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Jet bundles over fibered manifolds

• Consider a fibered manifold (Y , π,X ) with surjective submersion

π : Y → X . (1)

• Consider coordinates (xµ) on X and (xµ, yA) on Y such that

π : (xµ, yA) 7→ (xµ) . (2)

• Prolongation of a local section γ : U → Y on U ⊂ X :

J rγ : (xµ) 7→
(

xµ, yA(x), ∂µ1yA(x), . . . , ∂µ1 · · · ∂µr y
A(x)

)
. (3)

⇝ Coordinates on the jet bundle J r Y :

(xµ, yA, yA
µ1 , . . . , y

A
µ1···µr ) . (4)
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Differential forms on jet bundles

• Important classes of differential k -forms:
◦ Contact one-forms:

ωA
ν1···νk = dyA

ν1···νk − yA
ν1···νkµdxµ . (5)

◦ Horizontal forms:
dxµ1 ∧ . . . ∧ dxµk . (6)

◦ Lagrangians:
λ = Ldx1 ∧ . . . ∧ dxm = Ldmx . (7)

◦ Source forms:
ε = εAω

A ∧ dmx . (8)

• Projection operators (linear, distributive over ∧):
◦ Horizontal projection operator h : Ω(J r Y ) → Ω(J r+1Y ):

h dxµ = dxµ , h dyA
ν1···νk = yA

ν1···νkµdxµ . (9)

◦ Vertical projection operator v : Ω(J r Y ) → Ω(J r+1Y ):

v dxµ = 0 , v dyA
ν1···νk = ωA

ν1···νk . (10)
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Euler operator and Euler-Lagrange equations

• Euler-Lagrange form E(λ) = EA(λ)ω
A ∧ dmx of a Lagrangian λ:

EA(λ) =
∂L
∂yA +

r∑
k=1

(−1)kdµ1 · · · dµk

∂L
∂yA

µ1···µk

. (11)

• Decomposition of Euler operator: E = ϱ ◦ d.

◦ Exterior derivative:

dλ =

(
∂L
∂yA dyA +

r∑
k=1

∂L
∂yA

µ1···µk

dyA
µ1···µk

)
∧ dmx . (12)

◦ Interior Euler operator ϱ : Ωm+s(J r Y ) → Ωm+s(J2r Y ):

ϱ(η ∧ dmx) =
1
s
ωA ∧

(
i∂/∂yAη +

r∑
k=1

(−1)k Dµ1 · · ·Dµk i∂/∂yA
µ1···µk

η

)
∧ dmx . (13)
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Inverse problem

The inverse problem of variational calculus
Given a source form ε on J r Y :

1. Is ε = E(λε) (locally) the Euler-Lagrange form of a Lagrangian λε?
2. How can λε be obtained from ε?
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Local variationality and Helmholtz condition

• Some useful relations for any Lagrangian λ on J r Y :
◦ For any bundle automorphism α : Y → Y holds:

E(J rα∗λ) = J rα∗E(λ) . (14)

⇒ For any projectable vector field ξ on Y holds:

E(LJ rξλ) = LJ rξE(λ) . (15)

◦ For any vertical vector field ξ on Y there exists J ξ such that

LJ rξλ = iJ rξE(λ) + dHJ ξ . (16)

• Apply Euler operator to last equation and use E ◦ dH = 0:

LJ r ξE(λ) = E(LJ r ξλ) = E(iJ r ξE(λ)) . (17)

• For any source form ε on J r Y holds with H(ε) = (ϱ ◦ d)(ε):

LJ r ξε = E(iJ r ξε) + iJ r ξH(ε) . (18)

• ε is locally variational if and only if H(ε) = 0 (Helmholtz condition).
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Classical Vainberg-Tonti Lagrangian

• Consider vertically star-shaped coordinate neighborhood V r ⊂ J r Y .

⇒ Homotheties χt : V r → V r well-defined for t ∈ [0, 1]:

χt(xµ, yA, yA
ν1 , . . . , y

A
ν1···νk ) = (xµ, tyA, tyA

ν1 , . . . , ty
A
ν1···νk ) . (19)

• Consider source form ε on V r .

