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Why one should consider Noether theorem?

o It is an algorithmic way of extracting information from variational systems
o We have a complete and geometric framework covering

e mechanics (first integrals) and field theories (continuity equations)

e superpotentials in natural and gauge natural theories

e a number of generalizations
o Insights to physical meaning and solution space

Many quantities relevant for physics are defined in terms of Noether theory

In mechanics we know how to use first integrals
In field theories the relation between conservation laws and solutions is looser

(Almost) Everything we know in physics is stated in terms of symmetries.
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The variational setting

ik = (gt Yk, ) JkB The Lagrangian L = L(jky)d™x is a horizontal form on J*¥B.
. (or a bundle map L : J*B — A,,(M), or a class of forms, .. .)
o
W Global sections o : M — B € T'(w) can be lift to j¥o : M — J*B
(2, 4) B then (j¥0)*L is an m-form on M.
d For any compact region D C M, the action is
T M

Aplo] = [ (oL

A deformation (on D) is a vertical vector field X on B (supported on 7=1(D)), its flow being &, : B — B.

Let the deformed configuration be o, = @, 0 o, the deformed action be Aplo].

Principle of critical action: a configuration o is a critical section
iff, for all regions D and for all defomations X on D, the action is stationary, i.e.

d
5XAD[U] - % (AD[USD ‘S:() =0

A section o is critical iff, locally, it is a solution of the Euler-Lagrange equations

oL oL oL
2k k 2k

28th International Summer School on Global Analysis and Its Applications




Lecture 1: Field theory and Noether theorem Lorenzo Fatibene

Global first variation formula

The local computation can be captured in global morphisms:

JoB—L v (JEBY @ A (M) SLUEY) = (pidy' + pdyp+ .+ T ) © A

s E(j2Fy) = E,dy’ @ d™x
B B F(j21y) = (ffc_iyi + Iyl + . ) ® (d™x),
- Naive momenta: p; = g—§, Pl = gi? Ll = %
M M Formal momenta: fI'=pl' —dpi'“ 4 ... ..., fi o0kt = ittt
Jh B~ VA(B) © Ay (M) JAAR——Es V(LB @ A (M)
2k 2k
B B B B
s T
M M M M
We have the global first variation formula on J2*B
(0L[j*X) = (E|X) + d(F|;*~1.X) (4)

No functional spaces in variational calculus
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Exercises
Let L = L(j4y)d™z be a first order Lagrangian. L= L(zk vy, yh)d™x
On the configuration bundle [B — M] we consider fibered coordinates (z#, y*)
(OL|71X) = (piXi +pfdﬂXi) A"y = (pl- — dﬂpf) Xidmy +d (pf-in(dmx)M) (5)
E = (pl- — dﬂpg’“) dy' @ d™x F = pl'dy’ @ (d™x), (6)
Consider fibered transformations
o =at(r) Yyt =Yi(z,y) (Jﬁ = %) Yi=95(ry) Yi= %(I@) (7)
JL (@', y" ) = L,y ) (8)
I YE+ Il Yl =p JIapeYE = pf (9)
Eidy" @ d™x' = (p; — dp!') dy" @ d™a’ = Edy @ d™x F = pl'dy" (dma’), =TF (10)
E = (p; — dpl') wi A d™a F = piw' A (d"z), (11)

Fverything is in transformation laws.
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Exercises

For a second order Lagrangian, one can find the computation in [1]

Exercise: check that there

fi =i —dapi™ ST =00 (12)
and that they transform as
7t = JTa (v [y ) 1 = JTRTE Y (13
Exercise: show that
E:=E,w' Ad"x F(L) = fl'w" A (d™x), + f{"wl A (d™2), (14)
are still global.
Exercise: show that the maps
E=E, dy' ® d™x F = fl'dy’ @ (d™x), + 1 dyi (d™x), (15)

are still global.

Exercise: Find E and F for the Klein-Gordon Lagrangian £ = —@ (g“” dﬂc,on,,go + mQ@Tgo).

Exercise: Find E and F for the Maxwell Lagrangian £ = —@Faﬁngo‘“gVﬁ with Fog = d,Ag — dgA,.
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Lagrangian Symmetries

A fibered transformation ® : B — B is a Lagrangian symmetry iff (J1®)*L = L, i.e.
JL(jzy') = L(jzy) (16)

A projectable vector field Z = {#(x)0,, + {'(x,y)0; is an infinitesimal symmetry
iff the covariance identity is satisfied

pifzy’ +pid, L=yt =d, (ML) (17)
where we set
Lzo=To(§)—Zo0 =My, — &) 0; € V(B) (£zy = (hy, — € 0; - J'B — V(B)) (18)
for the Lie derivative of a section. (formal Lie derivative)
£=
13—, V(B)
™ £zyojlo=£fz0
1
Jto B B
["5“17 £52]y — "E[El,Eg]y
T o
M M
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Noether theorem

We can set recast the covariance identity globally as
(OL|j* £=y) = d(¢IL)

and use the first variation formula
(0L|j* £=y) = (ElL£zy) + d(F|j* 1 £=zy) = d(EJL)
d ((F|jk1Lzy) — L) = —(E|£Lzy)

Let us define the Noether current and the work current
E=(F|j*Yezy) — &L J*» 1B = A, (M) W= —(E|£zy): J*B — A,,(M)

which obey the conservation law

A& =W

— if evaluated along a solution, d(€ o j2=1g) = 0, continuity equations
— in mechanics, m = 1, £is a first integral

