action of Aut(P )

– Φ 2 Aut(P ) are Lagrangian symmetries

– Γ : J1C ! Con(M) one can define a connection on M out of fields (and their derivatives)

– ! : J1C ! Con(P ) one can define a connection of P out of fields (and their derivatives)

The covariance identity holds true for any spacetime vector field �

h�Ljjk$ξyi = d(� L) (18)

we have a Noether current for any right invariant vector field Ξ on [P !M ]

E = hFjjk−1$Ξyi � � L W = �hEj$Ξyi (19)

Noether currents expand up to at most order k + r � 1 work currents up to order r

E =
�
T̂ εα�α + T̂

εµ
α rµ�

α + : : :+ T̂
εµ1...µk+r−1
α rµ1...µk+r−1

�α
�

(dmx)ε+

+
�
T̂ εA�

A
(V ) + T̂

εµ
A rµ�

A
(V ) + : : :+ T̂

εµ1...µk+s−1
A rµ1...µk+s−1

�A(V )

�
(dmx)ε

(20)
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Noether theorem and superpotentials

Nothing changes for superpotentials, except one starts from double long currents.

A current is reduced iff T̂
[εµ1]...µn
α = 0 and T̂

[εµ1]...µn
A = 0 being reduced depends on the connection one chosses

The work current is always reduced

Bianchi identities: any reduced current W̃ is exact W̃ = dẼ

One can algorithmically split any current W = B+ dẼ, uniquely if B is required to be reduced.

In particular, the Noether current E can split as E = Ẽ+dU and the work term splits as W = dẼ (since it is reduced)

The Noether current uniquely splits as E = Ẽ+ dU and the work current as W = dẼ.

Any gauge natural theory has its own Bianchi identities.

The current Ẽ is called the reduced current

it vanishes on-shell

Then E � Ẽ agrees with the Noether current on-shell, it is strongly conserved d(E � Ẽ) = B � 0

The current U is called the superpotential it depends on the choice of the connection
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Summary

Structure bundle: [P !M ] principal bundles with group G canonical lift W (s,r)P = JsPoLr(M)

Canonical lift: (̂�) : Aut(P ) ! Aut(W (s,r)P ) (̂�) : XR(P ) ! XR(W (s,r)P )

[C := W (s,r)P �λ F !M ] Associated bundle

Natural lift: (̂�)λ : Aut(P ) ! Aut(C) (̂�) : XR(P ) ! Xπ(C)

Lie derivative $Ξ� = T�(�)� Ξ̂ � � (about) $Ξ� 2 XV (C)

Connection on P : ! = dxµ 

�
@µ � !Aµ �A

�
Ξ = �µ(@µ � !A�A)� ΞV

Conservation laws and currents dE = W

W = B+ dẼ E = Ẽ+ dU

E =
�
T̂ εα�α + T̂

εµ
α rµ�

α + : : :+ T̂
εµ1...µk+r−1
α rµ1...µk+r−1

�α+

+ T̂ εA�
A
V + T̂

εµ
A rµ�

A
V + : : :+ T̂

εµ1...µk+s−1
A rµ1...µk+s−1

�AV
�
(dmx)ε

W =
�
Ŵα�

α + Ŵ
µ
αrµ�

α + : : :+ Ŵ
µ1...µk+r−1
α rµ1...µk+r−1

�α+

+ ŴA�
A
V + Ŵ

µ
Arµ�

A
V + : : :+ Ŵ

µ1...µk+s−1
A rµ1...µk+s−1

�AV
�
(dmx)

(21)

Example: standard Yang-Mills on [Lor(M)�M Con(P ) !M ]
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Summary

Structure bundle: [P !M ] principal bundles with group G canonical lift W (s,r)P = JsPoLr(M)

Canonical lift: (̂�) : Aut(P ) ! Aut(W (s,r)P ) (̂�) : XR(P ) ! XR(W (s,r)P )

[C := W (s,r)P �λ F !M ] Associated bundle

Natural lift: (̂�)λ : Aut(P ) ! Aut(C) (̂�) : XR(P ) ! Xπ(C)

Lie derivative $Ξ� = T�(�)� Ξ̂ � � (about) $Ξ� 2 XV (C)

