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1. The inverse problem of variational calculus
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Jet bundles over fibered manifolds

¢ Consider a fibered manifold (Y, w, X) with surjective submersion

m:Y = X. (1)
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Jet bundles over fibered manifolds

¢ Consider a fibered manifold (Y, w, X) with surjective submersion
m:Y = X. (1)
« Consider coordinates (x*) on X and (x*, yA) on Y such that

o (3 yA) e (). ()
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Jet bundles over fibered manifolds

e Consider a fibered manifold (Y, w, X) with surjective submersion
Y= X. (1)
« Consider coordinates (x*) on X and (x*, yA) on Y such that
m ()t yA) e (x). (2)

e Prolongation of a local section~: U — Yon U C X:

Iy 00 = (X YA 00y 00, B 0y () )
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Jet bundles over fibered manifolds

e Consider a fibered manifold (Y, w, X) with surjective submersion
7Y = X. (1)
« Consider coordinates (x*) on X and (x*, yA) on Y such that
m ()t yA) e (x). (2)
e Prolongation of a local section~: U — Yon U C X:
Jy o (x*) = (x“,yA(x),c‘)MyA(x), e --~8u,yA(x)> : (3)
~+ Coordinates on the jet bundle J"Y:

(XumyAayAuw"'7.yAlL1"'/tr)' (4)
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Differential forms on jet bundles

¢ Important classes of differential k-forms:
o Contact one-forms:

(")Allr"l’k = dyAVr“Vk - yAVr--Vkuqu . (5)
o Horizontal forms:
dxt A LA dxFE (6)
o Lagrangians:
A=Ldx"A...Adx™ = £dx. (7)
o Source forms:
e =caw Ad™x. (8)
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Differential forms on jet bundles

e Important classes of differential k-forms:
o Contact one-forms:

(’JAVr"Vk = dyAVr“Vk - yAVr--Vkuqu . (5)
o Horizontal forms:
dxt A LA dxFE (6)
o Lagrangians:
A=Ldx"A...Adx™ = £dx. (7)
o Source forms:
e =caw Ad™x. (8)

e Projection operators (linear, distributive over A):
o Horizontal projection operator h: Q(J'Y) — Q(J™+'Y):

hdx* =dx", hdy*,,.., = ¥ dx” . (9)
o Vertical projection operator v : Q(J"Y) — Q(J'Y):
vdxt =0, vdyA, . ., =wP . (10)
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Euler operator and Euler-Lagrange equations

o Euler-Lagrange form E()\) = Ea(\)w” A d™x of a Lagrangian \:

L ¢ oL
Ea(N) = ayA > (—1)kd,, "‘dukm - (11)
pa e
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Euler operator and Euler-Lagrange equations

o Euler-Lagrange form E()\) = Ea(\)w” A d™x of a Lagrangian \:

L ¢ oL
Ea(N) = ayA > (—1)kd,, "‘dukm - (11)
pa e

e Decomposition of Euler operator: E = pod.
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Euler operator and Euler-Lagrange equations

« Euler-Lagrange form E()\) = Ex(\)w” A d™x of a Lagrangian \:

L ¢ oL
Ea(N) = ayA > (—1)kd,, "‘dukm - (11)
pa 17k

e Decomposition of Euler operator: E = pod.
o Exterior derivative:

d>\:< dy +ZaA
1k

dyAm...uk> Ad™x . (12)
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Euler operator and Euler-Lagrange equations

« Euler-Lagrange form E()\) = Ex(\)w” A d™x of a Lagrangian \:

oL oL
EA()‘) a,A + E (_1 )kdm o 'd,uk A : (11)
0
k=1 ) ST

e Decomposition of Euler operator: E = pod.
o Exterior derivative:

d>\:< —dy” +Z@A

o Interior Euler operator ¢ : QM+S(J7Y) — QMHS(J2Y):

dyAm...uk> Ad™x . (12)

Ha-e ok

1 . - :
o(n N d"x) = gwA A <'8/6y“7 +> (=1)fD, - Duk'a/aymw“kﬂ) AdTx. (13)
k=1
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Inverse problem

The inverse problem of variational calculus
Given a source forme on J'Y:
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Inverse problem

The inverse problem of variational calculus
Given a source forme on J'Y:
1. Ise = E()\:) (locally) the Euler-Lagrange form of a Lagrangian \.?
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Inverse problem

The inverse problem of variational calculus
Given a source forme on J'Y:

1. Ise = E()\:) (locally) the Euler-Lagrange form of a Lagrangian \.?
2. How can )\, be obtained from £?
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Local variationality and Helmholtz condition

e Some useful relations for any Lagrangian A on J"Y:
o For any bundle automorphism « : Y — Y holds:

E(Ja*)) = Ja*E()). (14)
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Local variationality and Helmholtz condition

e Some useful relations for any Lagrangian A on J"Y:
o For any bundle automorphism « : Y — Y holds:

E(J a*)) =Ja*E(N). (14)
= For any projectable vector field £ on Y holds:
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Local variationality and Helmholtz condition

e Some useful relations for any Lagrangian A on J"Y:
o For any bundle automorphism « : Y — Y holds:

E(J a*)) =Ja*E(N). (14)
= For any projectable vector field £ on Y holds:
E(LyeX) = LyeE(N). (15)
o For any vertical vector field £ on Y there exists J¢ such that
Lye\ =igeE(N) +dnJs. (16)
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Local variationality and Helmholtz condition

e Some useful relations for any Lagrangian A on J"Y:
o For any bundle automorphism « : Y — Y holds:

E(J a*)) =Ja*E(N). (14)
= For any projectable vector field £ on Y holds:
E(Lye)) = LocE(N). (15)
o For any vertical vector field £ on Y there exists J¢ such that
Lyl =ipeEQN) +dpJ¢ . (16)

e Apply Euler operator to last equation and use E o dy = 0:

LyeE(X) = E(Lyred) = E(igeE(N)).- (17)
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Local variationality and Helmholtz condition

e Some useful relations for any Lagrangian A on J"Y:
o For any bundle automorphism « : Y — Y holds:

E(J a*)) =Ja*E(N). (14)
= For any projectable vector field £ on Y holds:
E(LyeX) = LyeE(N). (15)
o For any vertical vector field £ on Y there exists J¢ such that
Lye\ =igeE(N) +dnJs. (16)

e Apply Euler operator to last equation and use E o dy = 0:
LyeEQ) = E(Lye)) = E(igcEQN). (17)
e For any source form € on J"Y holds with H(e) = (p o d)(¢):
Lyree = E(iyree) +igreH(e). (18)
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Local variationality and Helmholtz condition

e Some useful relations for any Lagrangian A on J"Y:
o For any bundle automorphism « : Y — Y holds:

E(J a*)) =Ja*E(N). (14)
= For any projectable vector field £ on Y holds:
E(LyeX) = LyeE(N). (15)
o For any vertical vector field £ on Y there exists J¢ such that
Lye\ =igeE(N) +dnJs. (16)

e Apply Euler operator to last equation and use E o dy = 0:
LyeEQ) = E(Lye)) = E(igcEQN). (17)
e For any source form € on J"Y holds with H(e) = (p o d)(¢):
Lyree = E(iyree) +igreH(e). (18)

e ¢ is locally variational if and only if H(¢) = 0 (Helmholtz condition).
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2. The Vainberg-Tonti Lagrangian
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Classical Vainberg-Tonti Lagrangian

« Consider vertically star-shaped coordinate neighborhood V' C J"Y.
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Classical Vainberg-Tonti Lagrangian

o Consider vertically star-shaped coordinate neighborhood V" c J'Y.
= Homotheties x; : V" — V' well-defined for t € [0, 1]:

Xt YA vy ) = Xty A ) (19)
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Classical Vainberg-Tonti Lagrangian

o Consider vertically star-shaped coordinate neighborhood V" c J'Y.
= Homotheties x; : V" — V' well-defined for t € [0, 1]:

Xt YA vy ) = Xty A ) (19)
e Consider source form £ on V.

e =ea AdMx. (20)
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Classical Vainberg-Tonti Lagrangian

o Consider vertically star-shaped coordinate neighborhood V" c J'Y.
= Homotheties x; : V" — V' well-defined for t € [0, 1]:

Xt YA vy ) = Xty A ) (19)
e Consider source form ¢ on V',
e =cp Ad™x. (20)

e Vainberg-Tonti Lagrangian \. = £.d™x:

1
.CE(X“,yA,yAm,---,yAm...yk)zyA/O ealx tyA tyA, L tyAL L )dt (21)
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Classical Vainberg-Tonti Lagrangian

o Consider vertically star-shaped coordinate neighborhood V" c J'Y.
= Homotheties x; : V" — V' well-defined for t € [0, 1]:

Xt YA vy ) = Xty A ) (19)
e Consider source form ¢ on V',
e =cp Ad™x. (20)

e Vainberg-Tonti Lagrangian \. = £.d™x:

1
.CE(X“,yA,yAm,---,yAm...yk)zyA/o ealx tyA tyA, L tyAL L )dt (21)

e If ¢ is variational, then it is the Euler-Lagrange expression of \.:

Hie) =0 = E()=¢. (22)
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Coordinate-free formulation

e Change integration parameter t = e“ and dt = e“du:

0
L‘e(x”,yA,yAl,“...,yA,,1...,,k)=/ (€UyMea(x", elyA elyA, ... e'yA, ., )du.
(23)
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Coordinate-free formulation

e Change integration parameter t = e“ and dt = eYdu:

0
L‘e(x”,yA,yAw,...,yAl,1...,,k):/ (€UyMea(x", elyA elyA, ... e'yA, ., )du.

- (23)
« One-parameter group ¢ on V generated by Liouville vector field C = y” 9/dy*:
‘PU(X“7yA) = (X“7euyA)' (24)
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Coordinate-free formulation

e Change integration parameter t = e“ and dt = eYdu:

0
L‘s(x”,yA,yAw,...,yAl,1...,,k):/ (€UyMea(x", elyA elyA, ... e'yA, ., )du.

23
« One-parameter group ¢ on V generated by Liouville vector field C = y” 9/dy*: =
pu(xt,y?) = (x*, e'y"). (24)

e Use prolongation J ¢, of p,:
L= / " (yen) o Tgudu. (25)
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Coordinate-free formulation

e Change integration parameter t = e“ and dt = eYdu:

0
Lo (XPyA v Y ) = / (€UyMea(x", elyA elyA, ... e'yA, ., )du.
h (23)
« One-parameter group ¢ on V generated by Liouville vector field C = y” 9/dy*:
@U(X“’yA) = (X“’euyA)' (24)
e Use prolongation J ¢, of p,:
0
L= [ (emyododu, (25)
e Multiplication with d™x:
0
do= [ (ew (ires)du. (26)
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Example and limitations: Einstein-Maxwell system

o Choice of dynamical variable: (y*) = (g,.) or (y"4) = (g"*)?
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Example and limitations: Einstein-Maxwell system

o Choice of dynamical variable: (y*) = (g,.) or (y"4) = (g"*)?
» Consider left hand side of field equations: (¢4) = (v/—9G"”) or (¢}4) = (vV/—9Gw)-
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Example and limitations: Einstein-Maxwell system

« Choice of dynamical variable: (y*) = (g..) or (y"4) = (g")?
« Consider left hand side of field equations: (e4) = (/—9G*) or (¢;3) = (vV—9GCGw)-
e Homogeneity under action of homotheties x; of dynamical variable:
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Example and limitations: Einstein-Maxwell system

« Choice of dynamical variable: (y*) = (g..) or (y"4) = (g")?
« Consider left hand side of field equations: (e4) = (/—9G*) or (¢;3) = (vV—9GCGw)-
e Homogeneity under action of homotheties x; of dynamical variable:

o Case (y*) = (guw):

G ~t2, J=g~t, = ylea~t. (27)
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Example and limitations: Einstein-Maxwell system

« Choice of dynamical variable: (y*) = (g..) or (y"4) = (g")?

« Consider left hand side of field equations: (e4) = (/—9G*) or (¢;3) = (vV—9GCGw)-
e Homogeneity under action of homotheties x; of dynamical variable:
o Case (y*) = (guw):

G ~t2, J=g~t, = ylea~t. (27)
o Case (y"*) = (g"):

G ~t°, V—g~t2 = ylh~t". (28)
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Example and limitations: Einstein-Maxwell system

« Choice of dynamical variable: (y*) = (g..) or (y"4) = (g")?

« Consider left hand side of field equations: (e4) = (/—9G*) or (¢;3) = (vV—9GCGw)-
e Homogeneity under action of homotheties x; of dynamical variable:
o Case (y*) = (guw):

G ~t2, J=g~t, = ylea~t. (27)
o Case (y"*) = (g"):

Gu ~10, V=g~t2, = yh~t". (28)

4 y"é, diverges for t — 0.
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Example and limitations: Einstein-Maxwell system

Choice of dynamical variable: (y*) = (g,.) or (y"*) = (g"*)?
Consider left hand side of field equations: (¢4) = (v/—9G*) or (¢,4) = (vV—9GCGw)-
Homogeneity under action of homotheties x; of dynamical variable:

o Case (y*) = (guw):

G ~t2, J=g~t, = ylea~t. (27)
o Case (y"*) = (g"):

G ~t°, V—g~t2 = ylh~t". (28)

~~

y'"A¢, diverges for t — 0.
Consider right hand side of field equations: energy-momentum tensor T+,
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Example and limitations: Einstein-Maxwell system

~~

1

Choice of dynamical variable: (y*) = (g,.) or (y"*) = (g"*)?