ε = εAω
A ∧ dmx . (20)

• Vainberg-Tonti Lagrangian λε = Lεdmx :

Lε(xµ, yA, yA
ν1 , . . . , y

A
ν1···νk ) = yA

∫ 1

0
εA(xµ, tyA, tyA

ν1 , . . . , ty
A
ν1···νk )dt . (21)

• If ε is variational, then it is the Euler-Lagrange expression of λε:

H(ε) = 0 ⇒ E(λε) = ε . (22)
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Coordinate-free formulation

• Change integration parameter t = eu and dt = eudu:

Lε(xµ, yA, yA
ν1 , . . . , y

A
ν1···νk ) =

∫ 0

−∞
(euyA)εA(xµ, euyA, euyA

ν1 , . . . ,e
uyA

ν1···νk )du .

(23)

• One-parameter group φ on V generated by Liouville vector field C = yA ∂/∂yA:

φu(xµ, yA) = (xµ, euyA) . (24)

• Use prolongation J rφu of φu:

Lε =

∫ 0

−∞
(yAεA) ◦ J rφudu . (25)

• Multiplication with dmx :

λε =

∫ 0

−∞
(J rφu)

∗(iJ rCε)du . (26)
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−∞
(euyA)εA(xµ, euyA, euyA

ν1 , . . . ,e
uyA

ν1···νk )du .

(23)
• One-parameter group φ on V generated by Liouville vector field C = yA ∂/∂yA:

φu(xµ, yA) = (xµ, euyA) . (24)

• Use prolongation J rφu of φu:

Lε =

∫ 0

−∞
(yAεA) ◦ J rφudu . (25)

• Multiplication with dmx :

λε =

∫ 0

−∞
(J rφu)

∗(iJ rCε)du . (26)
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Example and limitations: Einstein-Maxwell system

• Choice of dynamical variable: (yA) = (gµν) or (y ′A) = (gµν)?

• Consider left hand side of field equations: (εA) = (
√
−gGµν) or (ε′A) = (

√
−gGµν).

• Homogeneity under action of homotheties χt of dynamical variable:

◦ Case (yA) = (gµν):

Gµν ∼ t−2 ,
√
−g ∼ t2 , ⇒ yAεA ∼ t1 . (27)

◦ Case (y ′A) = (gµν):

Gµν ∼ t0 ,
√
−g ∼ t−2 , ⇒ y ′Aε′A ∼ t−1 . (28)

 y ′Aε′A diverges for t → 0.
• Consider right hand side of field equations: energy-momentum tensor Tµν .
 yAεA = gµνTµν = 0 for Einstein-Maxwell system.
⇒ Cannot obtain Einstein-Maxwell Lagrangian from energy-momentum tensor.
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Outline

1. The inverse problem of variational calculus

2. The Vainberg-Tonti Lagrangian

3. Generalized Vainberg-Tonti Lagrangian

4. Conclusion
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Generalized Vainberg-Tonti Lagrangian

• Evolutionary vector field Ξ on V r :

Ξ = ξA ∂

∂yA + dµξ
A ∂

∂yA
µ
+ dµdνξ

A ∂

∂yA
µν

+ . . . . (29)

• Generated one-parameter group Φ:

Ξ =
d
dt

(• ◦ Φt)

∣∣∣∣
t=0

. (30)

• Ansatz for generalized Vainberg-Tonti Lagrangian with t0 ∈ R̄:

λε =

∫ 0

t0
Φ∗

t (iΞε)dt . (31)

• Euler-Lagrange equations E(λε)?
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Euler-Lagrange equations and Helmholtz conditions

• Vertical derivative:

dVλε = dλε =

∫ 0

t0
Φ∗

t (diΞε)dt =
∫ 0

t0
Φ∗

t (LΞε− iΞdε)dt . (32)

