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The purpose is to show you how one approaches a field theory to deal with its conservation laws.

1. Hilbert Lagrangian (purely metric formalism)

This is a theory for a Lorentian metric with field equations which are Einstein equations.

First, we want to define a configuration bundle [Lor(M) → M ] the sections of which are in 1-to-1 corre-

spondence with Lorentzian metrics on M .

This is standard kinematics.

Let L be such a set of bilinear symmetric non-degenerate forms on the vector space Rm with signature (m − 1, 1).

Given a basis ea in Rm, a point in g ∈ L is described by a matrix g = gab e
a ⊗ eb.

Lorentian metrics g, given coordinates xµ defined on U ⊂ M which determine a natural basis ∂µ in TxM , are local

maps

g : U → L : x 7→ gµν (x) (1.1)

Transformation laws under changes of coordinates are

g′µν = J̄αµ gαβ J̄
β
ν (1.2)

which can be used to infer a left action

λ : GL(M)× L→ L : (Jca, gab) 7→ g′cd = J̄ac gabJ̄
b
d (1.3)

Check this is a left action.

The we can consider the associated bundle Lor(M) = L(M)×λL. If we cover the frame bundle L(M) with coordinates

ε
µ
a for the frame εa = ε

µ
a∂µ, the associated bundle is covered by coordinates (xµ, gµν ) where

gµν = εaµgabε
b
ν (1.4)

For any change f coordinates x′µ = x′µ(x) in M that induces a coordinate change (in L(M) given by ε
′µ
a = J

µ
α ε
α
a and)

in Lor(M) given by

x′µ = x′µ(x) g′µν = J̄αµ gαβ J̄
β
ν (1.5)
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Accordingly, a global Lorentian metric corresponds to a global section g : M → Lor(M), simply by glueing together

local expressions, just because we cooked things so that the transition maps on the bundle agree with transformation

laws of the metrics.

A diffeomorphism ϕ : M →M : xµ 7→ x′µ(x) can be naturally lifted to L(M)

ϕ̂ : L(M)→ L(M) : (xµ, εµa) 7→ (x′µ(x), ε′µa ) ε′µa = Jµαε
α
a (1.6)

and then transfered to Lor(M) as

Lor(ϕ) : Lor(M)→ Lor(M) : (xµ, gαβ) 7→ (x′µ(x), g′µν = J̄αµ gαβ J̄
β
ν ) (1.7)

If we drag a section g : M → Lor(M) by such a lift we get transformation laws of metrics

g′ : M → Lor(M) : xµ 7→ (x′µ, g′µν(x
′) = J̄αµ (x′)gαβ(x(x′))J̄βν (x′)) (1.8)

Dynamics

We can fix a second order Lagrangian

LH = 1
2κ

√
gR dmx (1.9)

where we set

{g}αβµ = 1
2g

αε (−dεgβµ + dµgεβ + dβgµε) Rα
βµν = dµ{g}αβν − dν{g}αβµ + {g}αεµ{g}εβν − {g}αεν{g}εβµ (1.10)

and Rµν = Rα
µαν , R = gµνRµν .

The variation of the Lagrangian wrt a deformation X = δgαβ ∂
∂gαβ

gives us

〈
δLH |j2X

〉
=
√
g

2κ

((
Rαβ − 1

2Rgαβ
)
δgαβ +

(
gµνgαβ − δµ(αδ

ν
β)

)
∇µνδg

αβ
)

(dmx)

〈E|X〉 =
√
g

2κ

(
Rαβ − 1

2Rgαβ
)
δgαβ(dmx)〈

F|j1X
〉

=
√
g

2κ

(
gµνgαβ − δµ(αδ

ν
β)

)
∇νδg

αβ(dmx)µ

(1.11)

Field equations are then Einstein equations

Gαβ = Rαβ − 1
2Rgαβ = 0 (1.12)

which describe the evolution of gtavitational field gαβ(x) in vacuum.