Connection on P : ! = dxµ 
 �
@µ � !Aµ �A

�
Ξ = �µ(@µ � !A�A)� ΞV

Conservation laws and currents dE = W
W = B+ dẼ E = Ẽ+ dU

E =
�
T̂ εα�α + T̂

εµ
α rµ�

α + : : : + T̂
εµ1...µk+r−1
α rµ1...µk+r−1�

α+

+ T̂ εA�
A
V + T̂

εµ
A rµ�

A
V + : : : + T̂

εµ1...µk+s−1
A rµ1...µk+s−1�

A
V

�
(dmx)ε

W =
�
Ŵα�

α + Ŵ
µ
αrµ�

α + : : : + Ŵ
µ1...µk+r−1
α rµ1...µk+r−1�

α+

+ ŴA�
A
V + Ŵ

µ
Arµ�

A
V + : : : + Ŵ

µ1...µk+s−1
A rµ1...µk+s−1�

A
V

�
(dmx)

(1)

Example: standard Yang-Mills on [Lor(M)�M Con(P ) !M ]
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Contents

How one can use Noether currents to compute conserved quantities?

In mechanics, Noether currents are functions (0-forms) constant on solutions dF = 0.

If the system starts on a level set F = F0, it stays on the level set.

In field theories, Noether currents E are (m� 1)-forms to be evaluated along a solution and closed dE = 0

For a Lie group G of symmetries we have �rst Noether theorem

Ξ = �AΞA 2 g ) E = �AEA (2)

Let D �M be a compact m-region and compact border @D �M of dimension m� 1.

QA =

Z
∂D

(j1�)∗EA Q = QATA 2 g (3)

is the conserved current within D.

What if one has pointlike charges?

Compare with second Noether theorem

Compare with special relativity.
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

Mechanics

L = 1
2
(ẋ2 + ẏ2)� αp

x2+y2
(4)

SO(2) are symmetries Ξ = x ∂
∂y
� y ∂

∂x
, Ξ̂ = x ∂

∂y
� y ∂

∂x
+ ẋ ∂

∂ẏ
� ẏ ∂

∂ẋ

The angular momentum is conserved along solutions

J = xẏ � yẋ (5)

t′ = t + � are symmetries Ξ = ∂
∂t

, Ξ̂ = ∂
∂t

The energy is conserved

H = 1
2
(ẋ2 + ẏ2) + αp

x2+y2
(6)

Ex: generalize to rotations in dimension 3 to the group SO(3) Ξi :; Ji [Ξi;Ξj ] = �ij
kΞk

In Hamiltonian formalism fJi; Jjg = �ij
kJk
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

First Noether theorem

[M �C!M ] with coordinates (xµ; ') [Lor(M) !M ] with coordinates (xµ; gαβ)

L = �
√
g

2

�rα'̄g
αβrβ' + m2'̄'

�
(7)

�L =�
√
g

2
Tµν�g

αβ �
√
g

2

�rα'̄g
αβrβ�' + m2'̄�'

�� √g
2

�rα�'̄g
αβrβ' + m2�'̄'

�
Tαβ = rα'̄rβ'� 1

2

�rµ'̄g
µνrν' + m2'̄'

�
gαβ � = gαβrβrα

(8)

E =
√
g

2

�
�'̄ (�'�m2') + (�'̄�m2'̄) �'� Tµν�g

µν
�

(dmx) (9)

F = �
√
g

2

�rα'̄g
αµ�' + �'̄gµβrβ'

�
(dmx)µ (10)

E =�
√
g

2

�
$Ξ'̄g

µβrβ' +rα'̄g
αµ$Ξ'� �µ

�rα'̄g
αβrβ' + m2'̄'

��
(dmx)µ

W =
√
g

2

�
$Ξ'̄ (�'�m2') + (�'̄�m2'̄)$Ξ'� Tµν$ξg

µν
�

(dmx)

dE = �
√
g

2
Tµν $ξg

µν (dmx) (� is Killing vectors)

(11)
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

First Noether theorem 2

'′(x′) = '(x) $ξ' = �µrµ' $ξ'̄ = �µrµ'̄ $ξgµν = rµ�
αgαν + gµαrν�

α

'′(x) = eiqα'(x) $Ξ' = iq'� $Ξ'̄ = �iq'̄� $Ξgµν = 0

E[�] =�pg�νgµε �1
2

(rν'̄rε' +rε'̄rν')� 1
2

�rα'̄g
αβrβ' + m2'̄'

�
gεν

�
(dmx)µ =

= �pggµεT(εν)�
ν(dmx)µ � = @t Energy E

�i = @i Momentum Pi

Ri = �ij
kxj@k Angular momentum Ji

Ki = �ikx
k@0 + x0@i Current momentum Mi

E2 =� iq
√
g

2
gµα (�'̄rα' +rα'̄')�(dmx)µ = ��J (Charge)

(12)
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

Second Noether theorem

The Lagriangian L = �
√
g

2

�rα'̄g
αβrβ' + m2'̄'

�
is generally covariant! hence 8� 2 X(M)

E[�] = �pg�ν(x)gµε
�r(ν'̄rε)'� 1

2

�rα'̄g
αβrβ' + m2'̄'

�
gεν

�
(dmx)µ (13)

is conserved!