(19)

(20)

(21)

(22)
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Symmetries group

For a Lagrangian system defined on [B — M|, we can define a group of symmetries
as well as a Lie sub-algebra of infinitesimal symmetries

Sym C Aut(B) sym C X (B) (23)
Lie group of symmetries: (First Noether theorem)
spm is a finite dimensional Lie algebra Sym is a Lie group
=4 = &40, + &40, is a base of sym [Z4,25] = 45=c ==(4=,Csym, (1eR
) o E=((Flj* 1 L=,y) — €4l L) (M = Ex¢t
L=y = (A (i —&4) 0, = (M= ( o 21 (24)
W=—(E|Lz,y)(" =Wy(
Localizable symmetries: (Second Noether theorem)
spm are parameterized by local functions (4(x) and their derivatives up to some finite order r
Loy =LA+ Lhyd (A +  + LY, (A=
. . ; (25)
=LA+ LYV (A o+ LY A
££g — (fadag/w + d,ugagoa/ + dyfagau) ajw — (26)
=€V + V£ (9o + 0090y)) 50
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Examples of First Noether theorem

Ex 1: consider the Kepler Lagrangian in space (r2=a2+42422)
L= (Z(&2 42+ %)+ 9)dt (27)

X :Za% —y% is a symmetry 71X, —ya— — 2% +u283 —u3aa
JPXL(L) =% = 2+ m (v’ — uPu?) =0 Jy =zy—yi is conserved (28)
Analogously, for Xy = 20, — 20, and X3 = y0, — x0,. (X;) =s50(3)
X, Xj] = Ekink (X1, X =90, — 20, = X3 (29)

Ex 2: consider the Klein-Gordon Lagrangian

L= —\/_ (@Mg“”go + m2pty ) dmx (30)

== —chT o7 T zgoa is a symmetry 1= = —wT o7 T 2998 — zgoLa T +1 cpﬂaw
FEL) = iIm? (ol — plp) — i (9929“”% — @Lgﬂ”%) =0 (31)

Q= \/_g“’/ (apTgo — 4,9,,90) (d"zx), is conserved along solutions (32)
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Second Noether theorem

With localizable symmetries

E= <f7lu(£5y@ + f#adafayi 4+ fiﬂalmakild

(Lzyi = LiCA+ L, A + . 4 LHbrd, . cA)

L=y’ — f’%) (d"x)

1.0 _q

= (5’;101 FER AL A+ Eﬁo‘l“'o"““‘ldal...ak+r_1CA> (d"z), =

— (é‘ﬁc‘l +ERV A+ E ’jlo‘l"'“k+’“‘1va1...ak+r_lCA> (d™x),

W=-—(p;—dpl'+...+(-1)kd
= (WaCA + WA+ .. W

A a].

= (WACA FWaAVCA+ .+ Wa

Conservation laws for a first order current

ul...,ukpi

ul---uk) fgyi(dml‘) —
Wdgy...0,¢t) (A7) =

A

(T8 + B RO ) G4+ (Va8 0,0+ 89,04 =

= WA+ WAV A+ WSV 50

where we set [V, V,]¢4 = R4p,,(B.

( e e
VL + 38 RE 4,

§ VL EL +EN =Wy
c o ~aff

L&Y =Wy

L

(33)

(34)

(35)

(36)
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Bianchi identities
For a second order work current YW = <WACA + )/AVEVQCA + WXBVQBCA> (d™x) we have

(VVACA WAV LA+ WS vaﬂgA) -
A N ~L,ab AL Ao
_ (WA — VWi + VWi ) A4V, ((WA T > A+ ngA)
=B+ dE
where we defined the Bianchi current B = B d™x = 0 which vanishes (off-shell)
A Vi AN
— (WA - VQWA + VCMWA ) C —
=V, E4 A LEWRE 4 = V (V&G 4+ EH) + Vo€ Y =
:VMé’ﬁJr%é/gYRBAW—VWE’ —{V/”v }5(}/1 vugﬁ_i_vaﬁgff@):o

(07

and the reduced current & = ((WA
E=((Eq+veEf) A+ E5vac4) (@ma),

The work current is exact

The current d(€ — &) = 0 is conserved off-shell and it coincides on-shell with the Noether current.

QWA ) A+ )/AfoﬂVBCA) (d™z),, which vanishes on-shell.

(37)

(38)
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Exercises

Ex 1: check that [V, V ]ER =& "R¢,,, Where EM s a tensor density of weight 1.