Lie derivatives

In view of transformation laws wrt spacetimes diffeomorohisms we have the Lie derivatives

£ξgαβ = ξµ∇µgαβ +∇αξ
εgεβ + gαε∇βξ

ε £ξg
αβ = −∇εξ

αgεβ − gαε∇εξ
β (1.13)

using Levi-Civita connection.
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Noether currents

By Noether theorem we can define the currents

W =−
√
g

2κ

(
Rαβ − 1

2Rgαβ
)
£ξg

αβ(dmx) =

=
√
g

κ

(
Rε

β − 1
2Rδ

ε
β

)
∇εξ

β(dmx) =
√
g Ŵ µ

α∇µξ
α(dmx)

E =
√
g

2κ

((
gµνgαβ − δµ(αδ

ν
β)

)
∇ν£ξg

αβ − ξµR
)

(dmx)µ =

=
√
g

2κ

((
δµαg

ρσ − gµ(ρδσ)
α

)
∇ρσξ

α +
(

3
2R

µ
α −Rδµα

)
ξα
)

(dmx)µ =

=
√
g
(
T̂ µρσα ∇ρσξ

α + T̂ µα ξ
α
)

(dmx)µ

(1.14)

We can integrate by parts the work current

W = d
(√

g

κ

(
Rµ

α − 1
2Rδ

µ
α

)
ξα(dmx)µ

)
−
√
g

κ ∇µ

(
Rµ

α − 1
2Rδ

µ
αξ

α
)

(dmx) (1.15)

where we used Bianchi identities. That defines the reduced current

Ẽ =
√
g

κ

(
Rµ

α − 1
2Rδ

µ
α

)
ξα(dmx)µ =

√
g T̃ µα ξ

α(dmx)µ (1.16)

which in fact venishes along solutions.

We can also integrate by parts the Noether current

E =
√
g

2κ

((
δµαg

ρσ − gµ(ρδσ)
α

)
∇ρσξ

α +
(

3
2R

µ
α −Rδµα

)
ξα
)

(dmx)µ (1.17)

We can integrate the first term as

√
g

2κ

(
δ
µ
ε g

ρσ − gµσδρε
)
∇ρσξε =

√
g

2κ

(
δ
µ
ε g

ρσ − gµσδρε
) (
∇ρ∇σξε − 1

2R
ε
αρσξ

α
)

=

=
√
g

2κ

(
δ
µ
ε g

ρσ − gµσδρε
)
∇ρ∇σξε − 1

2

√
g

2κ

(
−gµσδρε

)
Rεαρσξ

α =

= ∇ρ
(√

g
2κ

(
δ
µ
ε g

ρσ − gµσδρε
)
∇σξε

)
+ 1

2

√
g

2κ R
µ
εξ
ε = ∇ρ

(
2
√
g

2κ ∇
[ρξµ]

)
+ 1

2

√
g

2κ R
µ
αξ
α

(1.18)

Let us define the Komar superpotential U = −
√
g

2k ∇
[ρξµ](dµx)ρµ and compute

dU = ∇α
(√

g
2k ∇

[ρξµ]
)
dxα ∧ (dµx)µρ = ∇ρ

(√
g

2k ∇
[ρξµ]

)
(dmx)µ −∇µ

(√
g

2k ∇
[ρξµ]

)
(dmx)ρ = ∇ρ

(
2
√
g

2k ∇
[ρξµ]

)
(dmx)µ (1.19)

Hence we have

E =
√
g

2κ

((
δµαg

ρσ − gµ(ρδσ)
α

)
∇ρσξ

α + 2
(
Rµ

α − 1
2Rδ

µ
α

)
ξα
)

(dmx)µ = Ẽ+ dU (1.20)

Noether charges

We define the Noether charge along a closed (m− 2)-surface B2

Q[ξ] =
1

2k

∫
B2

√
g ∇[ρξµ](dµx)µρ (1.21)
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If we fix A(r) = 1− α
r

g = −Adt2 +A−1dr2 + r2
(
dθ2 + sin2(θ)dφ2

)
(1.22)

which is the Schwarzschild spacetime, and B2 : (t = t0, r = r0 > α).

