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The talk is based on the papers:

@ "On the geometric origin of the energy-momentum
tensor improvement terms” (Damianos losifidis et al).
Published in: Phys.Rev.D 112 (2025) 2, 025007 e e-Print:
2503.21609 [hep-th]

o " Belinfante—Rosenfeld Symmetrization from
Metric-Affine Conservation Laws: Hypermomentum as
the Improvement Term—The Cases of QED and
QCD"” (DI) Accepted for publication in [JGMMP e e-Print:
2607.11322 [hep-th]
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Outline

@ Brief review of some Field Theory results.

@ Brief review of MAG and in particular its energy content.

@ Symmetrization procedure through MAG

@ Applications of our method to the Maxwell and Dirac fields in
order to derive the improved stress tensors and generalization
to QED and QCD

@ Application to the conformally invariant Scalar Field

e Conclusions/Future Projects
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Introduction
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Field Theory

We consider matter fields ¢*(x), where A collectively denotes
spacetime or internal symmetry indices, described by the action

S[6) = / dx L(6", 0,07) (1)

The metric is Minkowski with a mostly-plus signature. Let us
consider general active coordinate transformations

xH — xH — £H(x) that change the action by a total derivative.
Under such transformations the fields change as

" ¢+ 0ed” = ¢ + €10,07 + Do (2)

We split 65¢A into a first term that it is always there and a second
term, quﬁA, that depends on the tensorial properties of ¢* as well
as on the form of the transformation.
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Conserved Currents

Then, provided that the equations of motion hold, we find the
conserved currents (for a spacetime symmetry in flat space)

9, (ﬁ”t”,, + wﬂ:AqusA) ~0 (3)

where the canonical e.m. tensor t#, has been defined as

oL
noo_ A A “w WA
th, =a"0,0" = 0L, L, =« _73(8M¢A)’ (4)

From (3) we can read the conditions satisfied by the canonical e.m.
tensor t', which lead to the improvement process.
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Conservations

@ Translations correspond to £ = a* with a* constant. This

gives
D" =0 = 9,th =0. (5)
@ Lorentz rotations correspond to
et =wh x", w = —w"" = constants. (6)
This gives
AoﬂbA = W;U/Z'LW’A ) (7)
where ¥#A = VA is 3 function of the fields ¢ that
depends on their Lorentz properties. Substituting (7) into (3)
we obtain
e = 0,k (8)

where the quantity WPl = 72AT LA s referred to as the
spin tensor.
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The last immediately leads to the well-known Belinfante-Rosenfeld
(BR) improvement procedure

th = TLE + 0, (\yu[vp] + yvluel WP[MV]> ’ (9)
where Tgé is the 'improved’ energy-momentum tensor

OuTgr =0, Tgr = Ter- (10)
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Metric-Affine Geometry

Two distinctively different notions on a manifold

@ Metric Tensor g,,,,: Defines distances,lengths and dot products

HaH2 = auaugw/ 5 (Ot : 5) = auﬂygmz
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@ Metric Tensor g,,,,: Defines distances,lengths and dot products

HaH2 = auaugw/ 5 (Ot : 5) = auﬂygmz
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0000@0000

Metric-Affine Geometry

Two distinctively different notions on a manifold
@ Metric Tensor g,,,,: Defines distances,lengths and dot products

HaHz = aﬂa’/gw/ 5 (a : 6) = auﬂygm/

@ Affine-Connection V: Defines parallel transport of tensor
fields on the manifold

Vauk = oput + T u¥

Non-Riemannian geometry:

A generalized geometry where no a priori relation between the
connection and the metric is assumed. The connection is in
general neither symmetric nor metric-compatible.
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Definitions of Torsion, Curvature and Non-metricity

T(X,Y):=VxY —VyX —[X, Y] (11)
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Definitions of Torsion, Curvature and Non-metricity

T(X,Y):=VxY —VyX —[X, Y] (11)

v

R(X,Y)Z :=VxVyZ -VyVxZ - VixyiZ  (12)

V.
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Definitions of Torsion, Curvature and Non-metricity

T(X,Y):=VxY — VyX —[X, Y] (11)

I A

R(X,Y)Z :=VxVyZ -VyVxZ - VixyiZ  (12)

V.