Exercise: Consider a Lagrangian on [R x A™ — R| with coordinates (s, z#), L = L(x#, u*)ds homogeneous of
degree 1, i.e. such that

oL
%uﬂ = put =L (40)
e.g. L= 1/g(x)utuds or L = A, (x)urds.
Consider the transformation ot (s") = xh(s(s"))
s' =5'(s) 't = g u't = %u“ (41)
The infinitesimal generator is
1 — d )
gz = f% — d—iu“a% L=at = Eut (42)
This is a symmetry (%{93 = )
) de . .o
pulur + L (Eut) = Epyut + Sput + it = 43)
d A . .
= L+ G+ Eput + Epyit = L (EL)
The corresponding Noether current is
H=put—L=0 (44)
It is constant along solutions ( :0) ) It is constant along any curve ( :o( )
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Solutions

Ex 1:
[v,u? vl/}ggy — Rye,u,l/g gE + RME/U/g o = Rea,uyg IEW (45)

Since & is a density of weight 1 and covariant derivatives are for Levi-Civita connection we have

VaVE =daVE — TG, Vel — T, VsE =
=do3E — daT g€ — Tgdaé — T3, V& — Tadg€ + Tol'E (46)

~

Ve, V5IE = (dﬁrga — doT5 + 5,17, — T F"3> E= R =0

oo g
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Summary
Variational calculus X deformation Stokes + boundary conditions
(0L|j*X) = (E|X) + d(FF|j*1X) = Ko j%¢ =0 field equations (47)
Noether theorem £zy symmetry covariance + along solutions
OL|j*£=y) = (E|L2y) + d(F|jF1 L= = dEo j%k~1g = 0 conservation laws 48
J L=y =Y J =Y J
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Variational calculus X deformation Stokes + boundary conditions
(0L|j*X) = (E|X) + d(FF|j*1X) = [Eo j%k¢ =0 field equations (1)

Noether theorem £=zy symmetry covariance + along solutions
(0L|j* £=y) = (E|L=y) + d(F|j* 1 £zy) = dEo j%~lg =0 conservation laws (2)

28th International Summer School on Global Analysis and Its Applications




How about field theories that are covariant for any spacetime diffeomorphism?

o Fields need to support a representation of the group Diff(M)
o Any vector field £ € X(M) is an infinitesimal Lagrangian symmetry
o If “: Diff(M) — Aut(C'), then it splits the group sequence

0 — Auty (C') = Aut(C) — Diff(M) — 0

o If one has a group homomorphism * : Diff(M) — Aut(C) : ¢ +— o,
then Diff(M) acts on sections
o Infinitesimally one has

0— Xy (C)—= X(C)—=X(M)—0
splits the Lie algebra sequence.

The bundle TM has these properties (with ¢ = T'®).

What is the most general bundle [C' — M| with these properties?
What extra properties has a field theory like that?

as GR

Natural bundles
Second Noether theorem

(3)

o — &50 oo SO_Al
CXM) = X(O) =€
(4)

€. =1[¢.]

Natural bundles
Natural theories
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The groups
Consider maps « : R"™ — R™ such that «(0) = 0 and locally invertible around the origin.
j"a € GL"(m) form a Lie group Jra- "B = g (a0 ) (jra)~l = jra
For GL?(m) consider
a = Gyaa? + L9y.a%alaC + . al = gpat  af, = e (5)
and expand a o § : 2 — 2* = a(B(z))
o § = 0pa®dy8Pa” + § (0pga® 08P 0B + Fpa’ 0y 57 a’aC + . (0f, afe) - (B, BLp) = (g By g B B2 + o 57,) (6)
For the inverse (a,af )~! = (ag,af)
(af o) - (@, aly) = (afay, of,apal + agap,) = (6,0) opap =9 af. = —agageapal (7)
(ap, ape) = (I Jye)
The group GL(m) is the usual general linear group GL(m)
Tensors transform as read this as a group left action
o= Jh Iy’ Jg A:GL(m) x T = T (Ja,t2) s tiab = Jg Jotht Jé
Tensor densities (of weight w) transform as read this as a group representation
T = JwJh JyTl Js A GL(m) x Tw — Tw : (J8, 78%) v 7l0b = Jw jg Jorht Jd
Connections on M transform as read this as a group representation
U = (T JEIG + 55 N1 GL2(m) x € — O+ ((J&, &), T%) s Tl = J4 (T, T2 T4 + Ji)
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Crush course on principal bundles

[P — M] is a principal bundle iff a vertical, transitive on fibers, and free right action of a Lie group G on P.

o € Aut(P) Ry:P—P:p=p-g

p—2—p p—2—p

|, WL

M—— M p—2—p
Automorphisms: (®,¢): P — P € Aut(P), Ryod=00o R, (D, ) € Auty (P) : p =idy,

[ — Auty (P) —» Aut(P) — Diff(M) = I (8)

Let o0 : M — P alocal section on U C M p=o(r) g t:r W U)=>UxG:p—(v,9)
o'(x)=0(x)- f(z) Transition functions (or automorphisms) on PP are 2/ = 2/(x) and ¢’ = f(x) - ¢
A connection on a bundle [C' — M] is a sub-bundle [H — (] of [TC — (] such that H, &V, = T,C'.
It is a principal connection if TR, (H,) = H,,., Horizontal lift w = dat @ (9, — wit(x)pa) : TeM — Hy C TP
For any action A : G — Diff(F'), one can define a functor (-) x, F P xy, F = (P x F)\, is associated bundle
(I))\ - P X)\F—> P X)\F : [p,f])\ — [Cb(p),f])\ AU.t(P) C AU.t(P X\ F)
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The structure bundles

Consider maps € : R™ — M such that ¢(0) = x and locally invertible around the origin.

gre € LT(M) form a principal bundle Jre- jra = jh(eoa)
Natural lift ¢ : M — M p=1L(p): L"(M) = L"(M) : jre = ji (@ o)
(10 09) = P10 Qg lifts flows on M to flows on L7 (M) Infinitesimally, €1, &) = [£1, &)