[P !M ] a U(1) structure bundle Second Noether theorem

On Lor(M)�M Con(P )�M (M �C) with coordinates (xµ; gαβ; Aµ; ') rα' = dα'� iqAα'

'′ = eiqα(x)' are now symmetries.

E2 = �iq
√
g

2
gµα (�'̄rα' +rα'̄')�(x)(dmx)µ = ��(x)J (14)

In GR any spacetime vector field is a symmetry, no need to restrict to Killing vectors
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

Killing Killing vectors

Consider the Lagrangian L = LH(j2g) + LM (g; j1A) + LKG(g;A; j1')

When we compute field equations we have

�LH =
√
g

2
Gαβ�g

αβ + d ()

�LM =�
√
g

2
T emαβ �g

αβ �rα(
p
gFαµ)�Aµ + d ()

�LKG =�
√
g

2
TKGαβ �gαβ +

√
g

2
Jµ�Aµ +

p
g(�'̄�m2'̄)�' +

p
g�'̄(�'�m2') + d ()

(15)

Field equations are then

Gαβ = T emαβ + TKGαβ rα(
p
gFαµ) =

√
g

2
Jµ �'�m2' = 0 (16)

We fix no field all �elds are dynamical

In SR we consider LM + LKG (or LKG) but we do not want to impose T emαβ + TKGαβ = 0 (or Jµ = 0) as field eq.

Hence we impose �gαβ = 0 (and �Aµ = 0). Then field equations are only

rα(
p
gFαµ) = Jµ �'�m2' = 0 (17)

or �'�m2' = 0.

Accordingly, W = �
√
g

2

��
TKGαβ + T emαβ

�
$ξg

αβ + Jµ$ΞAµ

�
. For conservation of Noether current one needs

$ξg
αβ = 0 $ΞAµ = 0 (18)

GR interaction SR evolution on a background
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

Homological quantities

Forms as E are born to be integrated over (m� 1)-regions

A k-region is a compact Ωk ⊂M of dimension k with a boundary ∂Ωk = Bk−1 ⊂M which is a closed submanifold of dimension k − 1.
We have

– k-regions Ωk ⊂M (submanifolds with boundary)
– k-submanifold Zk ⊂M with no bounday (closed submanifolds)
– k-boundaries Bk ⊂M (closed submanifolds, boundaries of Ωk−1)

A disc without the origin is not a 2-region in R2 − {0}, a closed ring around the origin is. No improper integrals.

Let Ω4 �M be a 4-region in spacetime. Its bundary @Ω4 = B3 is a closed 3 submanifold.

Since the Noether current E is conserved, if B3 is a boundaryZ
B3

E =

Z
∂Ω4

E =

Z
Ω4

dE = 0 (19)

If E admits superpotential and Z3 is closed Z
Z3

E =

Z
Z3

dU =

Z
∂Z3= ∅
U = 0 (20)

On M , @Ω4 = B3 = Ω′3 � Ω3 + Σ3 E = � (dmx)0 + ji (dmx)iZ
B3

E =

Z
Ω′3

E �
Z

Ω3

E+

Z
Σ3

E = 0 ) Q′ = Q�
Z

Σ3

E

dE = (�̇ + divj) (dmx) = 0 �̇ + div~j = 0 (continuity equation for Q =
R

Ω3
E)

(21)
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

Homological quantities

We assumed fields to be smooth on M , we need to cut out the points where fields diverge. (e.g. point–like particles)

In R2 consider a circle c : (x2 + y2 = r2). That is a closed submanifold (with no boundary).
It is also the boundary ∂D of the disc D ⊂ R2.

Repeat the argument with R2 − {0}. The circle c is again a closed submanifold of R2 − {0}.
The interior is a punched disc D0 = D − {0}. However the bondary of D0 is now ∂D0 = c ∪ {0} (or ∂D0 = c ∪ (x2 + y2 = ε2)).
Moreover, we here switch to oriented boundaries which are used in Stokes theorem.

If there are singularities of fields, even when they are cut out of M , integrals can be improper integrals.

Integrals work much better when we require forms to be smooth in (an openset cointaining) a compact integration region.