• Use definition of Lie derivative:∫ 0

t0
Φ∗

t (LΞε)dt =
∫ 0

t0
Φ∗

t

(
d

du
Φ∗

uε

∣∣∣∣
u=0

)
dt = ε− lim

t→t0
Φ∗

t ε . (33)

• Use definition of Helmholtz operator:

−
∫ 0

t0
Φ∗

t (iΞdε)dt = −
∫ 0

t0
Φ∗

t (iΞH(ε))dt − dH

∫ 0

t0
Φ∗

t (iΞη) . (34)

• Apply interior Euler operator:

E(λε) = ε− ϱ

(
lim
t→t0

Φ∗
t ε−

∫ 0

t0
Φ∗

t (iΞH(ε))dt

)
. (35)

⇒ E(λε) = ε if H(ε) = 0 and Φ∗
t0ε = 0.

Manuel Hohmann (University of Tartu) Geometric Vainberg-Tonti Lagrangian 28th Lepage School - 18. August 2026 15 / 18



Euler-Lagrange equations and Helmholtz conditions

• Vertical derivative:

dVλε = dλε =

∫ 0

t0
Φ∗

t (diΞε)dt =
∫ 0

t0
Φ∗

t (LΞε− iΞdε)dt . (32)

• Use definition of Lie derivative:∫ 0

t0
Φ∗

t (LΞε)dt =
∫ 0

t0
Φ∗

t

(
d

du
Φ∗

uε

∣∣∣∣
u=0

)
dt = ε− lim

t→t0
Φ∗

t ε . (33)

• Use definition of Helmholtz operator:

−
∫ 0

t0
Φ∗

t (iΞdε)dt = −
∫ 0

t0
Φ∗

t (iΞH(ε))dt − dH

∫ 0

t0
Φ∗

t (iΞη) . (34)

• Apply interior Euler operator:

E(λε) = ε− ϱ

(
lim
t→t0

Φ∗
t ε−

∫ 0

t0
Φ∗

t (iΞH(ε))dt

)
. (35)

⇒ E(λε) = ε if H(ε) = 0 and Φ∗
t0ε = 0.

Manuel Hohmann (University of Tartu) Geometric Vainberg-Tonti Lagrangian 28th Lepage School - 18. August 2026 15 / 18



Euler-Lagrange equations and Helmholtz conditions

• Vertical derivative:

dVλε = dλε =

∫ 0

t0
Φ∗

t (diΞε)dt =
∫ 0

t0
Φ∗

t (LΞε− iΞdε)dt . (32)

• Use definition of Lie derivative:∫ 0

t0
Φ∗

t (LΞε)dt =
∫ 0

t0
Φ∗

t

(
d

du
Φ∗

uε

∣∣∣∣
u=0

)
dt = ε− lim

t→t0
Φ∗

t ε . (33)

• Use definition of Helmholtz operator:

−
∫ 0

t0
Φ∗

t (iΞdε)dt = −
∫ 0

t0
Φ∗

t (iΞH(ε))dt − dH

∫ 0

t0
Φ∗

t (iΞη) . (34)

• Apply interior Euler operator:

E(λε) = ε− ϱ

(
lim
t→t0

Φ∗
t ε−

∫ 0

t0
Φ∗

t (iΞH(ε))dt

)
. (35)

⇒ E(λε) = ε if H(ε) = 0 and Φ∗
t0ε = 0.

Manuel Hohmann (University of Tartu) Geometric Vainberg-Tonti Lagrangian 28th Lepage School - 18. August 2026 15 / 18



Euler-Lagrange equations and Helmholtz conditions

• Vertical derivative:

dVλε = dλε =

∫ 0

t0
Φ∗

t (diΞε)dt =
∫ 0

t0
Φ∗

t (LΞε− iΞdε)dt . (32)

• Use definition of Lie derivative:∫ 0

t0
Φ∗

t (LΞε)dt =
∫ 0

t0
Φ∗

t

(
d

du
Φ∗

uε

∣∣∣∣
u=0

)
dt = ε− lim

t→t0
Φ∗

t ε . (33)

• Use definition of Helmholtz operator:

−
∫ 0

t0
Φ∗

t (iΞdε)dt = −
∫ 0

t0
Φ∗

t (iΞH(ε))dt − dH

∫ 0

t0
Φ∗

t (iΞη) . (34)

• Apply interior Euler operator:

E(λε) = ε− ϱ

(
lim
t→t0

Φ∗
t ε−

∫ 0

t0
Φ∗

t (iΞH(ε))dt

)
. (35)

⇒ E(λε) = ε if H(ε) = 0 and Φ∗
t0ε = 0.