T — Auty (L7 (M) —— Aut(L"(M)) —— Diff(M) —— T
() (9)

and, infinitesimally, we have

0 —— Xy (L"(M))

X(Lr(M))

X(M)——0
() (10)
If we consider an associated bundle C':= L"(M) x, F
we have the group ¢ € Diff(M) acting on the structure bundle p € Aut(L"(M)),
on the associated bundle (), € Aut(C),
and on fields ¢, : Sec(C') = Sec(C') that’s all functorial, folks!
o' =p.0=()ro0o0 (11)

If one wants general covariance, Diff( M) needs to act on fields in the first place
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Lie derivatives and covariant derivatives

A spacetime vector field € € X(M), can be lifted to the structure bundle & € X(L7(M)) just functoriality
Then £ on the structure bundle L" (M), induces a vector field =, on any associated bundle C' = L"(M) x, F.
The vector field =, has a fibered flow @, : C' = C'.

It drags a section o : M — C as

do,
de ‘EZO

which is called the Lie derivative of the section (wrt &).
The Lie derivative is a vertical vector field on o, i.e. a section of [V(C) = C' — M].
[t captures how much the section is deformed when dragged along &.

O-e:q)eOO-O@e

=To(§) —Z\o00= Lo (12)

It 1s natural

Given a connection w on L" (M), that induces a connection w on any associated bundle C' — M.
We define the covariant derivative

Veo =To(£) - w(() Vey' =& (yh — wilz,y)) (14)

This is also a vertical vector on o.
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Geometric objects of order r

A geometric object of order 1 is a section of an associated bundle [C' — M] to L"(M)
Transformation laws on L7 (M) depend on Jacobians up to order r (J TGy - I g

A

The vector field (&), expands on £, d,§%, ..., d, . ,,.§* When we have a connection I' on M we can
vuga - duga + F%ufﬁ v#lﬂzfa - v(ulvm)ga v#lmusga (15)
and we have (£), = & (2)3, + §i(z, )0
5@' — A%;fo‘ + Aaﬂvuga T Agmmvmuzfa 4+ .+ A’gﬁl---#rvm”#rfa (16)
The Lie derivative
£e0 =To(§) oo = (L + LIV, £+ + LIV, . €2) 0, (17)
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Natural Theories

A natural theory is a field theory with fields which are geometric objects
Sections on a bundle [C' — M] associated to some L" (M) it supports an action of Diff( M)

— ¢ € Diff(M) are Lagrangian symmetries
— ' JIC' — Con(M) one can define a connection out of fields (and their derivatives)

The covariance identity holds true for any spacetime vector field &

(LI £ey) = d(E2L) (18)
we have a Noether current for any spacetime vector field £

= (F|j" 1 Ley) — 1L W= —(

) (19)

Noether currents expand up to at most order £ +r — 1 work currents up to order r

E=(Estay’ +EFd, Loy + A ETT,, L Loy (@), =

€L (20)
- ( fOé —l_ T Mvuga + TOA b 1v,u1...,uk+r_1§a> (dmI)G
= (W L=y +W§‘dufgyi+ ...+Wfl'"”k_ldm...%_lfz?f) (d"a) = o
= (W + WA o Wiy, o) (dma)
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Currents and their splittings

We consider currents

D=(DYE+ DSV &8+ ... 4+ DI 69) (da)
C= (Ogga +Cd'V, 4+ + C&”“'”’“Vulmukfo‘) (d™x), (22)
B = (Bafo‘ + Bgvuga +.. .+ Bé.fl““kvmm%ga) d™mx
Any splitting is not uniquely defined since
C=C+dD=(C+da)+d(D—a+df (23)
A current is I'-reduced ift B is always reduced
Cgflﬁ] =0 Cgflﬁl]m/ﬁk — 0 Dg[aﬂ] =0 Dg[alvbl]m/vbk —0 (24)
k=1 I=T+K
€= C5€ + CV 60 = (C6 = CF Ky ) €% + CEV, 8% = Cign + CFV 60 (25)
k=2
G = PR, — oM=K £ 0 (26)
For any reduced current C divC=0iff C=0

Any current C splits as C + dif with C a reduced current
the splitting is unique up to a divergenceless current in i
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Noether theorem and superpotentials

The work current is always reduced it splits as W = B+ d€
B is reduced and dWV = 0, hence dB =0 then B =10 W=d&

The Noether current &£ can split as & = &+ duU
By conservation

dE=dE=W=ds = dE-8=0 = E=& (27)
The Noether current uniquely splits as & = € + dlf and the work current as W = d€.
Any natural theory has its own Bianchi identities. The current & is called the reduced current
it vanishes on-shell
Then & — & agrees with the Noether current on-shell, it is strongly conserved d(€ - E) =B=0

The current / is called the superpotential
for higher order currents it depends on the choice of the connection
For currents of second order

U=14 ($e8V e+ (1% = 29,687 £ (d72) 1 (28)
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Examples of natural theories

See notes
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Exercises

Exercise: Define Con(M) as an associated bundle to L?(M).
Check how & € Aut(L?(M)) acts on Con(M)

Define the natural lift (%) : Diff(M) — Aut(L?(M)) : p = @
Check how ¢ € Diff(M) acts on Con(M)

Define a basis of right invariant vector fields on L?(M)
Define a general principal connection w on L?(M)

Define the induced connection on Con(M)

Define a covariant derivative of a connection on M

If you need warming up first replace L?(M) with L1(M) and Con(M) with T'(M)