For ξ = ∂t: E = m
2 ξ = ∂φ: J = 0

For Kerr we obtain

For ξ = ∂t: E = m
2 ξ = ∂φ: J = ma

For Schwarzschild-AdS solution
(
A = Λr2+r−α

r

)
, Noether charges diverge.

L = 1
2κ

(√
gR dmx+∇α

(√
ggρσ

(
{g}αρσ − {ḡ}αρσ

))
−
√
ḡR̄ dmx

)
(1.23)

It is covariant and we have good reasons to say it gives the relative Noether charge if we find 2 solutions

(g, ḡ) inducing the same metric on B2.

For g Schwarzschild we can fix a finite sphere B2 and Minkowski ḡ so that g and ḡ agree on B2.

For ξ = ∂t: E = m ξ = ∂φ: J = 0

or two Schwarzschild solutions and B2 a sphere of lim r0 →∞
For ξ = ∂t: E = m−m0 ξ = ∂φ: J = 0

For Kerr

For ξ = ∂t: E = m−m0 ξ = ∂φ: J = ma−m0a0

For Schwarzschild-AdS solution

For ξ = ∂t: E = m−m0 ξ = ∂φ: J = ma−m0a0

Same for BTZ, Taub-Bolt, ...

2. Maxwell Lagrangian

We introduce a structure bundle [P →M ] to describe the U(1)-gauge. A gauge transformation Φ ∈ Aut(P )

reads as

x′µ = x′µ(x) eiθ
′
= ei(θ+α(x)) (2.1)

A U(1)-connection transforms as

A′µ = J̄αµ (Aα + dαα) (2.2)

which suggests a left action λ : J1GoGL(m)× (Rm)∗ → (Rm)∗

A′a = J̄ ca
(
Ac − e−iαdceiα

)
= J̄ ca (Ac − idcα) ⇒ iA′a = J̄ ca (iAc + dcα) (2.3)

and we can define the configuration bundle Con(P ) = W (1,1)P×λ(Rm)∗ which is parameterised by coordinates

(xµ, Aµ) where we set Aµ = εaµAa.

In this way we cooked a bundle [Con(P )→M ] which has section in 1-to-1 correspondence with connections

on P , same transformations laws.
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Dynamics

We can fix a first order Lagrangian on [Lor(M)×M Con(P )→M ]

LM = −
√
g

4g F
αβFαβ d

mx (2.4)

The variation of the Lagrangian wrt a deformation X = δgαβ ∂
∂gαβ

+ δAµ
∂
∂Aµ

gives us〈
δLM |j1X

〉
=
√
g

g

(
− 1

2

(
FµαF

µ
β − 1

4FµνF
µνgαβ

)
δgαβ − F µνdµδAν

)
(dmx)

〈E|X〉 =
(
−
√
g

2 T
(em)
αβ δgαβ + 1

g∇µ (
√
gF µν) δAν

)
(dmx)

〈F|X〉 =−
√
g

g F
µνδAν(d

mx)µ

(2.5)

where we set T
(em)
αβ = 1

g

(
FµαF

µ
β − 1

4FµνF
µνgαβ

)
for the energy-momentum tensor of electromagnetic field.

In SR, we fix the metric (hence we have δgαβ = 0) and we consider the equations for Aµ, namely

∇α(
√
gF αµ) = 0 (2.6)

which describe the evolution of the electromagnetic field in a fixed gravitational field g. They are Maxwell

equations on the Lorentzian manifold (M, g).

In GR, we consider the total Lagrangian LH +LM and field equations are then Einstein-Maxwell equations

Gαβ = κT
(em)
αβ ∇α(

√
gF αµ) = 0 (2.7)

which describe the evolution of gravitational field gαβ in interaction with an electromagnetic field Aµ, which

are both unknown. Einstein-Maxwell equations are equations on a manifold M , with no further structure

fixed on it, and up to diffeomorphisms.