Q(Z,X,Y) = -Vzg(X,Y) (13)

where X, Y, Z are C* vector fields.
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Geometrical Objects in local coordinates

o Vi,V ¢ = SW)‘V,\QS, Torsion Tensor SW)‘ = [A (1]
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Geometrical Objects in local coordinates

o VI,V 0= V,\qb Torsion Tensor 5 [W]

o [Va, Vglut = R“mﬁ u” +25,5"Vyut

Curvature Tensor: R" vaf ‘= 23[a wiel T art p[arp v|B]
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Geometrical Objects in local coordinates

o VI,V 0= V,\qb Torsion Tensor 5 [W]

o [Va, Vglut = R“mﬁ u” +25,5"Vyut

Curvature Tensor: R" vaf ‘= 23[a wiel T art p[arp v|B]

o Qa,ul/ = _vag,ul/ = —0Oa8uv + r uocg)\l/ + r va8ip
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Torsion/Nonmetricity related vectors

Sy, = SM)‘ , th=¢€"P?S,,, (only for n=4)

Qu = gaﬂQuaB ) du = gpa Qpcm
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000000080
Torsion/Nonmetricity related vectors

Su =35 th = €"P?S,,; (only for n=4)

Qu = gaﬂQuaB ) du = gpa Qpcm

The general affine-connection will be denoted by V whereas the
(Riemannian) Levi-Civita connection will read V. All quantities
with a tilde will denote Riemannian parts (i.e. computed wrt V).
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Metric-Affine Gravity

e [, — torsionless , metric compatibility V,g,, =0
e S5= SGravit.‘y + SMatter = f dnx\/ —8 [EG(guu) 4 EM(gHZ/a (D)]

Metric-Affine Gravity (MAG)

e S= fd”x\/—g [Ec(g,u,, rauy) + Lm(8uvs M ¢)] = No a
priori constraints on the geometry.

o Field Equations

) 0S S
dghv 0 A 0 5o 0 (14)

V.
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Sources and Conservation Laws
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The Sources: Canonical, Metrical and Hypermomentum

Energy Momentum Tensors

Canonical (Noether) Energy-Momentum Tensor
aﬁM A
YH = ——— =V, " — 8Ly 15
o7 (o)

Metrical (Hilbert) Energy Momentum-Tensor




Sources and Conservation Laws
0@000

A note on the importance of Hypermomentum

Decomposition

The Hypermomentum tensor can be split into its three irreducible
pieces (in exterior calculus!) of spin, dilation and shear according
to (see [Hehl et al, 1995])
1 A
Aa,ul/ = Ooquv + ;ga,uAll + Aaul/ (18)
with
oo = Alwle (Spin) (19)
A” = A" g, (Dilation) (20)
A 1
Amve.— Al _ Z g A© (Shear) (21)
n
The Hypermomentum describes the intrinsic properties of matter!
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Sources and Conservation Laws
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Conservation Laws

Working in exterior calculus from the GL and diff invariance we get

From Diff using coordinates

V _g(2€u Tﬂa — AW R)\lﬂ/a) + ﬁﬂf@l’( \% _gAaMV
—25W)‘©l,(\/—gA/\ "y =0
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Sources and Conservation Laws
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Flat Space limit (g = n, ' = 0) of Conservation Laws

Idea: Let us take the flat space (Minkowski) limit of the previous
conservation laws. They read

1
th = TH 4 58,\A”“A, It =0. (22)

Note that >, — t,, in the flat space limit.
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0000

Flat Space limit (g = n, ' = 0) of Conservation Laws

Idea: Let us take the flat space (Minkowski) limit of the previous
conservation laws. They read

1
th = TH 4 58,\A”“A, It =0. (22)

Note that >, — t,, in the flat space limit.

Hypermomentum as the improvement term

It is important to stress that in general only t* is conserved.
However if (9MOZ,A)““’ = 0| off-shell then also 0, T = 0. If

Aoy = Aa[W] then TH" is ensured to be conserved! This
happens when couplings involve only torsion tensor.
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Sources and Conservation Laws
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The idea

From the previous discussion an idea arises. What if we
"affinely-uplift’ a flat space field theory to an arbitrary
Metric-Affine background, namely simultaneously promote

N = B » O = Vy (23)
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N = B » O = Vy (23)

@ Then compute the associated hypermomentum of the lifted
Lagrangian and consequently
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The idea

From the previous discussion an idea arises. What if we
"affinely-uplift’ a flat space field theory to an arbitrary
Metric-Affine background, namely simultaneously promote

Sources and Conservation Laws
0000®

N = B » O = Vy (23)

@ Then compute the associated hypermomentum of the lifted
Lagrangian and consequently

@ Substitute into the flat space limit of the MAG conservation
laws.