!
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Summary

[L"(M) — M] principal bundles with group GL"(m) Structure bundle
Natural lift: ~ (*) : Diff(M) — Aut(L"(M)) ) X(M) — X (L"(M))
[C:=L"(M)x, F— M] Associated bundle
Natural lift: (), : Diff(M) — Aut(C) () X(M) = X.(C)
Lie derivative £¢0 = To(€) — % o0 (about) Leo € Xy (C)
Connection on L1(M): TI'=dzt® <8M — Fgﬂp@ Covariant derivative Veo = To(§) — w(§)
Conservation laws and currents A=W

W= B+dE E=E+dU

€= (Tg;ga + TV &+ + Té“l‘"“’“”‘lVul...uk+r_1§“) (d™z). )
W= (Waga + WAV, 0+ + Wéjl'“’“"“*’”‘IVM...M,W_&“) (d™)
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[L"(M) — M] principal bundles with group GL"(m)
Natural lift: ~— (*) : Diff(M) — Aut(L"(M))

(€= Lr(M) x, F — M|

Natural lift: (%) : Diff(M) — Aut(C)

A

Lie derivative £e0 =T0o(§) =€ oo
Connection on L}(M): T'=dr® (@M — Fgﬂpg)

Conservation laws and currents

e (Tg{a + TV o4 T ’“*T‘lvul...uk+r_1§“) (d™x).

W= (W€ + WAV, €0 Wiy, ) ()

Example: standard GR on [Lor(M) — M]

Structure bundle

() X(M) = X(L"(M))

Associated bundle
(7) : X(M) = X,(C)

(about) £€O' € %V(C)
Covariant derivative Vga =To (&) —w(§)

de =W
W =B+ dE E=E+duU

(1)
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How about gauge field theories that have an extra internal symmetry group? as Maxwell and Yang-Mills
o Fields need to support a representation of the group Aut(P) gauge natural bundles
o Any right invariant vector fields = € Aut(P) is a Lagrangian symmetry Second Noether theorem

(@]

One has the group sequence

0 — Auty (P) — Aut(P) — Diff(M) — 0 (2)

(@]

One has a group homomorphism © : Aut(P) — Aut(C) : & — O,

then Aut(P) acts on sections o' =Pogoyp
o Infinitesimally one has I XR(P) = X (C): 2 =
0—= Xy (C) = X, (C) = X(M)—=0 (3)
No canonical splitting. 21,5 =[5y, 5]
What is the most general bundle [C' — M| with these properties? Gauge natural bundles
What extra properties has a field theory like that? Gauge natural theories
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The groups
Consider maps a : R™ — G such that a(0) = g¢.
7%a € G5(m) form a Lie group

For G'(m) consider

a®(z) ~ a®(0) 4 Opa®(0)z’ + ...

and expand a - b : 20 — ¢%(z) = 7%(a(x), b(x))

a-b~m%a,b)+ (8]%71'(1(61,, b)ay + agwa(a, b)bfg) b +

Spinor fields transform as
V=5

frame fields transform as
= G(S)eh

Gauge fields transform as

wit = Ji (adA( Jwl — R ()dyp?)

jrajb=jta-b) ()7t =%
a® = a*(0) ap = Opa®(0) (4)
(a®,af) - (b%b3) = (7*(a,b), 0pn*(a, b)al + 027" (a, b)b}) (5)

read this as a group left action

A Spin(r,s) x V=V (S,0) = ) = Sy

read this as a group left action

Az Spin(r,s) x GL(m) x V =V : (S, Je) = ¢ = ((S)e]

read this as a group left action
A GEx GL(m) x T = T : (0,94, J8, wil) = wit = ...
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Lecture 3: Gauge natural theories Lorenzo Fatibene

The structure bundles
We define W) P = JSP x,, L"(M) with s < r which is a principal bundle for the group G xGL" (m)

The semi-direct product is defined using the canonical right action of GL"(m) on G* that one has when s < r

Joa-j o= jg (aoa) (6)

A point in WE P = JsP x,, L"(M) is a pair (jio, jre) and we have a canonical right action

(jio, jze) - (sa, joar) = (ji(o - (a0 avo€)), ji(e o a)) (7)
Canonical lift of ® € Aut(P) to W(snp
WenQ  Wenp — WEDP - (o, jie) = (ji(@ oo o p). ji(p o e)) (8)
If Auty (P) Aut(P) Diff(M) —— 1 (9)
and, infinitesimally, we have
0 xE(P) xE(P) X(M) 0 (10)

If we consider an associated bundle C' := W7)(P) x\ F
we have the group ® € Aut(P) acting on the structure bundle d e Aut(W (s p),

A

and on the associated bundle (®), € Aut(C),
and on fields (I)* : SGC(O) — SGC(O) that’s all functorial, folks!

A

o' = b0 =(P)yc00p (11)

If one wants gauge covariance, Aut(P) needs to act on fields in the first place.
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Lie derivatives and covariant derivatives

A projectable right invariant vector field = € ZF(P) can be lifted to = € xEw (s p) just functoriality
Then =, induces a vector field =, on any associated bundle C' = W7)(P) x, F.
The vector field =, has a fibered flow @, : C' = C'.