Actually, we fixed P . However, right away we consider any [P → M ] to give solutions of Einstein-Maxwell equations.

Accordingly, we only fixed M and the gauge group U(1).

Lie derivatives

For Ξ = ξµ(x)∂µ + ζ(x)ρ ρ = ∂
∂θ

£Ξϕ = ξεFεµ +∇µζV (2.8)

This is obtained directly by considering a flow in Aut(P ) acting on Aµ as

A′µ = J̄σµ (Aσ − ∂σα) (2.9)

to obtain Ξλ = ξµ ∂
∂xµ + ζµ

∂
∂Aµ

ζµ =− dµξσAσ − dµζ (2.10)

Then we have the Lie derivative

£ΞAµ =ξνdνAµ + dµξ
σAσ + dµ(ζV − ξνAν ) = ξνdνAµ + dµξ

σAσ + dµζV − dµξνAν − ξνdµAν =

=ξνFνµ +∇µζV
(2.11)
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Noether currents

By Noether theorem we can define the currents

W =
(√

g

2 T
(em)
αβ £ξg

αβ − 1
g∇µ (

√
gF µν)£ΞAν

)
(dmx) =

=
(
−√g(T (em))αβ∇αξ

β − 1
g∇µ (

√
gF µν)Fενξ

ε − 1
g∇µ (

√
gF µν)∇νζV

)
(dmx) =

= (Wεξ
ε +Wα

ε∇αξ
ε +Wα∇αζV ) (dmx)

E =−
√
g

g

(
F µν£ΞAν − 1

4FαβF
αβξµ

)
(dmx)µ =

=
(
−
√
g

g

(
F µνFεν − 1

4FαβF
αβδµε

)
ξε −

√
g

g F
µν∇νζV

)
(dmx)µ =

=
(
−√g(T (em))µεξ

ε −
√
g

g F
µν∇νζV

)
(dmx)µ =

=
√
g
(
T̂ µεξ

ε + T̂ µν∇νζV

)
(dmx)µ

(2.12)

Let us stress that the work current of LM does not vanish. In SR there is no need for T
(em)
αβ to be zero, since we

required δgαβ = 0 exactly to kill the corresponding equation. There is no reason why £ξg
αβ should have to be zero in

general. The work current of LM vanishes only if we restrict the symmetries to be £ξg
αβ = 0, i.e. when ξ is a Killing

vector. Accordingly, the Noether current is conserved along a solutions only when it is associated to a Killing vector,

namely an infinitesimal isometry.

In GR what vanish is the total work current of LH + LM , not the work current of LM . We learn 2 things: first, we

do not need to restrict symmetries in GR exactly because all fields are dynamical. Second, the Noether current of LM

is not conserved just because the electromagnetic field and the gravitational field are in interaction. Accordingly, only

the total Noether current is conserved.

We can integrate by parts the work current

W =
(
∇α

(√
g(T (em))αβ

)
ξβ − 1

g∇µ (
√
gF µν)Fβνξ

β + 1
g∇ν∇µ (

√
gF µν) ζV

)
(dmx)+

+ d
((
−√g(T (em))αβξ

β − 1
g∇µ (

√
gF µα) ζV

)
(dmx)α

) (2.13)

where we used Bianchi identities and conservation of energy-momentum tensor.

Let us check that

∇α(T (em))αβ = 1
g∇α

(
FµαFµβ − 1

4FµνF
µνδαβ

)
= 1

g

(
−∇αFαµFµβ − 1

2F
µν
(
∇νFβµ +∇µFνβ +∇βFµν

))
=

=− 1
g∇αF

αµFµβ

(2.14)

which vanishes along solutions (in view of Bianchi identities dF = 0 for the curvature F ).

