Topological obstructions in Lagrangian field theories

ABSTRACT

We relate the existence of Noether global con-

served currents associated with locally variational
field equations to existence of global solutions
for a local variational problem generating global

equations. Both can be characterized as the van-
ishing of certain cohomology classes.

We suggest a parallelism between the geometric
interpretation of characteristic classes as obstruc-
tion to the existence of flat principal connections
and the interpretation of certain de Rham coho-
mology classes to be the obstruction to the ex-
istence of global extremals for a local variational
principle.

Framework

e the r-th order prolongation of a fibered manifold
m: Y — X, with dim X = n and
dimY = n + m is the configuration space.

e physical fields and their partial rth order

derivatives are (local) sections of 7" : J, Y — X .

e the athne bundle structure 71,7:“ S Y = J Y
induce the splitting

J.Y XJ Y TJ._1Y =JY XJ Y (T*X D V*Jr_lY)

e splittings in horizontal and vertical parts of
objetcts on J, Y.

e define sheaves of contact forms O by the kernel
of the horizontalization.

e

e The sheaves ©F form an exact subsequence of the
de Rham sequence on J, Y

e define the quotient sequence

{0 - Ry — A:/OF .},

the r—th order variational sequence on Y — X
e it is an acyclic sheaf resolution of the constant

sheat IR~ .

e the cohomology of the complex of global sections
H (Y) is naturally isomorphic to both the Cech

cohomology H*(Y, IRy) and the de Rham
cohomology Hjp(Y).

e Lagrangians are sheat sections A € V", while &, is
called the Euler-Lagrange morphism and &, the
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o Buler-Lagrange equations given by &,(A) o jo,,10 = 0 for (local) sections 0 : X — Y.
o sections n € V' are called source or dynamical forms,

e nontrivial cohomology of Y: given a closed section of a quotient sheaf of the variational sequence, when is
this section also globally exact?

e answer: let KP = Ker &, we have a natural short exact sequence of sheaves inducing a long exact sequence
in Cech cohomology

o the connecting homomorphism 6, =i to0d o &, L is the mapping of cohomologies in the corresponding
diagram of cochain complexes (9 is the Cech coboundary operator).

o every global section n € £,(V?), i.e. locally variational, defines a cohomology class

6p(n) € H'(Y,KY) = Hyg (Y) = Hijp (Y).
e every non vanishing cohomology class in H35(Y) gives rise to local variational problems.
o it is clear that n is globally variational if and only if §,(n) = 0.

Main results

o We obtain a general statement ( Theorem 1.) saying that if a variational problem admits global critical
sections then all conservation laws derived from symmetries of the field equations admit global conserved
quantities.

This result relays on the relation between globality of conserved currents associated with invariance of (lo-
cally) variational field equations and certain cohomology classes defined by the dynamical forms themselves

and their symmetries; such classes are isomorphic to certain de Rham cohomology classes of the space of
fields. We relate such classes to cohomology classes of the basis manifold of the theory by pull-back via
olobal sections.

e [f one of such sections defines a non vanishing cohomology class, then there is no global critical section in
its homotopy class (Corollary 1.). This is strictly based on the ‘modulo contact’ structure of the calculus
of variations on fibered manifolds.

e we prove that in the case of a (closed) 3-dimensional Chern—Simons gauge theory, the cohomological
obstruction to the existence of global solutions is sharp and equivalent to the usual obstruction in terms of
the Chern characteristic class for the flatness of a principal connection ( Theorem 2.).

3D Chern-Simons theories

Theorem 1. Let 7 be the dynamical form of a local variational problem and let H75(Y) ~ 7*(H}»(X)). If
the variational problem admits (global) critical sections then all conservation laws derived from symmetries
of the global field equations admit global conserved quantities.

Corollary 1. Let o be a section of Y over X. If 0 # jo*(|=y |n]) € H"(X), then there is no (global)
critical section in the homotopy class of o.

Under the condition H}p(Y) ~ 7*(H]5(X)), as in the previous theorem, there are no (global) critical
sections if |=y |n| # 0.

Theorem 2. Chern—5Simons theories on closed, i.e. compact without boundary, 3-manifolds admit global
critical sections if and only if [Z](73)*(Qa(F))] = 0.

Conclusions

e under certain (not much restrictive) conditions, if
a variational problem admits (global) critical
sections then all conservation laws derived from
symmetries of the field equations admit global
conserved quantities.

e we have identified an obstruction to the existence

of global solutions for the variational problem
defined by a given dynamical form.

e there is no (global) critical section in the
homotopy class of each global section defining a
non vanishing cohomology class.

e purely gauge 3D Chern—Simons theory: the
variational obstruction is sharp 1.e. equivalent to
the first Chern characteristic class.

Perspective

e different Chern—Simons terms in theories of
topological gravity share being some kind of
‘transgression’ for some kind of ‘curvature’.

e the choice of the form of Chern—Simons terms:
obstruction for the existence of global critical
sections 7.e. of global Noether—Bessel-Hagen
currents.

e understand it and how solutions of equations of
motions are affected by adding transgression
terms such that there exist global critical sections.

e the vanishing of added dynamical terms (some
kind of ‘curvature’) along solutions grants that
the corresponding obstruction to globality of
conserved quantities vanishes. This is e.g. the
case of the Cotton tensor in topologically massive
cauge theories which vanishes along Einstein
solutions; or if the ‘curvature’ terms added to the
equations are identically vanishing (sufficient
although not necessary condition)

e the necessary condition is ultimately given by
Corollary 1.
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