It drags a section o : M — C as

do,

EEZO:TO'(é)—E)\OO':fEO' (12)

O-E — q)ﬁ ©00° @E
which is the Lie derivative of the section (wrt a projectable right invariant field = on the structure bundle P).
The Lie derivative is a vertical vector field on o, i.e. a section of [V(C) = C' — M].
[t captures how much the section is deformed when dragged along =.
[t is natural

[0551,0552]0' = f[ ]O_ (13)

—_ =
=1,52

Given a connection & on W) P that induces a connection w on any associated bundle [C' — M].
We define the covariant derivative

Veo =To(£) - w(() Vey' =& (yh — wilz,y)) (14)

This is also a vertical vector on o.
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Gauge natural objects of order (7, s)

A gauge natural object of order (s,7) is a section of an associated bundle [C' — M] to W(s7)(P)

Transformation laws on W () (P) depend on Jacobians up to order r (J TGy - s I i)
and derivatives up to order s of the group element (g% g8 g s)
The vector field (&) expands on £, d,§%, ..., d,,,,. ,,.§* When we have a connection I on M we can

vuga - duga + F%ufﬁ v#lﬂzfa - v(ulvm)ga v#lmusga (15)
and we have (2)y = &(x)d,, + &' (x, )0, = = ()0, + EA(x)pa

= r(x)(0, — witpa) + (2 + EPwil)pa

g =Aigo 4 Aé“vufa + Aé“l“fvumga T Aé“l‘““fvm.wga+
AL T AUV WE ) + ARV iy o ARV G
The Lie derivative L N N
Loyt =LLE> + Ld'V &4+ ..+ L&V L 694

i s (17)
FLUE Gy + LAV Wy -+ LAV Sl
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Gauge Natural Theories

A gauge natural theory is a field theory with fields which are geometric objects
Sections on a bundle [C' — M] associated to some structure bundle P it supports an action of Aut(P)

— ® € Aut(P) are Lagrangian symmetries
— ' JIC — Con(M) one can define a connection on M out of fields (and their derivatives)

- w: JIC' — Con(P) one can define a connection of P out of fields (and their derivatives)

The covariance identity holds true for any spacetime vector field &
(0L|j* Ley) = d(EIL) (18)
we have a Noether current for any right invariant vector field = on [P — M|
&= (F|j*1£y) — 1L W= —(E|£zy) (19)
Noether currents expand up to at most order k41 — 1 work currents up to order r

E= (Tééa + TV Lo+ L+ Té‘”"'“’f*’“—lvm_“um_lga) (dmx) + o0
+ (ng(lv) + TPVl + .+ T;“l"'“k+s—1vm,_.ﬂm_lgg‘lv)) (dmz),
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Lecture 3: Gauge natural theories Lorenzo Fatibene

Noether theorem and superpotentials

Nothing changes for superpotentials, except one starts from double long currents.

A current is reduced iff T, C[f“ thtn — 0 and T if“ et being reduced depends on the connection one chosses
The work current is always reduced

Bianchi identities: any reduced current W is exact W =dE
One can algorithmically split any current W = B+ d&, uniquely if B is required to be reduced.
In particular, the Noether current & can split as € = E+ dif and the work term splits as W = d€ (since it is reduced)

The Noether current uniquely splits as € = € + dif and the work current as W = d€.

Any gauge natural theory has its own Bianchi identities.

The current & is called the reduced current

it vanishes on-shell

Then € — € agrees with the Noether current on-shell, it is strongly conserved d(&— E’) =5=0
The current (/ is called the superpotential it depends on the choice of the connection
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Summary

Structure bundle: [P — M] principal bundles with group G canonical lift WP = JsPx L' (M)
Canonical lift: (%) : Aut(P) — Aut(W(sr) P) () : Xp(P) = Xp(W(sn) P)
[C:=WENP x F— M] Associated bundle
Natural lift: (%), : Aut(P) — Aut(C) () : Xp(P) = X,(C)
Lie derivative £=z0 = To(§) —Zo0 (about) £z0 € Xy, (C)
Connection on P: w=drl® (8M — cuﬁlpA) = =EM0, — wiapy) &=y
Conservation laws and currents d& =W

W=B+dE  E=E+dU
E = (Toeéga T Téﬂvﬂfa S Téﬂl-..#k+r—1 vul___uk+r_1€a+
+ TS+ TV &+ + T 6 ([dma),
W= (W, + WEV Lo+ WEVIT L €0
+ WAl + WAV &+ + WY& (dm)

(21)

Example: standard Yang-Mills on [Lor(M) x ;; Con(P) — M|
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Structure bundle: [P — M| principal bundles with group G canonical lift W) P = JsPx L™ (M)
Canonical lift: (%) : Aut(P) — Aut(W(sr) P) () : Xp(P) = Xp(W(sr) P)
[C:=WENP x F— M] Associated bundle
Natural lift: (%), : Aut(P) — Aut(C) ) Xp(P) = X,.(C)
Lie derivative £=0 = To(§) —Zo0 (about) £z0 € Xy, (C)
Connection on P: w=drt® (c% — wiipa) = =0, —wlpy) D Zy
Conservation laws and currents A=W

W=B+dE  E=E+dU
E= (Teeo +THV o+ 4TIV HIT, L ot
+ TG+ TV &+ + T ) dm),
W= (W0 + WEV &0+ + WL, 0
+ WAfé + Wﬁvuf‘/} 4+ WZI".MIC+S_1v[[}/l.__uk+s_1€§> (dmx)

(1)

Example: standard Yang-Mills on [Lor(M) x ,; Con(P) — M]
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How one can use Noether currents to compute conserved quantities?