Defining Q =
R

Ω3
E is not good idea. When E = dU and Z2 is a closed region (@Z2 = ∅)

Q :=

Z
Z2

U )
Z

Ω3

E =

Z
Ω3

dU =

Z
Z ′2−Z2

U =

Z
Z ′2

U �
Z
Z2

U = Q′ �Q
(22)

Q is well defined even with pointwise particles provided they are not on Z2

Similar to residual integrals no complex setting
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Uniqueness results

Cohomology: U ′ = U+ d� E = Ẽ+ dU = dU

Q ′ =

Z
Z2

U ′ =

Z
Z2

U+ d� =

Z
Z2

U+

Z
∂Z2= ∅
� = Q (23)

Conserved quantities are invariant.

If L′ = L+ dε�
ε U ′ = U � �[α�β](dmx)αβ

Standard GR Komar superpotential U =
p
grα�β(dmx)αβ

Schwarzschild E = 1
2
m

Reisner-Norsdrom E = 1
2
m, Q = q

Kerr E = 1
2
m and J = ma

: : :

Schwarzschild-(A)dS E = 1!

Can we choose a Lgrangian representative to correct these misbehaviours?
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Augmented variational principles

Consider X the infinitesimal generator of a curve tangent to the space of solutions.

The variation of the conserved current is expected to be (for many different motivations)

�XQ = �XU � � jk−1X F (24)

For a theory in [C ! M ] we can double to configuration bundle [C �M C ! M ] with coordinates (x; yi; ȳi) and

extend to it the Lagrangian

LAug[y; ȳ] = L[y] + dµ�
µ[y; ȳ]� L[ȳ] (25)

This is also another natural theory.

The superpotential

UAug = U � � � � Ū (26)

and we can require that along an integral curve of X based at ȳ one has

d�

ds
(y(s); ȳ)

��
s=0

= jk−1X F (27)

For standard GR, one has (using the affine structure on connections)

X F =
p
ggµν�Γαµν(dmx)α ) � =

p
ggµν(uαµν � ūαµν)(dmx)α (28)
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Relative conserved quantities

The augmented variational principle for standard GR is then

LAug =
�p

gR +rα

�p
ḡḡµν(uαµν � ūαµν)

��pḡR̄�
dmx (29)

Since K = Γ� Γ̄ is a tensor, we have

wαµν = uαµν � ūαµν = Kα
µν � �α(µK

ε
ν)ε (30)

When we integrate UAug on Z2 and g induces on Z2 the same metric of ḡ

this is interpreted as the relative conserved quantities i.e. needed to go from ḡ to g.

Schwarzschild E = m�m0

Reisner-Norsdrom E = m�m0, Q = q � q0

Kerr E = m�m0 and J = ma�m0a0

: : :

Schwarzschild-(A)dS E = m�m0

It works also on finite regions provided one finds another solution ḡ which induces the same metric on Z2

Going from a Lagrangian to its augmented one also restores covariance is it is ruined.
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Entropy

Let us consider Kerr BH.

We want to define its entropy S (which is not conserved).

At some stage we would like to prove first law of termidynamics which, in this simple case, is

�m = 1
T
�S + Ω�J (31)

where T is the temperature of the Hawking radiation, Ω is the angular velocity.

More terms in more general cases.

Here m and J are Noether conserved currents.

The first law of termodynamics can be racast as

�S = T (�m� Ω�J) (32)

If we fix � = @t � Ω@φ, the corresponding Noether charge is

m� ΩJ (33)

and one can use the first law of theormodynamics to compute S

once some definition of T is obtained from some other mean. S = 1
4
AH

Notice that there is no reason to integrate Noether current on the horizon
since the Noether charge in homologically invariant

Q ′ −Q =

∫
Z′
2−Z2

U =

∫
∂B3

U =

∫
B3

dU =

∫
B3

E (34)
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Summary

In the second Noether theorem, symmetries contains one parameter families

First Noether theorem applies as well.

One does not need Killing vectors in a relativistic (or gauge) theory.

Integral of the superpotential on a closed surface is a homological conserved quantity

One can fix the ambiguity of the Lagrangian to improve the description of conserved quantities

and eventually recovered a good framework for entropy of gravitational systems.

Watch out that the representative picked up for the Lagrangian is a different representative of the one picked in

variational sequences.

Marcella Palese, Olga Rossi, Fabrizio Zanello,
Geometric integration by parts and Lepage equivalents
Differential Geometry and its Applications, 81, April 2022, 101866
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