Accordingly, the Bianchi current

B =
(
∇α

(√
g(T (em))αβ

)
ξβ − 1

g∇µ (
√
gFµν )Fβνξ

β + 1
g∇ν∇µ (

√
gFµν ) ζV

)
(dmx) =

=
(
− 1
g∇ε (

√
gF εµ)Fµβξ

β − 1
g∇µ (

√
gFµν )Fβνξ

β −
√
g

2g [∇ν ,∇µ]FµνζV

)
(dmx) =

=
√
g

2g

(
RενF

εν −RεµFµε
)
ζV (dmx) = 0

(2.15)

is zero off-shell.

That defines the reduced current

Ẽ =
(
−√g(T (em))αβξ

β − 1
g∇µ (

√
gF µα) ζV

)
(dmx)α =

√
g
(
T̃ µα ξ

α + T̃ µζV

)
(dmx)µ (2.16)
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This does not vanish along solutions, however, the total reduced current for LH + LM does.

We can also integrate by parts the Noether current

E =
(
−√g(T (em))µεξ

ε+ 1
g∇ν (

√
gF µν) ζV

)
(dmx)µ + d

(
1
2g

√
gF µνζV (dmx)µν)

)
(2.17)

Hence we have

E = Ẽ+ dU (2.18)

where we set U = 1
2g

√
gF µνζV (dmx)µν for the superpotential of the Maxwell Lagrangian.

Of course, when we define conserved quantities we need the Noether current to be conserved. Accordingly,

we define Noether charges using the total superpotential.

Noether charges

We define the Noether charge along a closed (m− 2)-surface B2

Q[Ξ] =
1

2k

∫
B2

√
g
(

1
2κ∇

[νξµ] + 1
2gF

µνζV

)
(dmx)µν (2.19)

By choosing ζV = 0 we define energy, momentum, . . . . By setting ξ = 0 we define the electric charge.

If we use the augmented variational principle we can consider the Reissner-Nosdrom solution (which is a

electrically charged black hole) and we get expected charges.

Again no need of restricting to Killing vectors in GR.

3. Complex Klein-Gordon Lagrangian

When we want to introduce a scalar field we base on the fact that the value of the field is indepenedent of

the coordinates, it depends only on the point. That is translated to the transformation law

ϕ′(x′) = ϕ(x) (3.1)

In this case, it is easy to define a bundle that induces those transition maps, just take [M ×K→M ] if the

scalar is valued in the field K.

When we consider a complex Klein-Gordon field we have gauge transformations acting as

ϕ′(x) = eiα(x)ϕ(x) (3.2)

which suggest to consider the left action

λ : U(1)× C→ C : (eiqα, ϕ) 7→ ϕ′ = eiαϕ (3.3)

Complex Klein-Gordon fields are then section of the associated bundle [K = P ×λC→M ] so that we have

the correct transformation laws for transformations in Aut(P ).

When we fix a connection A on P that induces a connection on [K →M ] which in turns define the gauge

covariant derivative

∇αϕ = dαϕ− iqAµϕ ⇒ (∇αϕ)′ = eiqα(x)J̄µα∇µϕ (3.4)

We consider now the configuration bundle

Lor(M)×M Con(P )×M (P ×λ C) (3.5)

which has (real) fibered coodinates (xµ, gαβ , Aµ, ϕ, ϕ̄).
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Dynamics

We can fix a first order Lagrangian on [Lor(M)×M Con(P )→M ]×M (P ×λ C)

LKG = −
√
g

2

(
∇αϕ̄g

αβ∇βϕ+m2ϕ̄ϕ
)
dmx (3.6)