If the computed hypermomentum has the off-shell property
0,0, A\"" = 0 then TH apart from symmetric will also be
conserved!
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Improvement terms through MAG
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The electromagnetic field

The action for the free Maxwell field is
1
SEM = /d”xEEM, /-:EM = —ZFW,F“V, (24)
where, as usual, F,, = 0,A, — 0, A, is the field strength of the
electromagnetic fleld. The action is invariant under gauge
transformations A, — A, + 9,,f and its equations of motion are

given by
IFH =0. (25)
The corresponding canonical energy—momentum tensor is found to
be 1
V= FrR0"Ay = o Fa P (26)

This is neither symmetric nor gauge invariant. To obtain an
improved tensor that meets these requirements one uses the BR
method, which amounts to adding the term [Landau & Lifshitz]

— FHA9LAY . (27)



Improvement terms through MAG
00000

The electromagnetic field

The inclusion of the latter gives the symmetric and also gauge
invariant electromagnetic energy—momentum tensor

1
TH = FIAFY s — 2" FaaF™. (28)

The latter can be alternatively obtained if we minimally couple the
action (24) to Einstein gravity as

1 n vo
Sem = —4/d xvV—g8"g"" FuFpo (29)

and then use (16). The resulting Hilbert metrical e.m. tensor
coincides in the flat limit with (28). However, the minimal
coupling of the theory to Riemannian gravity obscures the access
to the canonical e.m. tensor. This is rectified by coupling the
theory to MAG as follows.
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Improvement terms through MAG
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The electromagnetic field

Prescription.

Consider the minimal substitution ('9# — V. Then the field
strength becomes

Fi = VA, — VA, = Fu, + 25,7 Ay, (30)

which is not gauge invariant? and the corresponding Lagrangian
becomes

R 1. » 1
Lem = —~Fp B = <FWF“” A4S, PFIA, + 45MVP5HVAA,JAA> .

4 T4
(31)

“The breaking of gauge invariance is not fatal at this point as this is only an
intermediate step. At the end we will go back to the flat background (i.e. we
set g =n and M ,, = 0) and the gauge invariance will then be restored.

Damianos losifidis 20/39



Improvement terms through MAG
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The electromagnetic field

Prescription.

For this Lagrangian compute the associated hypermomentum and
consequently take the flat space limit, to find

APV =2A\FH . (32)
Then, using the equations of motion (25) we obtain
%aAAW = FFAO\AY (33)
quite miraculously this is exactly the term we wanted! Therefore,

hypermomentum provides a geometric origin for the BR
improvement term, as

1 1
TMV = t,ulf - EaAAWM - F#)\FVA - ZU”VFR)\FHA- (34)

V
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Improvement terms through MAG
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The electromagnetic field

Extension to p-forms

Note that this can be straightforwardly extended to Abelian
p-forms.
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The electromagnetic field

Extension to p-forms

Note that this can be straightforwardly extended to Abelian
p-forms.

.

Was this just a coincidence or is the prescription universal?
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Improvement terms through MAG
0000e

The electromagnetic field

Extension to p-forms
Note that this can be straightforwardly extended to Abelian
p-forms.

.

Was this just a coincidence or is the prescription universal? Let us
study also the Dirac field and see!
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Improvement terms through MAG
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The Dirac Field
Dirac Field in Flat Space

So= [ anx |5 (500 - @0y) ~imbu |, (39

where 1 = ¥ and g = +#0,,.

Energy-momentum tensor

The canonical energy-momentum tensor is then found to be

o = L (e — 0 i) (36)

which is obviously not symmetric.
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Improvement terms through MAG
€000
The Dirac Field
Dirac Field in Flat Space

So= [ anx |5 (500 - @0y) ~imbu |, (39

where 1 = ¥ and g = +#0,,.