Manuel Hohmann (University of Tartu) Geometric Vainberg-Tonti Lagrangian 28th Lepage School - 18. August 2026 15 / 18



Euler-Lagrange equations and Helmholtz conditions

• Vertical derivative:

dVλε = dλε =

∫ 0

t0
Φ∗

t (diΞε)dt =
∫ 0

t0
Φ∗

t (LΞε− iΞdε)dt . (32)

• Use definition of Lie derivative:∫ 0

t0
Φ∗

t (LΞε)dt =
∫ 0

t0
Φ∗

t

(
d

du
Φ∗

uε

∣∣∣∣
u=0

)
dt = ε− lim

t→t0
Φ∗

t ε . (33)

• Use definition of Helmholtz operator:

−
∫ 0

t0
Φ∗

t (iΞdε)dt = −
∫ 0

t0
Φ∗

t (iΞH(ε))dt − dH

∫ 0

t0
Φ∗

t (iΞη) . (34)

• Apply interior Euler operator:

E(λε) = ε− ϱ

(
lim
t→t0

Φ∗
t ε−

∫ 0

t0
Φ∗

t (iΞH(ε))dt

)
. (35)

⇒ E(λε) = ε if H(ε) = 0 and Φ∗
t0ε = 0.

Manuel Hohmann (University of Tartu) Geometric Vainberg-Tonti Lagrangian 28th Lepage School - 18. August 2026 15 / 18



Outline

1. The inverse problem of variational calculus

2. The Vainberg-Tonti Lagrangian

3. Generalized Vainberg-Tonti Lagrangian

4. Conclusion

Manuel Hohmann (University of Tartu) Geometric Vainberg-Tonti Lagrangian 28th Lepage School - 18. August 2026 16 / 18



Summary

• Lagrange theory on fibered manifolds (Y , π,X ):
◦ Jets of local sections give rise to jet bundles J r Y .
◦ Lagrangian λ = Ldmx defined on jet bundle.
◦ Euler-Lagrange equations E(λ) obtained using Euler operator E = ϱ ◦ d.

• Inverse problem of variational calculus:
◦ Is ε = E(λε) (locally) the Euler-Lagrange form of a Lagrangian λε?
◦ How can λε be obtained from ε?

• Helmholtz condition: ε is locally variational if and only if H(ε) = 0.
• Vainberg-Tonti Lagrangian to construct λε:

◦ Can be formulated geometrically via Liouville vector field.
 Limitations: constructed Lagrangian may diverge or vanish identically.

⇝ Geometric generalization of Vainberg-Tonti Lagrangian:
◦ Replace prolongation of Liouville vector field by evolutionary vector field.
◦ Reproduces Euler-Lagrange equations under convergence condition.
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◦ Replace prolongation of Liouville vector field by evolutionary vector field.
◦ Reproduces Euler-Lagrange equations under convergence condition.
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Outlook

• Relation with gauge symmetries:
◦ Consider source form ε satisfying LΘε = 0 for evolutionary vector field Θ.
◦ Geometric construction of λε such that LΘλε = dHη?
◦ Conditions on Ξ?

• Generalized variational bootstrapping?
◦ Assume fibered product bundle Y = Y1 ×X Y2.

⇒ Decomposition of any source form: ε = ε1 + ε2.
◦ Can λε and ε2 be constructed given only ε1?

• Further examples surpassing limitations of Vainberg-Tonti Lagrangian?
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