In mechanics, Noether currents are functions (0-forms) constant on solutions dF' = 0.
[f the system starts on a level set F' = Fy), it stays on the level set.

In field theories, Noether currents & are (m — 1)-forms to be evaluated along a solution and closed d€ = 0
For a Lie group G of symmetries we have first Noether theorem

==z, €9 = =648, (2)
Let D C M be a compact m-region and compact border 9D C M of dimension m — 1.

0= / (jlo)Es 0= 0T, c g 3)
oD

is the conserved current within D.
What if one has pointlike charges?
Compare with second Noether theorem

Compare with special relativity:.
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Lorenzo Fatibene

Mechanics
_ 10524 52
L—ﬁ(l’ + vy ) m§+y2
SO(2) are symmetries == xa% - y%,
The angular momentum is conserved along solutions
J=xy—yx
t' =1 + € are symmetries == %, == %
_ 152 4 g2
/H—Q(ZE —|—y)+ 33(;—{—3;2
Ex: generalize to rotations in dimension 3 to the group SO(3) =~ J

In Hamiltonian formalism

The energy is conserved
(6)

=i, Z5] = €7=
J J
{Jis Jj} = Eijkjk

1)
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

First Noether theorem
[M x C — M] with coordinates (x#, ) [Lor(M) — M] with coordinates (z#, goz)

L ==Y (V, 290V g+ m2pp) (7)

L =—YT,,69° — L (V,09°%V 360 + m2pdy) — Y2 (V,009°%V 30+ m20pp)

7hﬁ2=vawvb¢-—§(vu@g”wa—kﬂzww)&w 0= g*VV,
E = (35 (Op — m2) + (Op — m?p) 8¢ — T,,09") (d™a) (9)
F = — Y2 (V095 + 69"V o) (d™z), (10)

€ =— Y (£209"V o + Vo9 £20 — £ (Vapg®V o + m2pp) ) (d"2),
W =2 (£L=g(Op — m’¢) | +[(0p — m?3) = - waggw) (@)

[I]

(11)

&= —4T,

3%

Legh |(dmr) (¢ is Killing vectors)
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

First Noether theorem 2

@/(x/) - 99(3:) "5590 - f“vugp ££9_9 — guvu@ ‘£§g/w — v,ufagoa/ + guavuga
o' (1) = e'%p(x) L= = iqpC L= = —iqp( £29,, =0
ElE] == 97 g (3 (V,@Vep + VoV, 0) = 2 (Vapg™V g + m?0p) g,,) (dMx), =

- _\/ggMET(eu)fy(dmx),u § =0, Energy £
& =0 Momentum P,
R; = ¢;;*270, Angular momentum .J; (12)

K, = 0;0%0, + 2Y0;  Current momentum M,

52 - @'qggw <_@va99 + va@@>C<dmI>u - _CJ (Charge)
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Second Noether theorem

The Lagriangian L = —\/75 (Va@go‘ﬁv gp + mz@p) is generally covariant! hence V¢ € X (M)
ElE] = = /96" (2)g" (V(, @V o — 5 (Va2 g™V g + m*p9) go,) (d™x),, (13)

is conserved!

[P — M] a U(1) structure bundle Second Noether theorem

On Lor(M) x 3y Con(P) x5 (M x C) with coordinates (2, g,5, A,,, ) Vaop =dye —iqALp

o = eiqo‘(i’f’)go are now syminetries.

Ey = —iq L gh® (—pV oo + Vo) () (dma), = —((2)J (14)

In GR any spacetime vector field is a symmetry, no need to restrict to Killing vectors
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Lecture 4: Conserved quantities, cohomology, special relativity Lorenzo Fatibene

Killing Killing vectors

Consider the Lagrangian L = Ly (529) + Lys(g, j1A) + Lia(g, A, j1o)
When we compute field equations we have

5Ly =Y Gop8g°% +d ()
SLy = — YTER6g°% — Vo (VgFom)oA, +d () (15)
L =— %ETO%G(SgO‘B + @JWSAH +/9(0p — m2p)0p + \/g0p(0p — m2p) +d ()
Field equations are then
Gop = TS + TEC Vo (y/gFom) = 2 Og —m%p =0 (16)
We fix no field all fields are dynamical

In SR we consider Ly + Lgq (or Lgq) but we do not want to impose T + TolfBG =0 (or J# =0) as field eq.
Hence we impose 6g* =0 (and 0A,, = 0). Then field equations are only

Vo(y/gFH) = JH Op —m?2p =0 (17)
or Ly —m2p = 0.

Accordingly, W = —@ ((T O{%G + 71 gg”b) ffggaﬁ +J /~‘£5AM>. For conservation of Noether current one needs

LegB=0  £2A,=0 (18)

GR interaction SR, evolution on a background
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Homological quantities

Forms as £ are born to be integrated over (m — 1)-regions

A k-region is a compact €2, C M of dimension k£ with a boundary 90€2;, = Bj._1 C M which is a closed submanifold of dimension k£ — 1.

We have
— k-regions . C M (submanifolds with boundary)
— k-submanifold Z;, C M with no bounday (closed submanifolds)
— k-boundaries B C M (closed submanifolds, boundaries of Qj_1)
A disc without the origin is not a 2-region in R? — {0}, a closed ring around the origin is. No improper integrals.