Energy-momentum tensor

The canonical energy-momentum tensor is then found to be

o = L (e — 0 i) (36)

which is obviously not symmetric.

Let us apply our prescription and see what do we get.

M
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Improvement terms through MAG
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The Dirac Field
Going Affine

Sp = /an\/jgﬁD , Lp= _é (ercvcw - VCTZ’YCW - ”mzi/h

(37)
's obey Clifford algebra v37? + 2~y = 21?®  and
(7*)T = 7%y2+°. Furthermore, we have the useful identity
1
[y, T2 = 0?e —e®, T = 21y, (38)

Most importantly

1 . - 1
Ve = Oct) + swabc X, Vb = 0t — swancdT*, (39)

where 0. = e#0,, and w,pc are the spin connection coefficients,
being antisymmetric in a, b due to vanishing non-metricity.
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Improvement terms through MAG
0000
The Dirac Field
Computing the Hypermomentum

After some calculations, involving use of Cliffird algebra, we find
(in agreement with [Hehl,Datta 1971])

A v J = v
AR = —ipy Py = Sty ly. (40)

v

Improved tensor

Susbtituting this into our master eq. (22a) we find the improved
(symmetric and conserved) EM tensor

TH = 2 (57" — 0Py) + 7 (By* 0 — 8hy*y) , (41)

In perfect agreement with the standard textbook result!

Damianos losifidis 25/39



Improvement terms through MAG
oooe
The Dirac Field

In the literature, it is a common practice to just take the
symmetric part of t,, in order to derive the symmetric e.m. tensor
T, for the Dirac field. This is somehow arbitrary.

Damianos losifidis 26 /39
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The Dirac Field

In the literature, it is a common practice to just take the

symmetric part of t,, in order to derive the symmetric e.m. tensor
T, for the Dirac field. This is somehow arbitrary.

With our method we can clearly see why in this case, this
procedure works. The reason is that the hypermomentum is totally
antisymmetric in this case. Then taking the symmetric part of
(22a) the latter drops out and we get T, = t(,,.).
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Improvement terms through MAG
oooe
The Dirac Field

In the literature, it is a common practice to just take the
symmetric part of t,, in order to derive the symmetric e.m. tensor
T, for the Dirac field. This is somehow arbitrary.

With our method we can clearly see why in this case, this
procedure works. The reason is that the hypermomentum is totally
antisymmetric in this case. Then taking the symmetric part of
(22a) the latter drops out and we get T, = t(,,.).

Application to QED and QCD

The above examples were single field treatments. Let us now
consider the more complicated physical cases of QED and QCD.
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Improvement terms through MAG
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QED Lagrangian in flat Minkowski spacetime:
if-= = L= 1 )
Laeo = —5 (BB = $BY) — imdy — SFLF"  (42)

where B .= v#D,, and with D,, being the gauge covariant
derivative acting on the spinor field and its adjoint as

Bt =8, — ieAyy , $D, =080+ ieAd  (43)

respectively. As usual F,, := 0,A, — 0,A, is field strength of
gauge field A,,.
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QED Lagrangian in flat Minkowski spacetime:
if-= = L= 1 )
Laeo = —5 (BB = $BY) — imdy — SFLF"  (42)

where B .= v#D,, and with D,, being the gauge covariant
derivative acting on the spinor field and its adjoint as

Bt =8, — ieAyy , $D, =080+ ieAd  (43)

respectively. As usual F,, := 0,A, — 0,A, is field strength of
gauge field A,. The eom’s read

B, F™ — eyt = 0 (44)
Do = —mp |, 38 = (45)
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Improvement terms through MAG
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Canonical Energy-momentum Tensor

The canonical EM tensor of QED is computed to be
1 i/ - -
Y = FIR0 Ay — S0 FO9 Py 4 5 (99070 — (0" 0)y"0) (46)
which is obviously neither symmetric nor gauge invariant! It is

nevertheless, conserved i.e. 0,t", = 0 when the equations of
motion for the fields hold true.
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Improvement terms through MAG
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Affinely-lifted QED Lagrangian

We simultaneously promote:

Fu = 0uA, — 0,A, — |Fuy i= VA, — VA, = F + 25, Ay

. N _ 1
Bt = 0,0 — ieAup > | Byt 1= 8,00 — ieAp + Wby T

_ _ _ _ _ 1 _
FD, = 0, + ieAuh s | D, = 8, + ieAi — Swaby P
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Improvement terms through MAG
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Affinely-lifted QED Lagrangian

We simultaneously promote:

Fu = 0uA, — 0,A, — |Fy =V, A, — VA, = Fu + 25,0 Ay

1
*wabpzabw

Bt = 0,0 — ieAup > | Byt 1= 8,00 — ieAp + >

DD = Opih + ieAyih s | D, = O,b + A — wabwzab

Then, the affinely-lifted QED Lagrangian is obtained as

iy = —1 (3B — I8 — iy — R | (1)

Damianos losifidis 29/39



Improvement terms through MAG
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Hypermomentum Tensor of QED

Computing the hypermomentum

Now we use the formula:

AP = —

2 (v=8Lyko) ‘
vV—8 5r)\uu

For the uplifted Lagrangian (47) we explicitly derive:

48
=0, g=n ( )
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Improvement terms through MAG
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Hypermomentum Tensor of QED

Computing the hypermomentum

Now we use the formula:

2 0(v/—g
Ay = ( QED)‘ (48)
vV—8 5r pv =0, g=n
For the uplifted Lagrangian (47) we explicitly derive:
B
DA = 2ANFH — S (3B + T )y (49)

as the leftover piece in the flat space limit.

In the above, we have defined, as usual, 4X# = [y# ~"].
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Improvement terms through MAG
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The Symmetric Energy-Momentum Tensor of QED

Symmetric and Conserved EMT of QED

We substitute the latter along with (46) into the master relation
(15) and lo and behold

TH — F}LAFV)\ + T]”V[/QED + i(&,}/HBuw + J},YVBM,(]Z))

(@5 + (D) (50)

we arrive to the symmetrized energy-momentum tensor of QED!
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Improvement terms through MAG
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The Symmetric Energy-Momentum Tensor of QED

Symmetric and Conserved EMT of QED

We substitute the latter along with (46) into the master relation
(15) and lo and behold

i/ - -
TH = FINEYs 40t Laep + 7 ($9# B9 + 57/ Bry)
I [ 4= ——
—2 (@D + (FDH)r) (50)
we arrive to the symmetrized energy-momentum tensor of QED!

v
Key advantages of our method

@ Geometric meaning of the improved terms.

@ Clear step by step procedure.

@ Almost 'trivial’ calculations.
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Improvement terms through MAG
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Can hypermomentum be used also for the improvement process of
the e.m. tensor in a conformal field theory? ’
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Improvement terms through MAG
00000e

Can hypermomentum be used also for the improvement process of
the e.m. tensor in a conformal field theory? An.: Yes!

The role of nonmetricity

Up to now the improvement terms were generated by couplings to
torsion. We will now see how nonmetricity couplings naturally
produce hypermomentum that 'improves’ the energy-momentum
tensor to be traceless!
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Improvement terms through MAG
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The conformaly coupled scalar field

Simplest example: massless, free scalar field

Seatr =~ [ dx (08P, (08P =1P0.000.  (5)

Canonical e.m. tensor is symmetric and coincides with the
improved BR:

TH = 060" 6 — 20 (96). (52)

The same is also obtained by coupling to Einstein gravity. Action
(51) is scale invariant — on-shell conserved dilatation current

Jhy =, TH — Vi, (53)

—2 —2
= -9 2ep =g, vi= 2202 (s4)
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Improvement terms through MAG
oe
The conformaly coupled scalar field

A traceless energy-momentum tensor can be obtained from the

conformaly invariant action
Secs = [ aev=g (5002 - §52R%) . (59)
Result:
O = 0,00 (00 + 3 5 (M — 0,0,6%) , (56)
which is conserved, symmetric and also traceless

However...
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Improvement terms through MAG
oe
The conformaly coupled scalar field

A traceless energy-momentum tensor can be obtained from the
conformaly invariant action

= [ adv== (Lo - Ld=2p,2
Secs = [ aev=g (5002 - §52R%) . (59)
Result:
1 1d-—-2
@,uu = au‘lsal/qs_inuu(agb)z“‘Zﬁ (nul/a2¢2 _ auau¢2) ) (56)

which is conserved, symmetric and also traceless

However...