Consider left hand side of field equations: (¢4) = (v/—9G*) or (¢,4) = (vV—9GCGw)-

Homogeneity under action of homotheties x; of dynamical variable:
o Case (y*) = (guw):

G ~t72, J=g~B, = ylea~t'.
o Case (y") = (9"):

Gu~t°, Vog~t2 = yl~t".

y'"A¢, diverges for t — 0.
Consider right hand side of field equations: energy-momentum tensor T+,
yAcq = 9w T* = 0 for Einstein-Maxwell system.

12/18
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Example and limitations: Einstein-Maxwell system

« Choice of dynamical variable: (y*) = (g..) or (y"4) = (g")?

« Consider left hand side of field equations: (e4) = (/—9G*) or (¢;3) = (vV—9GCGw)-
e Homogeneity under action of homotheties x; of dynamical variable:
o Case (y*) = (guw):

G ~t2, J=g~t, = ylea~t. (27)
o Case (y"*) = (g"):

Guw~10, V—g~t2, = yla~t".

4 y"é), diverges for t — 0.

o Consider right hand side of field equations: energy-momentum tensor T+,
b oyhea= 9w T* = 0 for Einstein-Maxwell system.

= Cannot obtain Einstein-Maxwell Lagrangian from energy-momentum tensor.
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3. Generalized Vainberg-Tonti Lagrangian
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Generalized Vainberg-Tonti Lagrangian

o Evolutionary vector field = on V':

== g*‘ +d, A EA—— (29)
dyA 8yA HEVS YA L
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Generalized Vainberg-Tonti Lagrangian

o Evolutionary vector field = on V':

== g*‘ +d, A +... . (29)

dyA 6yA HEVS YA L

» Generated one-parameter group ®:

d
aieo®| - (30)
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Generalized Vainberg-Tonti Lagrangian

o Evolutionary vector field = on V':

== g*‘ +d, A EA—— (29)
dyA 8yA " oyA ..

» Generated one-parameter group ¢:

_ d
== g | (30)
« Ansatz for generalized Vainberg-Tonti Lagrangian with f € R:
0
A= / 7 (ize)dt (31)
)
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Generalized Vainberg-Tonti Lagrangian

o Evolutionary vector field = on V':

== g*‘ +d, A EA—— (29)
dyA 8yA " oyA ..

» Generated one-parameter group ¢:

_ d
== g | (30)
« Ansatz for generalized Vainberg-Tonti Lagrangian with f € R:
0
A= / 7 (ize)dt (31)
)

e Euler-Lagrange equations E()\.)?
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Euler-Lagrange equations and Helmholtz conditions

o \ertical derivative:

0 0
dyA. = di. = / 3 (dize)dt = / (Lo — izde)dt (32)

fo fo
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Euler-Lagrange equations and Helmholtz conditions

o \ertical derivative:

0 0
dyA. = di. = / 3 (dize)dt = / “(Les — izde)dt (32)
fo fo
o Use definition of Lie derivative:
0 0 d
&3 (L=e)dt = o [ — o dt = ¢ — lim ¢}¢. 33
/to t(L=z¢) /to t(du u€ u:O) € t'_}“?O t€ (33)
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Euler-Lagrange equations and Helmholtz conditions

e Vertical derivative:

0 0
dyh = d. = / 3 (dize)dt = / (Lo — izde)dt . (32)
to fo
e Use definition of Lie derivative:
0 0 d
i (L= dt:/ ¢*(—¢* )dt: — lim $je. 33
/to t(L=z¢) o t\ qu u€ o € t'_>”t‘0 t€ (33)
¢ Use definition of Helmholtz operator:
0 0 0
- / 7 (i=de)dt = — / 3 (izH(=))dt — dy / 3 (izn). (34)
t fo f
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Euler-Lagrange equations and Helmholtz conditions

e Vertical derivative:

0 0
dyh = d. = / 3 (dize)dt = / (Lo — izde)dt (32)
to to
¢ Use definition of Lie derivative:
0 0 d
oF (L= dt:/ ¢*(—¢* )dt: — lim ®fe. 33
/to i (L=¢) o t\ qu ut o € t'_>”t‘0 t€ (33)
¢ Use definition of Helmholtz operator:
0 0 0
_ / 3 (i=dz)dt = — / o3 (izH())dt — i / 3 (iz1) . (34)
t fo f
e Apply interior Euler operator:
0
E(X)=¢e—0 (Iim dje —/ cb;‘(iEH(e))dt) . (35)
t—1f f
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Euler-Lagrange equations and Helmholtz conditions

e Vertical derivative:

0 0
dyh = d. = / 3 (dize)dt = / (Lo — izde)dt (32)
to to
¢ Use definition of Lie derivative:
0 0 d
oF (L= dt:/ ¢*(—¢* )dt: — lim ®fe. 33
/to i (L=¢) o t\ qu ut o € t'_>”t‘0 t€ (33)
¢ Use definition of Helmholtz operator:
0 0 0
_ / 3 (i=dz)dt = — / o3 (izH())dt — i / 3 (iz1) . (34)
t fo f
e Apply interior Euler operator:
0
E(X)=¢e—0 (Iim dje —/ cb;‘(iEH(e))dt) . (35)
t—1f f

= E(\:) =< if H(z) = 0 and ®} e = 0.
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Outline

4. Conclusion
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o Lagrange theory on fibered manifolds (Y, w, X):
o Jets of local sections give rise to jet bundles J"Y.
o Lagrangian A = £d™x defined on jet bundle.
o Euler-Lagrange equations E()) obtained using Euler operator E = g o d.
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e Lagrange theory on fibered manifolds (Y, 7, X):

o Jets of local sections give rise to jet bundles J"Y.

o Lagrangian A = £d™x defined on jet bundle.

o Euler-Lagrange equations E()) obtained using Euler operator E = g o d.
¢ Inverse problem of variational calculus:

o Ise = E()\.) (locally) the Euler-Lagrange form of a Lagrangian \.?
o How can )\, be obtained from £?
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o Euler-Lagrange equations E()) obtained using Euler operator E = g o d.
¢ Inverse problem of variational calculus:

o Ise = E()\.) (locally) the Euler-Lagrange form of a Lagrangian \.?

o How can )\, be obtained from £?

e Helmholtz condition: ¢ is locally variational if and only if H(¢) = 0.
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o Euler-Lagrange equations E()) obtained using Euler operator E = g o d.
Inverse problem of variational calculus:

o Ise = E()\.) (locally) the Euler-Lagrange form of a Lagrangian \.?

o How can )\, be obtained from £?
Helmholtz condition: ¢ is locally variational if and only if H(¢) = 0.
Vainberg-Tonti Lagrangian to construct \.:

o Can be formulated geometrically via Liouville vector field.
4 Limitations: constructed Lagrangian may diverge or vanish identically.
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Lagrange theory on fibered manifolds (Y, 7, X):

o Jets of local sections give rise to jet bundles J"Y.

o Lagrangian A = £d™x defined on jet bundle.

o Euler-Lagrange equations E()) obtained using Euler operator E = g o d.
Inverse problem of variational calculus:

o Ise = E()\;.) (locally) the Euler-Lagrange form of a Lagrangian A.?

o How can )\, be obtained from £?
Helmholtz condition: ¢ is locally variational if and only if H(¢) = 0.
Vainberg-Tonti Lagrangian to construct \.:

o Can be formulated geometrically via Liouville vector field.

4 Limitations: constructed Lagrangian may diverge or vanish identically.
~ Geometric generalization of Vainberg-Tonti Lagrangian:

o Replace prolongation of Liouville vector field by evolutionary vector field.
o Reproduces Euler-Lagrange equations under convergence condition.
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¢ Relation with gauge symmetries:
o Consider source form ¢ satisfying Loe = 0 for evolutionary vector field ©.
o Geometric construction of A\ such that Lo\ = dyn?
o Conditions on =?
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¢ Relation with gauge symmetries:
o Consider source form ¢ satisfying Loe = 0 for evolutionary vector field ©.
o Geometric construction of A\ such that Lo\ = dyn?
o Conditions on =?
o Generalized variational bootstrapping?
o Assume fibered product bundle Y = Y; xx Yo.
= Decomposition of any source form: e = g1 + e.
o Can )\, and e, be constructed given only 17
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¢ Relation with gauge symmetries:
o Consider source form ¢ satisfying Loe = 0 for evolutionary vector field ©.
o Geometric construction of A\ such that Lo\ = dyn?
o Conditions on =?
o Generalized variational bootstrapping?
o Assume fibered product bundle Y = Y; xx Yo.
= Decomposition of any source form: e = g1 + e.
o Can )\, and e, be constructed given only 17

o Further examples surpassing limitations of Vainberg-Tonti Lagrangian?
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