The variation of the Lagrangian wrt a deformation X = δgαβ ∂
∂gαβ

+ δAµ
∂
∂Aµ

+ δϕ̄ ∂
∂ϕ̄ + δϕ ∂

∂ϕ gives us

〈
δLKG|j1X

〉
=−

√
g

2

(
∇αϕ̄∇βϕ− 1

2

(
∇αϕ̄g

αβ∇βϕ+m2ϕ̄ϕ
)
gαβ
)
δgαβ(dmx)+

−
√
g

2 iq (ϕ̄∇αϕ−∇αϕ̄ϕ) gµαδAµ(dmx)+

−
√
g

2

(
∇αδϕ̄g

αβ∇βϕ+m2δϕ̄ϕ+∇αϕ̄g
αβ∇βδϕ+m2ϕ̄δϕ

)
(dmx) =

=−
√
g

2

(
TKGαβ δgαβ + Jαg

µαδAµ

)
(dmx)+

−
√
g

2

(
∇αδϕ̄g

αβ∇βϕ+m2δϕ̄ϕ+∇αϕ̄g
αβ∇βδϕ+m2ϕ̄δϕ

)
(dmx)

〈E|X〉 =−
√
g

2

(
T

(KG)
αβ δgαβ + Jαg

ανδAν − δϕ̄(�ϕ−m2ϕ)− (�ϕ̄−m2ϕ̄)δϕ
)

(dmx)

〈F|X〉 =−
√
g

2 (δϕ̄∇αϕ+∇αϕ̄δϕ)gµα(dmx)µ

(3.7)

where we set T
(KG)
αβ = ∇αϕ̄∇βϕ− 1

2

(
∇αϕ̄g

αβ∇βϕ+m2ϕ̄ϕ
)
gαβ for the energy-momentum tensor of the KG

field and Jα = iq (ϕ̄∇αϕ−∇αϕ̄ϕ) for the KG current.

Now we have 3 options:

Opt 1: we fix δgαβ = 0 and δAµ = 0 and we write field equation for KG field for the Lagrangian LKG

�ϕ = m2ϕ (3.8)

which describes the evolution of a KG field on fixed electromagnetic and gravitational field.

Opt 2: we fix δgαβ = 0 and we write field equations for Maxwell-KG for the Lagrangian LM + LKG

∇µ(
√
gF µ

α) = gJα �ϕ = m2ϕ (3.9)

which describe the evolution of a KG field and the interacting electromagnetic field on a fixed gravitational

field.

Opt 3: we let all fields to be dynamical and we write field equations for Einstein-Maxwell-KG for the

Lagrangian LH + LM + LKG

Gαβ = κ(T
(em)
αβ + T

(KG)
αβ ) ∇µ(

√
gF µ

α) = gJα �ϕ = m2ϕ (3.10)

which describe the evolution of interacting KG, electromagnetic, and gravitational field.

Lie derivatives

For Ξ = ξµ(x)∂µ + ζ(x)ρ ρ = ∂
∂θ

£Ξϕ = ξε∇εϕ− iqϕζV (3.11)

This is obtained directly by considering a flow in Aut(P ) acting on ϕ as

ϕ′ = eiqαϕ (3.12)
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to obtain Ξλ = ξµ ∂
∂xµ + ζ̂ ∂

∂ϕ

ζ̂ = iqζϕ (3.13)

Then we have the Lie derivative

£Ξϕ =ξµdµϕ− iqζϕ = ξµdµϕ− iqζV ϕ− iqξµAµϕ = ξµ∇µϕ− iqϕζV (3.14)

Noether currents

By Noether theorem we can define the currents

W =
√
g

2

(
T

(KG)
αβ £ξg

αβ + Jν·£ΞAν −£Ξϕ̄(�ϕ−m2ϕ)− (�ϕ̄−m2ϕ̄)£Ξϕ
)

(dmx) =

=
√
g

2

(
−2(T (KG))αβ∇αξ

β + ξµ
(
Jν·Fµν −∇µϕ̄(�ϕ−m2ϕ)− (�ϕ̄−m2ϕ̄)∇µϕ

))
(dmx)+

+
√
g

2

(
Jν·∇νζV − iq

(
ϕ̄(�ϕ−m2ϕ)− (�ϕ̄−m2ϕ̄)ϕ

)
ζV
)