1. For more complicated theories is not straightforward to come up
with the required action.
2. The computation of T, even though straightforward, is quite

long. Also no geometric meaning is available.
Damianos losifidis 34/39




The Algorithm
000

It is remarkably simple to obtain the improved symmetric,
conserved and now traceless EMT by coupling to nonmetricity.

We introduce the 'Improved Weyl Derivative’ (DI, 2026)

D=0~ 3 (222) (@~ a) (57)
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The Algorithm
000

It is remarkably simple to obtain the improved symmetric,
conserved and now traceless EMT by coupling to nonmetricity.

We introduce the 'Improved Weyl Derivative’ (DI, 2026)

D=0~ 3 (222) (@~ a) (57)

Then the action

Simpicont = 5 | 4"x/=EE" (D,8)(Du) =~ [ d"xv/=g(DdY
(58)

is conformally invariant and its associated hypermomentum is of

the improved type. Note the specific combination (Q, — g,,) this is

to ensure that 9,0, A" = 0. This cannot be achieved through

the standard Weyl derivative!
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The Algorithm
oeo

Before plunge into calculations we already know that, by
construction, the resulting symmetric EMT will be traceless
(T =0).
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The Algorithm
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Before plunge into calculations we already know that, by
construction, the resulting symmetric EMT will be traceless
(T =0).

'Improved’ to be Traceless

The improved traceless e.m. tensor is derived in (literally) one line.
Compute hypermomentum and take the flat space limit:

AwA:;(Z:f)@w%a¢+n“ww¢—mwmvw (59)

Then form (22a) we get

1n—2

TH = 060 6 — S (06 + s (VPG — 40 eP)
(60)

which obviously coincides with (56) and is the symmetric,

conserved and traceless EMT we were after!
Damianos losifidis 36/39




The Algorithm
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Recap of the Algorithm

o Step 1. 'Go Metric-Affine’, that is, promote 7, — g, and
8u — V,, where V, is a generic torsionful, nonmetric
covariant derivative. Matter action = Sy[g, T, #"].
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Recap of the Algorithm

o Step 1. 'Go Metric-Affine’, that is, promote 7, — g, and
8u — V,, where V, is a generic torsionful, nonmetric
covariant derivative. Matter action = Sy[g, T, #"].

@ Step 2. Vary resulting action wrt affine connection and
consequently go flat, i.e. set g, = 1, and I"\W = 0 after
the variation, viz.

AN = __2 Om

V=8 0T, lg=n,r=0

(61)
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The Algorithm
[oe1 }

Recap of the Algorithm

o Step 1. 'Go Metric-Affine’, that is, promote 7, — g, and
8u — V,, where V, is a generic torsionful, nonmetric
covariant derivative. Matter action = Sy[g, T, #"].

@ Step 2. Vary resulting action wrt affine connection and
consequently go flat, i.e. set g, = 1, and I"\W = 0 after
the variation, viz.

2 85y
V=8 0T lg=n,r=0

A = (61)

@ Step 3. Substitute the form of the hypermomentum found in
the previous step into the flat space conservation law (22a)
and solve for T, .
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Recap of the Algorithm

o Step 1. 'Go Metric-Affine’, that is, promote 7, — g, and
8u — V,, where V, is a generic torsionful, nonmetric
covariant derivative. Matter action = Sy[g, T, #"].

@ Step 2. Vary resulting action wrt affine connection and
consequently go flat, i.e. set g, = 1, and I"\W = 0 after
the variation, viz.

2 85y
V=8 0T lg=n,r=0

Ay = (61)

@ Step 3. Substitute the form of the hypermomentum found in
the previous step into the flat space conservation law (22a)
and solve for T, .

@ Outcome: The resulting tensor T, is the desired symmetric
and conserved energy-momentum tensor.
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metric-affine geometry (i.e. including connection-matter
couplings).

@ We have explicitly shown in a number of examples that the
improvement terms are directly related to the
hypermomentum of the matter theory.

@ The method also applies to conformal field theories.
@ Derive Symmetric EMT for Rarita-Schwinger field.

@ Study non-trivial vacuua and the connection with Lorentz
invariance breaking.

@ Application of our result to non-Unitary CFTs.
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