Let 2y C M be a 4-region in spacetime. Its bundary 0€2, = By is a closed 3 submanifold.
Since the Noether current & is conserved, if By is a boundary

/335_/3945_/94%_0 (19)

[f £ admits superpotential and Z3 is closed
| o= au=[u-o (20)
Z3 Z3 823_

On M, 694 = Bg = Qg — Qg + 23 E= P (dml)g +]Z (dml’)l
/ / / 5+/ E=0 = Q=0Q—-| &
33 A 93 3 53 (21)
(p+ divy) ( p+divy =0 (continuity equation for Q) = fQ:a E)
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Homological quantities

We assumed fields to be smooth on M, we need to cut out the points where fields diverge. (e.g. point-like particles)

In R? consider a circle ¢ : (z2 + y? = r?). That is a closed submanifold (with no boundary).
It is also the boundary OD of the disc D C R2.

Repeat the argument with R? — {0}. The circle c is again a closed submanifold of R? — {0}.
The interior is a punched disc Dy = D — {0}. However the bondary of Dg is now dDg = cU {0} (or Dy = c U (22 4 3% = €?)).
Moreover, we here switch to oriented boundaries which are used in Stokes theorem.

If there are singularities of fields, even when they are cut out of M, integrals can be improper integrals.

Integrals work much better when we require forms to be smooth in (an openset cointaining) a compact integration region.

Defining () = ng) £ is not good idea.

Q= U

Z9

When £ = dif and Z, is a closed region (07, = @)

- /935—/dil/l—/ZéUZQ—/ZéZ/{—/ZQU—Q’—Q (22)

() is well defined even with pointwise particles provided they are not on Z,

Similar to residual integrals no complex setting
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Uniqueness results

Cohomology: U =U+ da E=E+dU=du

/ U = / Z//+da—/ u+/ (23)
Zo Z3 Z9 822—

Conserved quantities are invariant.

If I'=L+d.af U =U—Eleadl(dmr) g

Standard GR Komar superpotential i = \/gV¥EP (d™x) . 5

Schwarzschild E = %m

Reisner-Norsdrom E = %m, Q) =q

Kerr E = %m and J = ma

Schwarzschild-(A)dS E = !

Can we choose a Lgrangian representative to correct these misbehaviours?
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Augmented variational principles

Consider X the infinitesimal generator of a curve tangent to the space of solutions.
The variation of the conserved current is expected to be (for many different motivations)

OxQ =0d0yU— EJjF X T (24)

For a theory in [C' — M| we can double to configuration bundle [C' x,, C' — M] with coordinates (z, ", y*) and
extend to it the Lagrangian

Lugly, ) = Lly| + dya''ly, yl = Lyl (25)
This is also another natural theory:.
The superpotential
Upyy=U—Ela—U (26)
and we can require that along an integral curve of X based at y one has
do B -
—(y():9)| g = S XIF (27)
ds
For standard GR, one has (using the affine structure on connections)
XIF = Vggtrol(dme), = a=/gg" (ufiy — ufiy)(d"x), (28)
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Relative conserved quantities

The augmented variational principle for standard GR is then

Ly = (VIR + V4 (Vagh (uy — ushy)) — /gR) dmx (29)
Since K =T — T is a tensor, we have

W, =uly —uS, = K, — (5&[(5)6 (30)

When we integrate Uy, on Zy and g induces on Zy the same metric of g
this is interpreted as the relative conserved quantities i.e. needed to go from g to g.

Schwarzschild E=m—m,
Reisner-Norsdrom E=m-—my Q=q—q
Kerr FE =m —my and J = ma — myay
Schwarzschild-(A)dS E=m—m0

[t works also on finite regions provided one finds another solution g which induces the same metric on Z,

Going from a Lagrangian to its augmented one also restores covariance is it is ruined.
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Entropy

Let us consider Kerr BH.
We want to define its entropy S (which is not conserved).
At some stage we would like to prove first law of termidynamics which, in this simple case, is

om = 105 + Q0.J (31)

where T is the temperature of the Hawking radiation, €2 is the angular velocity.

More terms in more general cases.
Here m and J are Noether conserved currents.
The first law of termodynamics can be racast as

5S =T (5m — Q8.J) (32)

If we fix § = 9, — €20, the corresponding Noether charge is

m —QJ (33)
and one can use the first law of theormodynamics to compute S
once some definition of 7" is obtained from some other mean. S = iA "
Notice that there is no reason to integrate Noether current on the horizon
since the Noether charge in homologically invariant
o' —q={[u :/ u:/tm: ¢ (34)
Zé—ZQ (933 B3 BS
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Summary
In the second Noether theorem, symmetries contains one parameter families

First Noether theorem applies as well.

One does not need Killing vectors in a relativistic (or gauge) theory.
Integral of the superpotential on a closed surface is a homological conserved quantity

One can fix the ambiguity of the Lagrangian to improve the description of conserved quantities
and eventually recovered a good framework for entropy of gravitational systems.

Watch out that the representative picked up for the Lagrangian is a different representative of the one picked in
variational sequences.
Marcella Palese, Olga Rossi, Fabrizio Zanello,

Geometric integration by parts and Lepage equivalents
Differential Geometry and its Applications, 81, April 2022, 101866
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