(dmx) =

= (Wεξ
ε +Wα

ε∇αξ
ε +WζV +Wα∇αζV ) (dmx)

E =−
√
g

2

(
(£Ξϕ̄∇αϕ+∇αϕ̄£Ξϕ) gαµ −

(
∇αϕ̄g

αβ∇βϕ+m2ϕ̄ϕ
)
δµσξ

σ
)

(dmx)µ =

=−
√
g

2

(
2
(
∇(σϕ̄∇α)ϕ− 1

2

(
∇αϕ̄g

αβ∇βϕ+m2ϕ̄ϕ
)
δµσ
)
ξσ + iq (ϕ̄∇αϕ−∇αϕ̄ϕ) gαµζV

)
(dmx)µ =

=−
√
g

2

(
2T

(KG)
(ασ) g

σµξσ + Jαg
αµζV

)
(dmx)µ =

√
g
(
T̂ µεξ

ε + T̂ µζV

)
(dmx)µ

(3.15)

Let us stress that the work current of LKG does not vanish. In Opt 1 there is no need for T
(KG)
αβ or Jα to be zero,

since we required δgαβ = 0 and δAµ = 0 exactly to kill the corresponding equations. There is no reason why £ξg
αβ or

£ΞAµ should have to be zero in general. The work current of LKG vanishes only if we restrict the symmetries to be

£ξg
αβ = 0, i.e. when ξ is a Killing vector, and £ΞAµ = 0, i.e. the transformation preserves the electromagnetic field.

Accordingly, the Noether current is conserved along a solutions only when it is associated to a Killing vector, namely

an infinitesimal isometry, and gauge trasformations which preserve the electromagnetic field.

In Opt 2 there is no need for T
(KG)
αβ to be zero, since we required δgαβ = 0 exactly to kill the corresponding equations.

There is no reason why £ξg
αβ should have to be zero in general. The work current of LM + LKG vanishes only

if we restrict the symmetries to be £ξg
αβ = 0, i.e. when ξ is a Killing vector. Accordingly, the Noether current is

conserved along a solutions only when it is associated to a Killing vector, namely an infinitesimal isometry, and gauge

trasformations which preserve the electromagnetic field.

In Opt 3 (i.e. in GR) what vanish is the total work current of LH +LM +LKG, not the work current of LM +LKG

or LKG. We learn 2 things: first, we do not need to restrict symmetries in GR exactly because all fields are dynamical.

Second, the Noether currents of LM +LKG or LKG are not conserved just because the electromagnetic, the KG, and

the gravitational field are in interaction. Accordingly, only the total Noether current is conserved.

We can integrate by parts the work current

W =
√
g

2

((
2∇α(T (KG))αµ + Jν·Fµν −∇µϕ̄(�ϕ−m2ϕ)− (�ϕ̄−m2ϕ̄)∇µϕ

)
ξµ
)

(dmx)+

+
√
g

2

(
∇νJ

ν
· − iq

(
ϕ̄(�ϕ−m2ϕ)− (�ϕ̄−m2ϕ̄)ϕ

))
ζV (dmx)+

+ d
((
−2
√
g(T (KG))αβξ

β +
√
g

2 J
α
· ζV

)
(dmx)α

) (3.16)

where we used Bianchi identities and conservation of energy-momentum tensor.
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Compute ∇α(T (KG))αβ and ∇αJα. Then show that the Bianchi current is zero off-shell.

That defines the reduced current

Ẽ =
(
−2
√
g(T (KG))αβξ

β +
√
g

2 J
α
· ζV

)
(dmx)α =

√
g
(
T̃ µα ξ

α + T̃ µζV

)
(dmx)µ (3.17)

This does not vanish along solutions, however, the total reduced current for LH + LM + LKG does.

This time in E there is nothing to be integrated by parts and we have E = Ẽ, i.e. no superpotential for LKG.

Of course, when we define conserved quantities we need the Noether current to be conserved. Accordingly,

we define Noether charges using the total superpotential.
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